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N x�gjd$�yd$���ofPORQ } n?w/��d%mz��nsgomzd�i��&nsgj�TS,Us{WV;{XVPV;{XV+Y?{XVPZ:[�x��-nsmzd¶nqp�i } d¶pEfq�Æild$�Æio�sg�nD�-x�mu�Úi�d$w } muns��ns�qx�d$�
d$k�d$gj�sd�O x�m gjd$w$d%mVi��qd
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fq�y�snsg�x�i } k5x��-iln+k�x�mux�k�x���d0i } d¢ilnqilfq�\m?tukÂ�_d%g,nqp�ilglfhmz��k�x��j��x�nqmz�0�jd$mVi,pGnqg,d
fhw } y=tzd$gÆ�s{_� } d$g�dÂf
ilg�fqmz�jk�xy����xynsm�x��"x�mV�snq�y�sd�O�� } d%mzd%�qd$g-f¶k�d%���lfh�sd,xy�9�jd$mVi&pGgjnsk f½mznROzd-iln�fqmV��nhp�xyi��9mud$x�� } ��nstzgj�$�
|~} d�ezg�nq�z��d%k x��¶mznsm`Q�ilgjxy�?x[fq�(�_d%w
fqtu��d+fh�yi } nstz� } i } d�w%n;nsg)Ozx�mzfhild%�¢nhp&i } dIOud$�ji�x�m�f�ilx�nqm mznROzdÚx��
�=mznD�-mKilnTi } d~��nstzgjw$d~mznROzdh{qi } d~�jnstzgjw$d~mznROzd } fh��mzn/x@Ozd$f,nqp'� } fhi�g�nstui�x�mz�,e�fhi } ��fqg�d-f
�hfqxy�[fq�z�yd
fqmbO�� } x�w } x��,i } dK��d$�jiTe�fhi } i�n�g�nstui�d�i } d8y?tud$gj��xQi } x��Txy�T�_d%w
fqtu��dKd
fhw } mun`OzdKnqmz�y� } fq�T�yn;w$fq�
x�m;pGnsg�k�fhilxynsm+fh�_nst;i~xyi��~mzd$xy� } �_nstug��~�ztui-mun��q��ns��fh�_xymupGnsg�k�fhi�x�nsm�fq�_nqtui~i } d/mud%i��9nsg��+i�nse_nq��ns�q�q�
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|~} d-��xyk�eu��d$�Æi"g�nst;ilx�mu�¶fq���snqg�xyi } kØtz��d�O�xymÚ��d$mu��nsg.mzd%i��9nsgj�?�.x���i } d����!���P��R�~fq�y�snsgjxyi } k�S��z{�U��P['x�m
� } xyw } d%�sd%gj��mzn`Oudq{qtue_nsm�g�d$w%d$x��;xymz�/f,k�d$�j�lfq�qdq{qpGnsgÆ��fhg�Oz��i } d&k�d$�j�lfq�qd&iln/fh���=nqp�x�il��mud$x�� } ��nstzgj�$�
|~} d"k�f��jnsgQezgjns�z��d%k nqp;d$k�ez�ynÀ�?xymz����n?n`Ozxymz�-fq�y�snsg�x�i } k��4xym/��d%mz��nsg�mzd�i��&nsgj�/x���i } fhi\xyi\xy��Ozxd �w%tz�yi
pGnsg,f���d%mz��nsg,mzn`Oud½iln�k�fq�hdÂ��tug�d�i } fhi,i } d���fqk�d�k�d$����fq�sd��-xy���\mznqi,�_d½pGnsgj�&fqg�Oud�O�k�nsg�d¢i } fhm
nsmzw%d½��d$w$fqtz�jdÂf��jd$mz�jnsgomzn`Oud½w$fqmzmznqi0�qd%d$e�i�glfqw¥��nqp�fq���4k�d%���lfh�sd$�0xyi } fq�og�d%w$d%xy�sd�O���n�pEfqg~�-xyi }
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fhm1��d } tu�sdPx�i } d½�yxypGd%i�x�k�d,nqp�i } d½�jd$mz�jnsg0mud%i��9nsg��+�9nstz�dO1��d¶kÂtzw } gjd�Oztuw$d�O1�V��f
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fhm
tz��ilx�k�fhi�d$�y��gjd
fqw } i } d©Ozd%�ji�x�m�fhi�x�nsmªSgU!£:[a�

e1nsgjd�g�d$w%d$mViK�9nsg�� nqm �sd$nsk�d%i�g�xyw�g�nqtuilxymz��ilgjx�d%��ilnêd � eu��nsx�iÂ�ji�g�tzw�iltzg�fq��ezgjnse�d$gji�x�d%�Ânqp~i } d
�sg�fqe } gjd$ezgjd$�jd$mVilxymz��i } d�mzd�i��&nsgj��x9fh���snsgjxyi } k��T�-x�i } �_nqtzmbOzd�O m=tzkÂ��d$g�nhp�ilg�fqmz��k�x��j��xynsmz�¢fqg�d
Ozd%g�xy�qd�O�� |~} d$�jd~x�mzw%��tbOzd9pEfqw$d�gjnstui�x�mz�0�=�Â�/glfqm�fh�?xy��d�i"fq���`SgU!Z:[a{h� } xyw } tu��d$� O(n) i�glfqmz�jk�xy���jx�nsmz�
pGnsg(f0mzd�i��&nqg��¶�-xyi } n mznROzd%�$���\fhi�d$g\i } xy��fq�y�snsgjxyi } k x���d$m } fqmzw%d�OÂilnTfPO�fqeui�xy�qd.pEfqw%d&gjnstuilxymz�¨S,U!£�[�{
i } dêm?tukÂ�_d%g�nqp¶ilg�fqmz��k�x��j��xynsmz��tu��d�O¿x����_nstumbOzd�O �V� O(c2) {-� } d%g�d c xy��i } d���d$mu�qi } nqp¶i } d
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fq�4m?tukÂ�_d%gX��tz�jd�O1i�nÚ�qd$d%e��yn;w$fq�4xymupGnsg�k�fhi�x�nsm��

Zu�o�on`Ozd%�-d � w } fqmz�qd½k�d$�j�lfq�sd%�0xym���xy�$d¶��xyk�x�ild�O�iln O(1) xymVild$�qd$g��Wàhg�d$fq���%�

Y



á â�M�CÖã¨×�ÕÅäbå%G¨J6F	KLÕÅäræIJÖÕ�F�M�Õ�åçFèG¨JÖE%M�CÖã

��mêé�ëdì^íÆî'ï3ð(é3ñRòPó3ô�ï3ð0õ^òRïXó)ëÇïXé�g�nstui�x�mz�u{~fÈOzx��Æilxymz�stzxy� } d�O ��nstug�w$d�mzn`Oud s �&fqmVil�+i�n w$nqk�kÂtumzx�w$fhild
�-xyi } f6Ozd%�jilxym�fhi�x�nsm1mzn`Oud t {��=mznD�-x�mz��nqmz�y��i } dÂw$n?nsg�Oux�m�fhi�d$� (xt, yt)

nqp�i } d¡Ozd%�jilxym�fhi�x�nsm�mun`Ozd
x�m R2 �"�0nqi�d,i } fhi s x���mzd%xyi } d$g~f
�&fqg�d/nhp�i } d,i�nse_nq��ns�q��nqpQi } d/�sg�fqe } mznsg&nqpQi } d/� } nsgÆild$�Æi-e�fhi }
��d%i��9d$d$m s fqmbO t � |~} xy�-x���Oztzd/i�nÚi } d¶�[fqw¥��nqp�k�d$k�nsgÆ�+x�m+i } d¶mznROzd$�-nqp(i } d¶mzd�i��&nsgj�'�
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zTtzg~fq�y�snsgjxyi } k w$nsmz�jx��Æil�~nqpQi��9nÚe } fq�jd$��·.fÂezgjd$ezgjn;w%d$�j��x�mu��e } fq��d¶fhmbO�fÂg�nst;ilx�mu�Âe } fq�jdq�"��m+i } d
ezgjd$ezgjn;w%d$���jx�mz��e } fq�jdq{'�&d¢g�tum1i } d¢eug�n?w$d�Outzg�d½w
fq�y��d�Ooú�ûü.ý�þRÿ����%ÿ���������ÿ�	
	���%� |~} d½ns�ß�jd$w%i�xy�qd
nqp�i } x��Teug�n?w$d�Outzg�dÂxy�,iln��jilnqg�dq{_pGnsg/fqmV�1mzn`Oud t {Qf+w$nqe=�1nqp.xyi��,xymupGnsg�k�fhi�x�nsm_|Exymzw$�ytbOzx�mu��f+e�ns�ji
nsg)Ozd$g/m=tzkÂ��d$g/nhp t x�m�i } dÚ��«�v��je�fqmzmzxymz��ilgjd$dKg�n?nqi�d�Oáfhi/i } dK��nstug�w$dÚmznROzd s �0xymáf��¹��e�d$w%x[fq���
mznROzd m ��tuw } i } fhioxyi-x��-d$fq�j��i�nI�m^O�fKe�fhi } pGg�nqk s i�n m fqw$w%nsg�Ozxymz�KilnÚi } d¶w%n;nsg)Ozx�mzfhild%�onhp t
|Eeug�d$w%x��jd$�y�q{b|�U��4xyp?i } d�Oux��jilfqmzw%d9��d%i��9d$d%m s fqm^O t x�� c {�i } dfOzx��Æi¥fqmzw%d"�_d�i��&d%d$m s fhmbO m x��Q��nstzm^Ozd�O
�V� O(c) x�|�V+�\fqw%w$nsg)Ozx�mz�-iln0i } d.w$n?nsg�Oux�m�fhi�d$� (xt, yt)

{�i } d9��nstzgjw$d�mun`Ozd s w$fqmÂw$nqk�kÂtumzx�w$fhild��-xyi }
i } d~mzn`Oud m xymÚfT��x�k�xyi�d�O¢m=tzkÂ��d$g�nqp�ilg�fqmz��k�x��j��xynsmz����nstzm^Ozd�O��V� O(c) ���(��mÂi } dogjnstui�x�mz�Te } fq��dh{
�9d¢gjtzm�i } d/ezgjn;w%d�Oztug�d¶w
fq�y��d�O�ú�ûüèý�þRÿ��������%ûüèý���%��«�nsg~fK�sxy�qd$m-Ozd%�jilxym�fhi�x�nsm�mznROzd t {u�9d¥�g��Æi
�mbO�i } domznROzd m {;fqmbO�i } d%m�w$nqk�kÂtumzx�w$fhild~�-xyi } i } d0mun`Ozd t tz�jx�mz�½fqm+fh�j�?k�e;ilnqi�x�w
fh���y��nseui�x�k�fq�
m=tzkÂ��d$gÚnqpoilg�fqmz��k�x��j��xynsmz� O(c) fqw$w%nsg�Ozxymz�êilnêi } d1f:ObOzxyi�x�nsmzfq�&xymupGnsg�k�fhi�x�nsm |Gi } d�e�ns�Æi�nqg�Ozd%g
m=tzkÂ��d$g-nqp t ���jilnqg�d�O�x�m�i } d/mznROzd m �

�0nqi�d~i } fhi�i } d-ezgjd$ezgjn;w%d$���jx�mz�¢ezgjn;w%d�Oztzgjd-x��	Oznqmzd-nsmz�y��nsmzw%dq�	\op×ild$g�i } fhi�i } d-��nstzgjw$d-mznROzd s
w
fhm]y=tzd%gj� fqmV� nqi } d$gÂmznROzd%�Knqp-i } d�mzd�i��&nqg�� tz�jx�mz�áfhm fq�j�?k�euilnqi�x�w$fq�����ánseuilxyk�fh�9m=tzkÂ��d$g�nqp
ilg�fqmz�jk�xy����xynsmz�%�
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��m�nstzg�y=tzd$gÆ�?x�mz���j�?�ji�d$k��${��9d½tz�jd¶��d%�qd$g�fq�(nq�R�jd$w�il�Xà�O�fhi¥fÚ�ji�g�tzw�iltzgjd$�%{�xymzw$�ytbOzxymz�
• �9g�d
f:Oui } zg��ji,��d$fqg�w } i�g�d$d6|a��«�vb� B g�n?nqild�O�x�m�i } d���nqtzg�w%dÂmznROzd s {���e�fqmumzx�mz��fq���Qmun`Ozd%�
xym G � N d¢fq�j��tzk�d/i } f�i0d$fqw } mun`Ozd (x, y) ∈ G ��d
fhg�mz�-fq��nstuiox�il�-��«�v���d��sd%� bfs(x, y) x�m
�êOztzgjx�mz�Ki } d¶w$nsmz�Æilgjtzw%i�x�nsm�nqp B �

• P (x, y) Ozd$munqild%�Úi } d�e�ns�jiÚnsg)Ozd$gKm=tzk��_d%gKnqp-i } d�mznROzd (x, y) x�m B � |~} xy�Ke_ns�ÆiÚnsg�Oud$gm=tzkÂ��d$g-xy�~tz��d�O�fq��i } d¶e } �;�jx�w$fq��fPObOzgjd$���-nqp(i } d¶mznROzdh�
• ��gjd�Q��jtze�d$g-��d��sd$�y�|~} d½��«�v���d��sd%���ox�m B fqgjd¶��ez�yxyi-x�mVi�n blog Dc + 1 ezgjd�QÕ��tze�d$go��d��sd$�y�-��tzw } i } fhiod
fhw } ezgjd�Q
�jtze_d%g,�yd%�sd%�(xy�0w%nsk�e_ns�jd�O1nqp"f�m=tzk��_d%g,nqp�w%nsmz�jd$w$t;ilxy�qdK��«�v���d��sd$�y�$�<e1nsgjd½pGnsgjk�fh���y��i } d
i QÕi } eug�d�QÕ��tze�d$g"�yd%�sd%�zw$nqm=ilfqx�mu�"��«�v���d��sd%����pGg�nqk 2i i�n 2i+1−1 {qpGnqg i = 1, · · · , blog Dc−1 �

Z



..

.

.

.

.

.

.

.

21

22

23

22i

22i+1

22(i+1)

2blog Dc

D
I1

I1

I2

I2

I3

I3

I4

I4

I5

I5

I6

I6

I7

I7 . . .

i Q�i }

i Q�i }

(i + 1) Q�i }

s

��nsg�Ozd%g

��nsg�Ozd%g

��tze�d$g-�yd%�sd%� ��d$fqg�w } e�fhi }
x�k�fq�sd$�&g�d$eu��x�w$fhild�O
ilnÚ�jd
fqgjw } e�fhi }

«�xy�stzg�d}V`· |~} d��Å«�v ilgjd$d+gjn;nqi�d�O fhiÂi } d���nqtzg�w%d�mzn`Oud s x��¨Ozxy�?x@Oud�O xym=i�n���tue_d%gÂ��d��sd$�y�$� |~} d
� } fPOzd�O �yd%�sd%���Kfhg�d�i } d+��nsg�Ozd%g��Kw } nq��d$m xym i } d�w$nsgjg�d$�je_nqmbOzx�mu�ê��tze�d$gK�yd%�sd%���%� |~} d�x�k�fq�sd%� Ii�ji�nsg�d�O1xym�i } d¶��nsg�Ozd%g��ofqgjd/g�d$eu��x�w$fhild�O�ilnKi } d¶�jd
fqgjw } e�fhi } �

�Qd%�qd$� 0 w%nsmVi¥fqxymz�&�Å«�v��yd%�sd%��� 0 fqmbO 1 ���Qd��sd$� blog Dc w%nsmVi¥fqxymz����«�v���d��sd%���"pGg�nsk 2blog Dc

i�n D � |~} d½eug�d�QÕ��tze�d$g-�yd%�sd%���ofqgjd/tz��d�O�x�m�i } d¶w$nsmz�Æilgjtzw%i�x�nsm�nqp(��tze�d$go��d��sd%���$�
• v?tze_d%g-��d%�qd$�y�0fhmbO��_nsg)Ozd$gj�
��m d
fhw } ezgjd�QÕ��tze�d$gÚ��d��sd%���-xyi } d��sd$m x�mbOud � {9��f
� 2i {.�9d�w } n;nq��d�fá��«�v ��d��sd$���-x�i } i } d
�jk�fq�y��d%�ji�m?tukÂ�_d%g+nqp¶mznROzd%�$� |~} x��+��«�v �yd%�sd%�0pGnsgjk���i } d i QÕi }$# ñ!ó&%bïWó$� |~} d���nsg)Ozd$gj�
�jez��x�i�i } d¶�Å«�v+��d%�qd$�y�~nqp B xymViln d blog Dc+1

2
e ��tze�d$g-�yd%�sd%���%� |~} d i Q�i } ��tze�d$g~�yd%�qd$�Qw$nqm=ilfqx�mu�

i } d��Å«�vá�yd%�qd$���¢��d%i��9d$d$m i } d i QÕi } fhmbO i } d (i + 1) QÕi } ��nsg�Ozd%g6|G�ztui¢mznqi½x�muw$��t^Ozx�mz�+i } d
(i + 1) QÕi } �_nsg)Ozd$gW���ªÃ"fqw } mznROzd (x, y) x�m B xy�Âf
�&fqg�d�nqp-x�il�½��tze�d$gK�yd%�sd%��{�Ozd%mznqi�d�O fq�
S(x, y) ∈ [0, d blog Dc+1

2
e−1] ��| |~} d~g�d$fq��nsmÂ�9d~w } n?ns��d�fT��d%�qd$�u�-x�i } i } d��jk�fq�y��d%�ji�m=tzk��_d%g

nqp-mun`Ozd%��iln��_d�i } d+��nsg�Oud$gÂxy�½i } fhi��9d+��fhm=i�ilnê��nstzmbO i } d+m=tzkÂ��d$g�nqp-mznROzd$�Kxym i } d
��nsg�Oud$g~x�m�i�d$g�k��-nqp i xzi } x��~ezgjnse_d%gji��+�-xy���_�_d¶tz�jd�O�xym+i } d¶ezgjn;nhp�nqp��Qd$k�k�f8v;� �
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• ��k�fq�sd
Ã"fqw } mznROzd (x, y) �sd$mzd%glfhi�d$�Úfqm xyk�fq�qd�w%nsmVi¥fqxymzx�mz�1i } d¯ÛÆq�t+xym i } d+pGnsg�k nqp0fov�QÕi�tzez��d
(S(x, y), x, y) fhmbO�i } dI»X���r¾0q��r¾ P (x, y) � |~} dTxyk�fq�qd~x���Ozd$mznhild�O��=� I(x, y) = ((S(x, y),

x, y), P (x, y)) �
• \ ezgjx�nsgjxyi��_y?tud$tzd PQ xy��f } d$fqe`Q��yx��hd��Æilgjtzw%i�tzg�d�d$kÂ��d�O^Ozd�O x�mVilnái } d1��«�v ilgjd$d B iln
gjd
fqgjglfqmz�qd�i } dKxyk�fh�sd$�,fqw$w%nsg�Ozxymz��i�n+i } d%x�gT�hd%�?�$�½�¥��dh{�i } dK�hd%�ênqp.fhmêx�k�fq�sd��Æilnsgjd�Oáx�m�f
e�fhg�d$mVi¶xy�T��k�fq���yd$goi } fqm�i } ns�jd��Æilnsgjd�Oáx�mêx�il�Tw } x��@Oug�d$m4� PQ xy�Ttz�jd�Oáiln���nsgÆiTi } dKx�k�fq�sd$�
�-x�i } xym���tze�d$go��d��sd$�y�~x�m B �
�o��x�mu��i } x��-ezg�xynsg�x�i��Öy=tzd$tudq{_�9dÂgjd
fqgjglfqmz�qd¢i } d½xyk�fh�sd$�~�-xyi } x�m1f�ezfqgji�x�w$tu�[fqg~�jtze_d%g,�yd%�sd%��{
��fD�¿i } d i Q�i } nsmud ��tuw } i } fhi�x�k�fq�sd$���-xyi } ��k�fq�y��d$g��hd%�?�áfqg�d ez�[fqw%d�O xym mznROzd%���-xyi }
�jk�fq�y��d%g&e�ns�jionsg)Ozd$g~m=tzkÂ��d$g%�"�¥��dh{�xyp�i��&n�x�k�fq�sd%� I(x1, y1) = ((i, x1, y1), P (x1, y1))

fhmbO
I(x2, y2) = ((i, x2, y2), P (x2, y2))

�-xyi } i } d���d � xyw$ns�qglfqe } x�wÚnsg�Oud$g (x1, y1) < (x2, y2) '
fqgjdÂk�nÀ�qd�Oêiln+i��9n���n?w
fhi�x�nsmu� (u1, v1)

fqmbO (u2, v2)
xym���tue_d%g¢�yd%�qd$� i {Qg�d%��e�d$w%i�xy�qd$�y�q{�i } d%m

P (u1, v1) < P (u2, v2)
�

(*),+-+/.10325476 ÝÖ�Ò���Rq u 8 q�¹@���R��¸>¾0�Ö¾Þrq i º0¾'ÞÂ¸�p!Àrq�s¡¹@q&9Pq�¹;:�¾Þrq��_¾Þrq>�¼IÝ!�Rq�� 6 u < �¹¹ 8 q
¸�¾0��sWq��6ÝP¾�Ý��Ò���Rq v ��¯¾'Þrq i º0¾'ÞÖ¸�p!Àrq�s©¹@q&9Pq�¹%Ý�¸ < q�¹¹>=
? sW�!� 6 =<«�ns�y��nD�-��Ozxyg�d$w�il����pGg�nqk5i } d¢�jnsgji�x�mz�Ú�Æild$e1fq��nD�sdq�
@BA�C
A�DED . CGFIH 2�4J6 ¾Þrq>�P�@¸�¾5ÝP�Ò»Xq 8 q�¾ < qXq�� s ÝP��� t �@¸ c :�¾Þrq��o¾'Þrq>�P�@¸�¾�ÝP�Ò»Xq 8 q�¾ < qXq�� s ÝP���
¾Þrq{�Ò���Rq m pÆ¸!q��}¾��8¸�¾0��sWq©¾'Þrq{�¼IÝ!�Rq>� 6 t �@¸ 8 ��p`���Rq�� 8 t O(c) =

• \A��d
fhg�w } e�fhi } xy��i } d���nsmu�sd$�Æi�w$nsmumzd$w�ild�O�e�fhi } x�m�i } d-��«�v½i�g�d%d-� � } x�w } �jilfqgji���pGg�nsk i } d
�jnstzg�w%d0mun`Ozdh� |~} dox�k�fq�sd$���Æilnsgjd�O+xymKi } domznROzd$�9x�mKi } d i Q�i } �_nsg)Ozd$g��-xy������d0gjd$ez�yx�w
f�ild�OKi�n
i } d~mznROzd$�"fq�ynsmz�,i } d~��d$fqg�w } e�f�i } x�m�i } d i Q�i } �jtze_d%g"��d%�qd$�zw%nsg�gjd$�je_nsm^Ozx�mz�q�y�}|E�jd$d�«�x��qtzg�d�V
pGnsg�fqmKd � fqk�ez��d���� |~} d~pGns���ynD�-x�mz�o��d%k�k�f0� } nD�-�"i } fhi�gjd$ez�yx�w$fhilxynsm�gjd�y=tzx�gjd$� O(1) k�d$k�nsgj�xym�d$fqw } mzn`Oudq�
(*),+-+/.LKM2ON Þrq �Ò���RqX¸<��®¾Þrq ¸!q�ÝPsW»XÞ©À^ÝP¾'Þ}�ÒqXq�� O(1) ¼}q�¼}��s3t¡¾0�>¸�¾0��sWq©ÝP¹¹�¾'Þrq �¼IÝ!�RqX¸
� 6 ¾Þrq{�Ò���RqX¸©��o¾Þrq 8 ��s)�Rq�sX¸P=
? sW�!� 6 =o�Õi/xy�,ns�V�?x�nqtz�0i } fhi,i } dÂ�jx��$d�nqp�i } d½x�k�fq�sd¢x�m�d$fqw } mznROzd�xy�,nqp"�jx��%d O(1) �/v;n��9d
nsmu�y�+mud$d�O�ilnÚezgjnD�sd¶i } fhi~pGnqg�d%�qd$gj� i {ui } d¶m=tzkÂ��d$g-nqp�mznROzd%�oxym�i } d i Q�i } ��nsg�Ozd%g~x�� O(1)
i�x�k�d$�Knqpoi } d�m=tzkÂ��d$gÚnqp,mzn`Oud$�Únsm i } d���d$fqg�w } e�fhi } ��d%�sk�d$mViÚ�-xyi } x�m i } d i QÕi } ��tue_d%g
�yd%�sd%��x��9d}Oud$mznqi�d�i } x��¢��d$fqg�w } e�fhi } ��d%�sk�d%mViÂfq� Pi

� N d�ezg�nD�qd�i } x��¶�V� w%nsmVilg�fPOzx�w�ilxynsm��
N d�fh����tuk�d�nsm i } d�w$nsmVi�glfqgÆ� i } fhiÚi } d$gjd�fqgjd ω(r) m?tukÂ�_d%g�nhpTmznROzd$��x�m i } d1��nsg�Oud$g${
� } d%g�d r = 22i � |~} d$m+i } d,m=tzkÂ��d$g9nqp\mznROzd$�9x�m�i } d��g��Æi i �jtze�d$g��yd%�sd%���.x�� ω(r2) ��d$w$fqtz�jd

Q �½ó"û�ølù~þ�ÿ�ø¥þ (x1, y1) < (x2, y2)
õSR x1 < x2

ü�ò x1 = x2
ø!÷�� y1 < y2
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i } d���nsg)Ozd$g¢w$nsmVilfqx�mz�¶i } d��jk�fq�y��d%�ji¢m=tzkÂ��d$g¢nqp�mznROzd%��x�mái } d�w%nsg�gjd$��e�nsmbOux�mz�1ezg�d3Q���tue_d%g
�yd%�sd%�'fqmbO�i } d%g�dofqg�dofhi.�yd
fq�Æi Ω(r) �Å«�vÂ��d%�qd$�y�9xymÚi } fhi.ezgjd�Q��jtze�d$g"��d��sd$�a���Õi.w$nsmVi�glfPOzxyw%i��"i�n
i } d~g�d%��tz��i�nqpèS,U�j:[�{h� } x�w } �jilfhild%��i } f�i�x�mÚf/�omzxyi"c0x����¢�sg�fqe } �-xyi } w$nsmz�Æi¥fqmVifOzd%�sg�d%dq{si } d$gjd
fqgjd O(r2) m=tzk��_d%g,nqp�mun`Ozd%�Tx�m�f�gjd$�sxynsm1�-x�i } g�fPOzx�tu� r � |~} d$gjd%pGnsgjd�i } d�fq���jtzk�euilxynsm�xy�mznhi�i�g�tzdh� |~} d1m?tukÂ�_d%g�nhpTmznROzd$��x�m i } d i QÕi } ��nsg�Ozd%g�k�tz�ji��_d�fhi�k�ns�ji O(r) � |~} d
m=tzkÂ��d$g�nqp¶mznROzd$��nsm Pi

x����sg�d$fhild%g�i } fqmOnsg�d�y=t�fq�0i�n i } d�glf:Ozx�tz� r � |~} d$gjd%pGnsgjd�i } d
m=tzkÂ��d$g�nqp-mznROzd$�Âxym i } d i Q�i } ��nsg�Ozd%gÂx��½��d%����i } fqm O(1) ilxyk�d%�½i } d+m=tzkÂ��d$gÂnhp-mzn`Oud$�
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f�ilx�nqm��_d�i��&d%d$m
i } d&mznROzd$�(x�m¢i } d9�lfqk�d&w%��tz�Æild$g��-x��y�V�_d } fqmbOz�yd�O�{qfq��xym½i } d&�jx�mz�s�yd�QÕ��nstzgjw$d3Q0y=tzd$gjx�d%��w
fh��dq{q�_d�i��&d%d$m
i } dÂmznROzd$�¶fqm^O�i } dKw%d$mVilg�fq��mznROzdh� | n�d$mu��tzgjdÚi } fhiTi } dÂmznROzd%�/w$nsk�kÂtzmzxyw
fhi�d¢�-x�i } xym�w$�ytz�ji�d$gj�
d� �w%x�d$mVi��y�]|Gmznqi¢tz��xymz��iln?n�k�fqmV��i�glfqmu��k�x����jx�nsmu�X��{�i } dÚw$�ytz�ji�d$g�� } f
�qd�i�n1��dÚw$nsmz�Æilgjtzw%i�d�O xym f
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�&fD�Ki�n¶ezg�d%��d$gÆ�sd0��n?w
fq�`Ozx��Æi¥fqmzw%d$�"��d%i��9d$d$m�i } d-mznROzd$�%��«�nsg"fqmV�Ke�fhx�g�nqp_��nstug�w$dofqm^O�Ozd%�ji�x�m�fhi�x�nsm
mznROzd$� si

fqm^O ti
��d$xymz�¶f¥Ozx��Æi¥fqmuw$d di

fqe�fqgÆi
{�|�U��(i } d%�Kfhg�d~��nqi } w$nqm=ilfqx�mud�OÚx�mK�jnsk�d&w$��tu�jild%g��-xyi }
Ozx�fqk�d�ild%g,w$nqk�e�fhglfq�z�yd¢�-x�i } di

x\fqmbO]|�VP�-i } dK��nstzgjw$dÂmun`Ozd si
w
fqmê�yn;w$fhild¢i } xy�Tw$�ytz�ji�d$gTtz�jx�mz�+f

m=tzkÂ��d$g-nqp�ilg�fqmz��k�x��j��xynsmz��i } fhi-x��-fq�y��nÚw$nqk�e�fhglfq�z�yd,�-xyi } di
x�k�nqg�d/ezgjd$w$xy��d%�y�s{���nqi } y=t�fhm=i�xyi�x�d$�

fqgjd O(di log n) �
^��)� ���^��Ð �b�T�D���`�R��Ì Ê ÎX���øù¶�<³5´^�0Ð ³������`�f�<� �Ò���"!Å� ���b�����]�b�f��´`��Ì Ê

��m+i } x����jd$w%i�x�nsm4{u�&d¶fhg�dT�snqx�mz��i�n¡Ozd%��w$gjx���d¶fÂezg�d%ezg�n?w$d%���jx�mz�KpGnsg9kÂtz�yi�x�ez�yd�QÕ��nstzgjw$d3Q0y=tzd$gjx�d%�&g�nqtui)Q
x�mu�z� N d��g��Æi9w%nsmz�Æilg�tuw%i&f¢�jd%i.nqp�w%��tz�Æild%g��.fq�"k�d%mVilx�nqmzd�O�fq��nD�sd0fqmbOÚi } d%m�fqeuez�y�Âi } d-ezg�n?w$d�Oztzgjd
ú�ûü.ý�þ`ÿ����%ÿ��V������ÿ�	
	R|(�9ilnÚd
fhw } nqp(i } d/w%��tz�Æild%g��$�
\�2E0�2E0 @hAV|[}z~GC Z X�~
�EAV|�A���X�D Z }z~ ) C"}
N d�fPOunseui�i } d�w$�ytz�ji�d$g���w$nqmzw$d%eui�fq��tz�jd�OA�V�ø~��q��xyd$mzxyd$w�d%i�fq����S,U+U�[�{~fhmbO ~¶fq��d$g�fqmbO e�fqm`Q
��nqtzg8SgU!l:[a�/��mzxyi�x[fq�y�y�+�9dKezx�w¥�1fqmáfqgj�zxyi�glfqgÆ��mzn`Oud r ∈ V fq�0i } dÂw%d$mVilg�fq��mznROzdÂnhp�i } dÂ�qglfqe } GfqmbO�w$nqmz�ji�g�tzw�i,f���«�v�i�g�d$d¶xym G �-xyi } gjd$�je_d%w%ioiln r �.�Qd%i R �_d/i } d¶glfPOzxytz�~nqp G {u� } x�w } x���i } d
k�f � x�kÂtzk Ozx��Æi¥fqmuw$d,��d%i��9d$d%m r fqmbO�fqmV��nhi } d%g9mznROzd:x;mznhild-i } fhi R ≤ D � |~} dow$nsmu�jilgjtzw%i�x�nsm�nqp
w$�ytz�ji�d$gj�-ilfq�qd%�,fKe�fhglfqk�d%i�d$g d {'fqmbO��9d¢�-xy���_g�tzm�i } d¶w%nsmz�ji�g�tzw�ilxynsm�pGnsg d = 1, 2, 22, · · · , 2logR �
�m)�� |[�J~G�EAV|�� 2�� e�fhgjilx�ilxynsm π(x) � 6 ¾'Þrq¡�Ps)Ý�ÀrÞ G �@¸}Ýo�P�79!�@¸������²� 6 V ��r¾0���sg�nstuez�&:{q�ÝR»XÞÈ� 6
< ÞR��»XÞ-»X��¼ À�s3�@¸!qX¸ 4d »X���^¸!qX»�p`¾Ç�79Pq5� t�� ¹@q&9Pq�¹�¸v: < Þrq�sXq�¾Þrq��fsX¸�¾��PsX��p!À-¸�¾5ÝPs3¾¸ 6 sW��¼�� t�� ¹@q&9Pq�¹ x =? sWqX»��@¸!q�¹¿t
: 6 ��s i = 1, 2, 3, · · · , dR−x

4d
e :�¾Þrq i º0¾Þ-�PsW��p!À3:��Rq��Ò��¾0q��-Ý�¸ Gi(x) :<»X���r¾5ÝP��^¸¡ÝP¹¹%�Ò���RqX¸

ÝP¾�� t�� ¹@q&9Pq�¹�¸ j < �¾Þ x + (i − 1) · 4d ≤ j ≤ x + i · 4d − 1 = N Þrq 2 QÕe�fqgÆilxyi�x�nsmÈ� 6 ¾Þrq �Ps)Ý�ÀrÞ G
»X��¼ À�s3�@¸!qX¸Â¾ < �m�P� �#q�sWq��r¾�À^ÝPs3¾Ç�¾(�����^¸P� π(0) < ÞR��»XÞi¸�¾�ÝPs�¾¸ < �¾'Þø¾'Þrq6�PsW��p!À G1(0) :}ÝP��� π(2d)

< ÞR��»XÞ6¸�¾�ÝPs3¾'¸ < �¾ÞÂ¾'Þrq �PsW��p!À G1(2d) =
�0nqi�d�i } fhi���«�vá��d%�qd$�y� 0, 1, · · · , x − 1 fqgjdÚd � w$�ytbOzd�O pGgjnsk i } d�e�fhgjilx�ilxynsm π(x) �-«�nsg¢fqmV�

�sgjnstze Gi(x) {Qxyi��¡¾��XÀ���d��sd%��x�� x + (i − 1) · 4d {Qfqm^O x�il� 8 ��¾Ç¾0��¼5�yd%�sd%��x�� x + i · 4d − 1 ���0nqi�d
i } fhi Gi(x) x��ÂmznhiKmzd$w%d$�j�lfqgjx��y� w$nsmumzd$w�ild�O4� ��m d
fqw } �sg�nqtze Gi(x) {"�9dÖ�g��ÆiÚw$nsmu�jilgjtzw%iÚ�jnsk�d
ezgjd�Q�w%��tz�Æild%g��${��zfq��d�O�nsm�� } xyw } �9d½w%nsmz�Æilg�tuw%i-i } d¶w%��tz�Æild$gj�$�
�m)�� |[�J~G�EAV|�� 2�t ��shq�ÝR»XÞ¯�Ò���Rq u 8 q�¹@���R�P��R�6¾0�6¾Þrq¡¾0�XÀ_¹@q&9Pq�¹�� 6 Gi(x) :�¾'Þrq,ezg�d3Q�w%��tz�Æild$g Si

u
�@¸

�RqJ�f�Òq���¾0� 8 q©¾Þrq¥¸!q�¾�� 6 ÝP¹¹��Ò���RqX¸¥�� Gi(x) < Þr�!¸!q¨�P�@¸�¾5ÝP�Ò»Xq¥�� G
6 sW��¼ u �@¸¨ÝP¾�¼}�!¸�¾ 4d =

�0nD� �&d9�zg�xyd��z�{Ozd%��w%g�x���d9i } d&xdOzd
fonqp�~��q��xyd$mzxyd$w.d%i�fq���ßSgU+U�[;nqp } nD� i�n,w$nqmz�ji�g�tzw�i�i } d©»�¹¿pß¸�¾0q�sW¸
�V���sgjnÀ�-xymz��fqezezgjnsezgjx[fhi�dTezg�d3Q�w%��tz�Æild$gj�$� |~} d¢�sg�nD�-xymz�Úfq���qnsg�x�i } k d � d%w$tui�d$�,xym O(log n) �jilfq�sd$�%���m�v?ilfq�sd j {q� } d$g�d 1 ≤ j ≤ log n {VfTw%ns���yd$w%i�x�nsm¢nqp'w%��tz�Æild$gj� Cj

∗
�&nstu�@OÂ��d&w%g�d
f�ild�O4�	\,mÚfqgj�zxyi�glfqgÆ�

ezgjd�Q�w%��tz�Æild%gTx��0w } ns��d%m fq�/f+w$nqg�dÂnqp.f�mzd%� w$�ytz�ji�d$g Cj
0
� |~} dÂw$nqg�d Cj

0
xy�,d � i�d$mbOzd�O�{Q�V�êfPO^Ozx�mz�

f1��f
�sd$g½nqp-fq�y��ezg�d3Q�w%��tz�Æild$gj�½i } fhi½x�mVild%g���d%w%iÂ�-x�i } Cj
0
nsg½fqg�d�fhi¨Ozx��Æi¥fqmuw$d+f�i�k�ns�ji 1 pGg�nsk Cj

0
{

iln�pGnsgjk f1mzd�� w$nsgjd+fqm^O xy�¢i } d$m pGtzgji } d$g¢d � ild%mbOzd�O ��x�k�x���fqg����s� |~} d�d � ild%mz��xynsm w%nsmVilx�m=tzd%�Âfq�
U�V



��nqmz��fh�½i } d+m=tzkÂ��d$g�nhp~mzd%��mznROzd%�½iln1�_d�fPObOzd�O x��½fhi½��d
fh�ji�i } d�m=tzk��_d%g�nqp~mun`Ozd%�Âfq�yg�d$fPOu�
ezgjd$��d%mViTx�m�i } d¶w$nsgjd Cj

0
x�nqi } d%gj�-xy��dq{�i } d¶d � ild%mz��xynsm�nqp Cj

0
x���ild%g�k�x�m�f�ild�O�fqm^O�i } d¶ezg�d3Q�w$�ytz�ji�d$gj�

x�mÚi } domud%� �[f
�qd$g.fqg�d-ezgjnsk�nqild�O�pGnsg"w%nsmz��xdOzd$g�fhilxynsmÚx�m�v?i¥fh�sd j +1 � N d-i } d%m��sgjnD�Ai } d0w%��tz�Æild$gj�
Cj

1, C
j
2 , · · · ��xyk�xy�[fqgj�y��tzmVilxy�(fh����ezgjd�QÕw$��tu�jild%g��,fqg�d¢d$x�i } d%goxymzw$�ytbOzd�O�x�m1fÚw$��tu�jild%g,nsg-ezgjnsk�nqild�O�i�nv?ilfq�sd j + 1 �

�0nqi�d�i } fhi�d
fhw } w$�ytz�ji�d$g�x��Úf tzmzx�nqm nhpT��nqk�d�ezgjd�Q�w%��tz�Æild%g���xod
fhw } ezgjd�Q�w%��tz�Æild%g���d$�ynsmz�s�Ki�n
d � fqw�il��� nsmzd�w%��tz�Æild%g�x~fqm^O d$fqw } w$�ytz�ji�d$gKx��Âfáw%nsmzmzd%w%i�d�O ��tz�`QÕ�sglfhe } nqp G �Ä\ k�nqg�d6Ozd�i¥fqxy��d�O
fqm�fh�y�?��xy�~nqp(i } d¶�sg�nD�-xymz�Úezg�n?w$d%���-�sxy�qd$�~i } d¶pGnq����nD�-xymz�Â��d%k�k�fu�
(*)�+/+/.��M2 S,U+U�[ t ��s6q&9Pq�s3t d »X���^¸��Ç�Rq�sWq��":O��Ý&�Â¾'ÞrqÖ�P�ÇÝP¼}q�¾�q�s6� 6 q�ÝR»XÞm»�¹¿pß¸�¾0q�s}�@¸ O(d logn) :
� 8 �Tq&9Pq�s�t¯�Ò���Rq®���r¹¿t 8 q�¹@���R��¸�¾0� O(log n) �rpR¼ 8 q�sÂ� 6 »�¹¿pÆ¸�¾�q�sW¸v:¨ÝP�����)»�� 6 ��s6ÝP�rto¾ < �¯�Ò���RqX¸
< Þr�!¸!q©¸XÞr��s3¾�qX¸�¾%À^ÝP¾'Þ 8 q�¾ < qXq��ª¾Þrq�¼ç�@¸�� 6 ¹@q��R�P¾Þ d :Å¾Þrq��Ä��ÄÝP¾�¹@q�Ý�¸�¾<���Òqh� 6 ¾Þrq<À^ÝPs3¾Ç�¾(�����^¸h� 6
¾Þrq 2 º@À^ÝPs3¾(�¾Ç����� :f¾Þrq�sWq8q��+�@¸�¾'¸¨ÝP¾�¹@q�Ý�¸�¾����Òq¡»�¹¿pß¸�¾0q�s©¾'Þ^ÝP¾�»X���r¾�ÝP��^¸ 8 ��¾'ÞÂ�Ò���RqX¸P=
(*)�+/+/.1�M2�N ÞrqI�rpR¼ 8 q�sÖ� 6 ¾(s)ÝP�^¸�¼8�@¸X¸������^¸hsWq�n�pR�sXq��¯¾0�o»X���^¸�¾Çs�pr»�¾¥ÝP¹¹�»�¹¿pß¸�¾0q�sW¸ 6 ��s��P� �#q�sWq��r¾
9�ÝP¹¿prqX¸¡� 6 d �@¸ O(n2D) =
? sW�!� 6 = |~} dow$gjtzw$x�fq�z�ji�d$e�x�mKi } dow%nsmz�Æilg�tuw%ilxynsmÚx���i } d-�sg�nD�-x�mu�/nqp�f/w%nsg�d-w$�ytz�ji�d$g%��«�x�gj�ji"w%nsmz��xdOzd$g
i } d,�sgjnÀ�-xymz�½pGnqg&f�ezfqgji�x�w$tu�[fqg d �hfq�ytzdq����m�v?i¥fq�qd 1 {=ilnÂ�qg�nD�¿f½w%nsg�d0w$��tu�jild%g${?�&dT�Æi¥fqgÆi&i�glf
�sd%g��lfh�
pGg�nqk i } d-|Emud%�-�y��fPObOud�O��,mznROzd%�Tx�m�i } dKw$nqg�dÂw%��tz�Æild$g0pGnsg Ozxy�jilfqmzw$d 4d iln+gjd
fqw } fq�y�(nqi } d$g,ezg�d3Q
w$�ytz�ji�d$gj��i } f�i } f
�sd�xym=i�d$gj��d$w�ilxynsm nsg��-x�i } Oux��jilfqmzw%d+nsmzd�fhe�fqgji$� |~} xy�Âw
fqm ��d6Oznqmzd+�V� tu��x�mu�
O(n′nd) i�glfqmz�jk�xy���jx�nsmz�%{q� } d%g�d n′ x��(i } d~m=tzkÂ��d$g�nhp	|Gmzd%�-���KfPO^Ozd�O���mun`Ozd%�"x�mÂi } d~w$nsgjd~w$��tu�jild%g$�
�0nhilx�w%doi } fhi.i } d0w$�ytz�ji�d$g��9w$nsmu�jilgjtzw%i�d�O�xym�i } d,�lfhk�do�jilfq�sdTfhg�d0fq���rOzxy�'�jnsxymVi
� |~} d%g�d�pGnsg�dh{�v?ilfq�sd 1
g�d�y=tzx�gjd$�1fhi�k�ns�Æi O(n2d) ilg�fqmz�jk�xy����xynsmz�%� \op×ild%g�v=i¥fq�sd 1 {0i } d%g�d fqg�d fhi�k�ns�ji n/2 mzn`Oud$�
g�d%k�fhx�mzxymz�z� |~} d%g�d%pGnqg�dq{�i } d�m=tzk��_d%g�nqp~i�glfqmz�jk�xy���jx�nsmz�¶gjd�y=tzx�gjd�O pGnsg½f�e�fhgjilxyw$tz��fqg d �hfq��tud�xy�
O(

∑
0≤j≤log n((n/2j)2d)) = O(n2d) �L¦0d%mzw$dh{'i } d¶ilnqilfq��m=tzkÂ��d$gonqp�i�glfqmu��k�x����jx�nsmu�~g�d�y=tzxyg�d�O1xy�

O(
∑

0≤i≤log R(n22i)) = O(n2R) = O(n2D) �
\�2E0�2 H ������DJF_� |�¡ ú�ûü.ý�þRÿ����%ÿ���������ÿ�	
	£¢¥¤ �E|¦~ r ) X�D Z }z~ ) C"}

\0p×i�d$gKw%nsmz�ji�g�tzw�ilxymz�êi } d�w$�ytz�ji�d$gj�${"�&d�fqezeu�y�m��gjn;w%d�Oztzgjdoú�ûüèý�þRÿ����.ÿ������w��ÿV	
	����ilnêd$fqw } nqp
i } d$��d�w%��tz�Æild$gj�$� |~} x��Kx��>Oznsmzd��V� fqgj�zxyi�glfqgjx����áezx�w¥�=x�mu�ênsmzd�mznROzd r xym d
fqw } w%��tz�Æild$g%{9��f
� i } d
w$d%mVilglfh�umznROzd&nhp�i } d��g��Æi�ezg�d3Q�w%��tz�Æild$g(w } ns�jd$mÚx�m¢i } d�w%nsg�gjd$�je_nsm^Ozx�mz�0w$�ytz�ji�d$g�x=fhmbOÂi } d%mKfqezeu�y�?x�mz�
ú�ûü.ý�þ`ÿ����%ÿ��V������ÿ�	
	R| r �!� | n fqezez��� ú�ûüèý�þRÿ��T�%ÿ���������ÿ�	
	ß| r ���jtzw$w%d$�j�jpGtz�y�y�s{od%�qd$gÆ�OmznROzd u
x�mOi } dá�sglfqe }¿} fq��i�n �jilnqg�dêi } dáw%��tz�Æild$g��¹c nqp¢i } d w$�ytz�ji�d$g���i�n � } x�w } u �_d%��nsmu�s��fqmbOOi } d
w$nqg�g�d%��e�nsmbOzxymz�ág�n?nqiKnqpoi } d1�Å«�v ilg�d%d�pGnsgKd
fqw } w$�ytz�ji�d$g�x�i } xy�Kx��Kfqw } x�d%�qd�O �=� �qd$d%ezx�mu� i�glfqw¥�
nqp"� } xyw } mzd%x�� } ��nstzgTxy�,i } dKe�fqg�d%mVi½nhp u x�m�i } dÚ��«�v�i�g�d$dh� |~} dÂpGns�y��nD�-x�mu����d%k�k�fq�0�ji¥f�ildÂi } d
m=tzkÂ��d$g+nhpTilg�fqmz��k�x��j��xynsmz��gjd�y=tzxyg�d�O pGnsg�i } x���ezg�d%ezg�n?w$d%����xymz� fqmbO i } d1k�d%k�nsgÆ� g�d�y=tzxyg�d%k�d%m=i
mzd%d�Ozd�O�x�m�d$fqw } mun`Ozdh�
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(*)�+/+/.§0,¨_2*� ÀÆÀ�¹¿t���R�¡ú�ûüèý�þRÿ��T�%ÿ���������ÿ�	
	ß|���¾��¡ÝP¹¹Ò»�¹¿pÆ¸�¾�q�sW¸<sWq�n�p`�sWqX¸ O(nD log2 n) ¾Çs)ÝP�^¸�º
¼8�@¸X¸������^¸P=
? sW�!� 6 =0�9�Ú�Qd%k�k�f¥�z{=fqezez���?x�mz�¡ú�ûü.ý�þRÿ����%ÿ���������ÿ�	
	ß|���nsm�f/w$��tu�jild%g"nqp4�jx��%d n′ fqmbOIOzx[fqk�d%i�d$g
d log n i¥fq�hd$� O(n′d log n) i�glfqmu��k�x����jx�nsmu�$���9�+�Qd$k�k�f¨j-|E���!{ud%�qd$gÆ�+mznROzdT��d$�ynsmz�s�&i�nKfhi~k�ns�Æi
O(log n) w$��tu�jild%g��%� |~} d%g�d%pGnqg�dq{-i } d1ilnhi¥fq�-m=tzkÂ��d$g+nhpTilg�fqmz��k�x��j��xynsmz��g�d�y=tzxyg�d�O pGnsg�fhezez�y�?xymz�
ú�ûü.ý�þ`ÿ����%ÿ��V������ÿ�	
	R|(�0pGnsg¶f�e�fqgÆilx�w%tz�[fhg d x�� O(nd log2 n) ��r&nstzmVi�x�mz�1fq��� d �hfq�ytzd$�T�9d�tz��dh{
i } d�ilnhi¥fq�"m=tzkÂ��d$gÂnhp�ilg�fqmz��k�x��j��xynsmz�¶pGnsg�fhezez�y�?xymz�Äú�ûü.ý�þRÿ����%ÿ���������ÿ�	
	ß|��/x�� O(nD log2 n) x
i } tz�%{�i } d¶��d%k�k�f½pGns�y��nD�-�$�
(*)�+/+/.�0�032�t ��shÝP�rt-�Ò���Rq u ��È¾Þrq>�Ps)Ý�ÀrÞ�:�¾'Þrq8¼}q�¼}��s�t6¸��>©�qhsWq�n�pR�sWq��®¾��}¸�¾���sWqh¾ÞrqI�� 6 ��s3º
¼IÝP¾Ç�����Ä� 6 ÝP¹¹è»�¹¿pÆ¸�¾�q�sW¸{¾Þ^ÝP¾ u 8 q�¹@���R��¸¥¾0�I�@¸ O(log n log D) =
? sW�!� 6 =0�9���\d%k�k�f6jT|E�r�,fqmbOêi } dÂpEfqw%iTi } fhiTi } d$gjd�fqg�d O(log D) Ozxdc_d$gjd$mVi d �qfh��tzd%�${\f+mznROzd
nsmz��� �_d%��nsmu�s��i�n O(log n log D) w$��tu�jild%g��%�ÑÃ"fqw } mznROzd1nsmz�y� mzd$d�Oz� O(1) k�d$k�nsgj� i�n �ji�nsg�d
x�m;pGnsg�k�fhilxynsmKfq��nstui"i } d-w$��tu�jild%g��"i } d��Ú�_d%��nsmu�z{=x�mzw%��tbOzxymz�/w$�ytz�ji�d$g"�¹c fhmbO�gjn;nqi"nhp4i } d0�Å«�vKi�g�d%d
nqp'i } dow%��tz�Æild%g$� | ns�sd�i } d%g��-xyi } �Qd$k�k�f#vT� } x�w } �jilfhild%��i } fhi O(1) k�d$k�nsgj�¢x���gjd�y=tzxyg�d�OKpGnsg�nqmzd
w$�ytz�ji�d$g%{zi } d/ilnhi¥fq��k�d$k�nsgÆ���jx��$d¶gjd�y=tzx�gjd�O�x�� O(log n log D) xzi } tz�${zi } d¶��d$k�k�f�pGns���ynÀ�-�%�
ª�),+/. C
« 0 H 2BN Þrq�¼8pR¹¿¾Ç��À�¹@q�º�¸!��p`sW»Xq�º�n�prq�s���qX¸ »�ÝP� 8 q	Àrq�s 6 ��s3¼}q��¨��¯»X���^¸�¾5ÝP�r¾�¸0À^ÝR»Xq < �¾Þ}Ý�Àr��¹¿t�º
¹@���ÆÝPs3�¾'ÞR¼8��»¥¾(s)ÝP�^¸�¼8�@¸X¸������T�"9Pq�sWÞrq�ÝÆ��=

|~} d�k�d$k�nsgÆ�+w$nqmz��tzk�eui�x�nsm�x�m�d
fqw } mznROzd½nhp�i } d¢mud%i��9nsg���w
fqm���d½gjd�Oztzw%d�O�i�n�fÚw$nqmz�jilfqmVi
x�m i } d�pGns���ynÀ�-xymz���&fD�q�A�onqild�i } fhiÚi } d O(log n log D) ��e�fhw$d�g�d�y=tzxyg�d%k�d%m=i�w%nsk�d%�KpGg�nsk*i } d
mzd%d�O nqp&tz��d�nqp9i } d�w$�ytz�ji�d$g�xymz���j�?�ji�d$k�{(� } d%g�d�d$fqw } mun`Ozd } fq�¶iln�g�d%k�d%kÂ��d$g/i } d�w$�ytz�ji�d$gj�¢i�n
� } xyw } x�i~��d$��nqmz�s�$����m�i } d¶��e�fqw%d¶d� �w$xyd$mVio��ns�ytuilxynsm�i } d/��d%ionqp(��xymz�s�yd,mznROzd$�-xy�~g�d$eu�[fqw%d�O��V��i } d
��d�i�nqp�é�ò¬	ïXó�ð(ìDñ,%bïXé%{;� } d%g�d0d
fqw } �jtze�d$g�QÕmznROzd,xy�&f¢��k�fq����w%��tz�Æild$g.nqpQmud$x�� } ��nstzgjx�mz�¢mznROzd$�9nqpQ�jx��$d
Θ(log n log D).

|~} d½�jd%i0nqp(��tze�d$g�Q�mznROzd$�ox��~w%nsk�eztuild�O�fh�-pGnq����nD�-�%� N d©�g��Æio�ztzx��dO�fÚ�je�fqmzmux�mz�
ilgjd$d TS

x�m G = (V, E).
|~} d$m�i } dofq�y�snsgjxyi } k e�fhgjilx�ilxynsmz��i } d-��d%i.nqp4mznROzd$�"x�mVi�n¢�jtze�d$g�QÕmznROzd$�.�V�

w$t;i�ilxymz���zglfqmuw } d$�0nqp TS
nqp��jx��$d O(log n log D).

|~} xy�0xy�ofq�y�&f
�;�-pGd
fh��x��u��d¶��xymzw$d¶i } d¢k�f � x�kÂtzk
Ozd%�sg�d%d½nqp TS

x�� O(1).
|~} d¢��tze�d$g�Q�mznROzd%�¡|Gd
fqw } ��fq��d�O1nqm�fÚ�zglfhmzw } pGgjnsk TS) pGnsg�k�i } d¢��d�ionqp

mznROzd$� V̄ x�m�i } dTmzd�� �qglfqe } Ḡ = (V̄ , Ē). ��m Ḡ {;pGnqg�fqmV� v, w ∈ V̄ {zf�ezfqx�g (v, w) ∈ Ē xdc�i } d$gjd
d � xy�ji x, y ∈ V, �$� i
��{ x ∈ v, y ∈ w fqmbO (x, y) ∈ E. �0nqi�d½i } fhi,i } d�k�f � x�kÂtuk Ozd$�sgjd$d½x�m Ḡ xy�
��nstzmbOzd�O �V� O(logn log D) � |~} d�nqg�x��qx�m�fq��mznROzd$�¶xym d$fqw } ��tze�d$g�Q�mznROzdÚez�[f
��f�gjns��dKnhp&�jx�mz�s�ydw$d%���y�Kx�m foOzx��Æilg�xy�ztui�d�O k�d%k�nqgj�s� |~} d1mud%�2�qglfqe } Ḡ w$fqm �_d�ezgjd$ezgjn;w%d$���jd�O ��x�k�x���fqg���� fq� G �
�0nhild/i } f�ioi } d¶m=tzkÂ��d$gonqp��jtze�d$g�QÕmznROzd$�ox�m Ḡ fqm^O�i } d¨Oux[fqk�d%i�d$g~nqp Ḡ w
fqm�nsmz������d{Oud$w$gjd
fq�jd�O
w$nqk�e�fhg�x�mu�oi�n,i } f�i�nqp G � |~} d�m=tzkÂ��d$g(nqp'w$�ytz�ji�d$gj��f,�jtze_d%g�QÕmzn`Oud&g�d%��xdOzd$��xym�xy�(�Æilx��y�V�_nqtzmbOzd�OK�=�
O(log n log D) ��\,�~pGnsg~i } d¶i�g�d%d¢�Æilgjtzw%i�tzg�d½w$nsmz�Æilgjtzw%i�d�O1pGnqg Ḡ |Efq�<Oud$��w%g�xy�_d�O1xym�v;d%w%i�x�nsmÂvu��V+��{
i } d�k�f � xykÂtzk Ozd$e;iÚx��ÂmznhiKx�mzw%g�d$fq��d�O fh�Kw$nsk�e�fqgjd�O �-xyi } i } f�iKpGnsg Ḡ � } x��yd�i } d�k�f � xykÂtzk
Ozd%�sg�d%d�xy�¶�_nstumbOzd�O �V� O(log n log D) � |~} d�fPObOuxyilxynsm�fq�(x�mupGnqg�k�fhilxynsm�f���tue_d%g�Q�mun`OzdÚgjd�y=tzx�gjd$�

U��



iln��ji�nsg�d¶w$fqm1��d©Ozx��Æilgjx��ztui�d�O�d%�qd$mz�����-xyi } x�m�d
fqw } ��tue_d%g�Q�mun`Ozdh{'�$� i
��{�d$fqw } nsg�xy�sx�m�fh�4mznROzd¶�ji�nsg�d%�
x�m;pGnsg�k�fhilxynsmKfq��nstui.f/w%nsmz�jilfqmVi&m=tzk��_d%g.nhp_i } d0w%��tz�Æild%g��$�	¦0nD�&d��sd%g&nsmÚi } d�OznD�-mz�jx@Ozd-i } d$g�d~�-xy���
��d½fÚe�ns�y�ÆQ��yns�Vfqgjxyi } k�xywoi�glfqmu��k�x����jx�nsm�nD�qd$g } d
fPO�gjd$��fhild�O�i�n�i } d¶�[fqgj�sd$g�Ozd%�sg�d%dÂfqm^O�i�n�i } d¶w$ns�Æi
nqp'xym=i�d$gjm�fq�?��d
fhg�w } pGnsg�fhmÚfqezezgjnsezg�x�fhild.x�m;pGnsg�k�fhilxynsm¢x�m½i } d�Ozxy�ji�g�x��utuild�OÂk�d%k�nqgj�¢nqp'd
fhw } �jtze�d$g�Q
mznROzdq� |~} x��(x����_d%w
fqtu��d~f Oux��jilfqmzw%d d xym Ḡ k�f
�¶mznD� w$nqg�g�d%��e�nsmbOÂi�nTf Ozxy�jilfqmzw$d O(d logn log D)
x�m G {=fhmbOÂi } xy��fhi�k�ns�Æi�x�muw$g�d$fq��d%��i } d&m?tukÂ�_d%g�nqp�ilg�fqmz�jk�xy����xynsmz���V�Âf,e_nq�y�ÆQ��yns�Vfqgjxyi } k�xyw�pEfqw%i�nsg$�
^��5° ���^�T�Ò�_� ���b�a®�n�g¯opb°j�lhn5opbed�f

\0p×i�d$g�i } d w%nsmz�Æilg�tuw%ilxynsm¿nqp�w%��tz�Æild%g��1fqmbO i } dáezgjd$ezgjn;w%d$���jx�mz�u{,�&d d$mVi�d$g�i } dág�nqtuilxymz� �ji¥fh�sdq�
��g�n?w$d�Oztzg�d²±/�.þP�%ûE�������%ûüèý���	Oud$��w%g�xy�_d%� } nD� i } dog�nst;ilx�mu�/�_d�i��&d%d$m�fqmV�Úe�fhx�g�nqp_��nstug�w$d s fqm^O
Ozd%�jilxym�fhi�x�nsm t g�tzmz�%�
W C"AMX )�Y[Z C ) ±/�èþz�%ûE�������%ûüèý (s, t)

Us�0v;d�i d = 1 x
V;� N } xy��d,i } d¶w$�ytz�ji�d$g-w$nsmVilfqx�mzxymz�K��nqi } s fqm^O t

} fq�-mznhi0��d$d%m�pGnqtzmbO
|af+�-«�nsg~d��sd%gj��w$�ytz�ji�d$g��-xyi } Oux[fqk�d%i�d$g O(d logn) i } fhi s ��d$�ynsmz�s��i�n

xa�-��fq�jd�O�nsmKi } d-��«�vÂi�g�d%doxymÂi } xy��w$�ytz�ji�d$g${ s ��d$m^Oz�&fTk�d$�j�lfq�qd-i�n/i } d~gjn;nqi r �-xyi }
x�mupGnqg�k�fhilxynsm�xymzw$�ytbOzx�mu�Âi } d¶w$n?nsg)Ozx�m�f�ild$�~nhp(i } d©Ozd$�Æilx�mzfhilxynsm t x

x�xa��\,ezeu�y�¯ú�ûüèý�þRÿ��������%ûüèý (r, t) x
xyx�x��9�Õp t w$fqm��_d,pGnqtzmbO�{ui } d/g�nqtuilxymz�Âx��&w$nsk�ez��d�ild�O�fqmbO+i } d/ezg�n?w$d�Oztzg�d/i�d$g�k�x�mzfhild%��x

nqi } d$gj�-xy��dh{�w$nsmVilxym=tzd/�-xyi } i } d¶mzd � i0w$��tu�jild%g�x
|E�r��v?d%i d = 2 ∗ d x

|~} d¶pGns���ynÀ�-xymz��i } d$nsgjd$k2�qxy�sd%�~i } d¶e�d$gjpGnqg�k�fqmzw$d/nhp	��g�n?w$d�Oztzgjd³±/�.þP�%ûE���w�[�%ûü.ý���%�
qhr ) A�C ),+ 0,K_25t ��s¨ÝP�rt¥À^ÝP�s¡� 6 ¸!��pRsW»Xq s ÝP���Ö�RqX¸�¾Ç���ÝP¾Ç����� t :L¾'Þrqh»X��¼8¼8pR�r��»�ÝP¾(����� 8 q�¾ < qXq�� s
ÝP��� t »�ÝP� 8 q »X��¼ À�¹@q�¾0q��¥pß¸���R� O(c log n) ¾Çs�ÝP�^¸�¼8�@¸X¸������^¸v: < Þrq�sWq c �@¸�¾Þrq�¹@q��R�P¾Þ}� 6 ¾ÞrqÅ¸XÞr��s3¾0qX¸�¾
À^ÝP¾Þ 6 sX��¼ s ¾0� t =
? sW�!� 6 =<��g�n?w$d�Oztzg�d�±/�.þP�%ûE�������%ûü.ý���0�jilfqgji��¶pGgjnsk d = 1 fhmbOªOznstz�z�yd$� d x�mêd
fhw } x�ild$g�fhilxynsm��
�9���Qd%k�k�fhjr|Ew���{zi } d¢��fqg��qd$�ji-�hfq�ytzd/nqp d ilgjx�d�O��V�´±/�.þP�%ûE�������%ûü.ý xy�-fhiok�ns�Æi 2c � | ns�sd�i } d%g
�-xyi }�|~} d$nsgjd$kçY?{ui } d/i�nqi¥fq�_m=tzkÂ��d$g~nqp�ilg�fqmz��k�x��j��xynsmz��gjd�y=tzx�gjd�O�x�� O(

∑
0≤i≤dlog 2ce 2i log n) =

O(c logn) � |~} tz�${�i } d¶i } d$nqg�d$k5pGns���ynÀ�-�%�

U�Y



µ ÕT¶�Õ�F�Õ�C-KÅÕ�å

SgU�[¶�¥�w«&��\,�V�?x��dOzx��h{ N ��v?t�{�{Â��vufqmz��fqg�fq��tu�zglfqk�fqmzx�fqk�{QfqmbOÄÃ~��r9�;xyg�w%x��h\ ��tzgÆ�sd%� nsm ��d%mz��nqg
mzd�i��&nsgj�=�$� 4¸·*·c·a¹ ��¼8¼8pR�r��»�ÝP¾(�����^¸�ºªÝ!�ÆÝG©���Òq�{;e�fq�sd%�©U�k�U!vu{^\,tz�stu�ji VPl+lÆV?�

SwV�[¶�¥�w«&�Ò\0�=�?xy�@Ozxy�q{ N ��v;t4{�{K�4vufqmz��fqg�fq��tu�zglfqk�fqmzx�fqk�{_fhmbOoÃ~�Qr9�?x�gjw$xa� N x�gjd$�yd$���,��d$mu��nsgTmud%i)Q
�9nsg��=��·�\Ø��tzgÆ�sd��s� ¹ ��¼ À�p`¾0q�sp»¨q�¾ < ��sWÛ!¸�{ze�fq�sd%��v+£+v�kR�ÆV+V;{rV:l+lÆV;�

S¤v:[{�(����f } ��fhmbOL¼Â���½���(fPOzk�fqm�fq� } fqm��¡¬�\Tc�\ ¬{·�\0máx�m`QÕ�ztzx��dOzx�mu�}¬�« ��fq�jd�O tz��d%g/��n?w
fhi�x�nsm
fqmbOêi�glfqw¥�=x�mu���j�?�ji�d$k�����m ? sX�!»XqXq��P��R��¸I� 6 ¾Þrqh» ��Òq�¾0qXq��r¾'Þ � �r�rpbÝP¹[½�����r¾ ¹ ��� 6 q�sWq��Ò»XqI� 6
¾Þrq 4¸·*·c·¾¹ ��¼ À�pR¾�q�s®ÝP��� ¹ ��¼8¼8p`�r��»�ÝP¾Ç�����^¸ � �!»���q�¾Ç��qX¸¿� 4 » tTÀ²¹TÀ ºÁ��{�e�fh�sd$�-µPµ+Y!k^µPj:�z{
VPl+lPlu�

S��P[¢c��o�&g�fq�sx�mu���V�Ofqm^O c���Ã��Æilg�xym�� ¬-tzk�nqg+g�nst;ilx�mu� fh���snsgjxyi } k pGnsg���d%mz��nsg�mzd�i��&nqg��=�$�5��m? sW�!»XqXq��P��R��¸¨� 6 ¾'Þrq t �sW¸�¾ �O¹ º 4 �r¾0q�s���ÝP¾Ç������ÝP¹kÂI��sXÛ!¸XÞr�XÀT����Â-�sWq�¹@qX¸X¸ � q��^¸!��s5»¨q�¾ < ��sWÛ!¸ÝP��� � ÀÆÀ�¹¿��»�ÝP¾(�����^¸�{;e�fq�sd%� VPV!k`v^Us{^\�il�[fhm=ilfu{�~/d$nsgj�sx[f;{z�TvR\�{�v;d%euild%kÂ�_d%g<VPl+lÆV;�
SwY�[¢�½�z�&tz��tu��t�{�Ãu�^¦0d%x@Ozd%k�fqmum�{zfqm^O1c½�rÃ��jilgjx�m��	~{�.vßQÕ��d%�����ynÀ�¿w%ns�ji-nst;iWOzn?nsg&�yn;w$fq��xy�
fhi�x�nsmKpGnsg

�sd%gj����k�fq�y�ÒOzd��;xyw$d%�$� 4v·*·*·�? q�sW¸!����ÝP¹ ¹ ��¼8¼8pR�r��»�ÝP¾Ç�����^¸�{rµb|(Y+��·�VPj�k`v:�z{rVPlPl+lu�
S¤Z:[{Ã~�(r }3Ä �sd$�h{.v_�\c,ns�ug�d%��{�Ã-���/glfhm�fq�=x��%{�Ãu�.zTe�fhi�g�mV�s{�����v?i¥fqw } nz{�fqm^O-Ãu���0gjg�tui�x[fu��¬-nstuild
Ozxy��w$nD�qd$gj���-x�i } w%nsmz�jilfqmViok�d%k�nsgÆ��xym�nsg�xyd$mVild�O�ez�[fhm�fqg��sd%nsk�d%ilgjx�wTmud%i��9nsg��=�$�"��m ? sW�!»XqXq��Pº
��R��¸¡� 6 ¾'Þrq t �sX¸�¾ 4 �r¾�q�s3��ÝP¾Ç������ÝP¹TÂI��sWÛ!¸XÞr�XÀÄ��� � ¹¤�R��s��¾ÞR¼8��» � ¸0ÀrqX»�¾¸¡� 6 ÂÖ�sWq�¹@qX¸X¸ � q��^¸!��s
»{q�¾ < ��sWÛ!¸�� ��Å Ü Àk�U· » �[ÀuÆ�� ��{�e�fq�sd%�{U��ßµ!k�U�Y:Zu{ | tzg��=t�{�«(x�mz��fqmbO�{UÃqtz�y�ÖVPl+lP�z�

Swµ�[¢�,���½�(r&�[fhg��'{�r,�;Ãu�(r&ns����nstzgjm�{�fqmbO c��æv��wÃqn } mz��nqm����0muxyi{Ozx��j���sg�fqe } �%�ÂÚ©�@¸!»�sWq�¾0q³ºªÝP¾Þrq�º
¼IÝP¾Ç��»X¸�{rj+Z^·,U!ZÆY!k�U�µ+µ;{DU!£+£+lu�

S¤j:[{�(��~K�-c,nD�;�ydáfqmbOÇÃu���"�ov?mzd$�y��� ¬ofqmbOunsk �&fq���=��fqmbO d%��d$w�ilgjx�w�mzd�i��&nqg��=�$�ÈºªÝP¾Þrq�¼IÝP¾Ç��»�ÝP¹� ¸X¸!�!»��ÇÝP¾(�����_� 6�� ¼}q�s3��»�Ýq{�U�£+jP�z�
S¤£:[¨~K�P«�xymzm��^¬onst;ilx�mu�TfqmbOÂfPObOzgjd$���jx�mz�,ezg�ns�u��d$k���xym���fqg��sd.k�d%ilgjnse�ns��x�i¥fqm`QÕ��w$fq��d�xym=i�d$gjmzd%i��9nsg��=�%�| d$w } mzxyw
fq�.¬-d$e�nsgji-�Æv?��àP¬<¬�Q�j+µ�QXU!jPlu{u�,vzr�àh�Æv;�¥{De�fhg�w } U!£+jÆµ;�
SgU!l:[¶�¥�^~¢fq��d$g9fqmbOÉ{K�^e�fqmz�jnstzg%��r&d%mVilglfh��x��%d�O��zg�nVf:Ozw
fq�Æi�xym�kÂtz��ilxgQ } nseKg�fPOzxyn½mzd�i��&nqg��=�$�c½���pRs3º

��ÝP¹�� 6�� ¹¤�R��s3�¾ÞR¼>¸�{b�ÆZr|�U���·,U�k^VPl;{rVPl+lPvu�
SgU+U�[¢����~Ê�h��x�d%mzx�d%wq{�Ã~�À�/glfqm�fh�?xy�${�\�����d$��wh{qfhmbOOËÂ�Ì,x�m��qc,d%i�d$g�k�x�mux��ji�x�w�e�VPe kÂtu�yilxyw
fq�ÆiQx�m¶g�fPOzx�n

mzd�i��&nsgj�=�$�\��m ? sW�!»XqXq��P��R��¸¥� 6 ¾'Þrq N ÞR�s3¾(t�º t �sW¸�¾ 4 �r¾0q�s���ÝP¾Ç������ÝP¹ ¹ ��¹¹@��n�pR�p`¼§��� � pR¾���¼IÝP¾�Ý":Å ÝP�R�PpbÝ!�RqX¸{ÝP��� ? sW���Ps)ÝP¼8¼8��R�q{uezfq�sd$��ZÆµ:l�k`Z+jÆV?{ | tzg��=t�{�«�xymz�[fqm^O�{bV:l+lP�z�
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