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Abstract. This paper discusses automated reasoning in the KARO
framework. The KARO framework accommodates a range of expressive
modal logics for describing the behaviour of intelligent agents. We concentrate on a core logic within this framework, in particular, we describe
two new methods for providing proof methods for this core logic, discuss
some of the problems we have encountered in their design, and present
an extended example of the use of the KARO framework and the two
proof methods.

1

Introduction

The spread of computer technology has meant that more dynamic, complex
and distributed computational systems are being developed. Understanding and
managing such complexity is notoriously difficult and it is to support this that the
agent-based systems paradigm was introduced. In order to reason about agentbased systems, a number of theories of rational agency have been developed, for
example the BDI [20] and KARO [23] frameworks.
The KARO logic (for Knowledge, Abilities, Results and Opportunities) falls
within a tradition of the use of modal logic(s) for describing the behaviour of
intelligent agents. As such it builds upon an even longer tradition of philosophical logic where modal logic is employed to describe intensional notions such as
knowledge, belief, time, obligation, desire, etc. These very notions are deemed
to be appropriate for specifying, designing and implementing intelligent agents
[25]. When following first-order logic approaches to the specification of these
intensional concepts (such as the situation calculus) one has to build in the relevant properties of these concepts in an ad hoc manner, whereas in modal logic
?
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this can be done systematically using modal correspondence theory. Moreover,
the availability of modal operators yields expressions in modal logic that are
more concise than their first-order counterparts. Besides this natural adequacy
of modal logic in this context, also computational issues are important: generally, propositional modal logics may be viewed as decidable fragments of full
first-order logic, and the computational properties of (uncombined) modal logics
are well-investigated [6, 11].
A popular approach to formal verification, particularly of temporal properties, concerns model-checking [4]. This is appropriate when a (finite-state) structure exists (or can be generated efficiently) upon which logical formulae can be
tested. In particular, model checking verifies that the structure is a model for the
required formula. In our case, we are interested in verifying properties of logical
specifications, rather than finite-state structures. Although such models can be
built directly from formulae, this is usually expensive. In addition, little work has
been carried out concerning model-checking for the types of complex multi-modal
logics we require (an exception being the work described in [2]). Consequently,
we are here interested in carrying out verification via logical proof.
Thus, the aim of this paper is to examine proof methods for the KARO
framework [23]. In particular, we study two approaches to the problem of proof
which will be presented in Sections 3 and 4:
– proof methods for the fusion of PDL and S5(m) based upon translation to
classical logic and first-order resolution; and
– representation of KARO in terms of the fusion of CTL and S5(m) and proof
methods by direct clausal resolution on this combined logic.
Both approaches provide decision procedures for the particular combination of
logics under consideration. Thus, unlike approaches which make use of full firstorder logic, unprovability of a formulae with respect to a agent specification can
be shown by each of two approaches automatically without reliance on modeltheoretic consideration outside the actual proof method.
We illustrate how the KARO framework and the two approaches can be used
by studying a small block world example in Section 5. We conclude with a discussion of the relative strength of the two approaches and a possible reconciliation
of the two approaches.

2

Basic KARO Elements

We base our formal methods on the KARO logic [16, 22], a formal system that
may be used to specify, analyse and reason about the behaviour of rational
agents. In this paper we concentrate on one particular variant of the KARO
framework and define a core subsystem for which we are able to provide sound,
complete, and terminating inference systems.
Formally, the language of the KARO framework is defined over three primitive types: (i) a set of countably infinite atomic propositional variables, (ii) a set

Ag of agent names (a finite subset of the positive integers), and (iii) a set Acat
of countably infinite atomic action variables.
Formulae are defined inductively as follows.
– > is an atomic propositional formula;
– ϕ ∨ ψ and ¬ϕ are propositional formula provided so are ϕ and ψ;
– Ki ϕ (knowledge), hdoi (α)iϕ (achievement of results by actions), Ai α (ability), Oi α (opportunity), Wsi ϕ (selected wish), and ♦i ϕ (implementability)
are propositional formulae, provided i is an agent name, α is an action formula and ϕ is a propositional formula;
– id (skip) is an atomic action formula;
– α ∨ β (non-deterministic choice), α ; β (sequencing), ϕ! (confirm), α(n)
(bounded repetition), and α? (unbounded repetition) are action formulae,
provided α and β are action formulae, ϕ is a propositional formula, and n is
a natural number.
Implicit connectives include ⊥, ∧, →, . . . for propositional formulae, the duals of
Ki and hdoi (α)i (denoted by [doi (α)]), as well as Pi (α, ϕ) = hdoi (α)iϕ ∧ Ai α.
The semantics of the core KARO logic is based on interpretations M =
(W, V, D, I, M ), where (i) W is a non-empty set of worlds, (ii) V maps propositional variables to subsets of W , (iii) for every i ∈ Ag and every a ∈ Acat , D
contains a binary relation r(i,a) on W and a subset c(i,a) of W , (iv) I contains
an equivalence relation Ki on W for each agent i ∈ Ag, and (v) M contains a
serial relation relation Wi on W for each agent i ∈ Ag. Following the characterisation of agent theories in the introduction, D, I, and M comprise the dynamic,
informational, and motivational components in the semantics of the core KARO
logic. The relations r and sets c are extended to Ag × Ac-sorted relations r∗ and
sets c∗ in a way standard for dynamic logic.
The semantics of well-formed formulae of the KARO logic is defined as follows.
M, w
M, w
M, w
M, w
M, w
M, w
M, w
M, w
M, w
M, w

|= >
|= p
|= ¬ϕ
|= ϕ ∨ ψ
|= [doi (α)]ϕ
|= Ai α
|= Oi α
|= Wsi ϕ
|= Ki ϕ
|= ♦i ϕ

iff
iff
iff
iff
iff
iff
iff
iff
iff

w ∈ V (p)
M, w 6|= ϕ
M, w |= ϕ or M, w |= ψ
∗
∀v ∈ W ((w, v) ∈ r(i,α)
→ M, v |= ϕ)
∗
w ∈ c(i,α)
M, w |= hdoi (α)i>
∀v ∈ W ((w, v) ∈ Wi → M, v |= ϕ)
∀v ∈ W ((w, v) ∈ Ki → M, v |= ϕ)
∃k ∈ N ∃a1 , . . . , ak ∈ Acat M, w |= Pi (a1 ; . . . ; ak , ϕ)

If M, w |= ϕ we say ϕ holds at w (in M) or ϕ is true in w. A formula ϕ is
satisfiable iff there is an interpretation M and a world w such that M, w |= ϕ.
We refer to the logic defined above as the KARO logic even though it does
not include all the features of the KARO framework. In this paper we make
the following simplifying assumptions: (i) we assume Ai α = hdoi (α)i>, (ii) we

¬hdoi (α)iψ ⇒ [doi (α)]¬ψ

¬[doi (α)]ψ ⇒ hdoi (α)i¬ψ

hdoi (α)i(ψ ∨ φ) ⇒ hdoi (α)iψ ∨ hdoi (α)iφ

[doi (α)](ψ ∧ φ) ⇒ [doi (α)]ψ ∧ [doi (α)]φ

hdoi (α ∨ β)iψ ⇒ hdoi (α)iψ ∨ hdoi (β)iψ

[doi (α ∨ β)]ψ ⇒ [doi (α)]ψ ∧ [doi (β)]ψ

hdoi (α ; β)iψ ⇒ hdoi (α)ihdoi (β)iψ

[doi (α ; β)]ψ ⇒ [doi (α)][doi (β)]ψ

hdoi (id)iψ ⇒ ψ

[doi (id)]ψ ⇒ ψ

hdoi (φ!)iψ ⇒ φ ∧ ψ

[doi (φ!)]ψ ⇒ ¬φ ∨ ψ

hdoi (α

(0)

)iψ ⇒ ψ

hdoi (α(n+1) )iψ ⇒ hdoi (α)ihdoi (α(n) )iψ

[doi (α(0) )]ψ ⇒ ψ
[doi (α(n+1) )]ψ ⇒ [doi (α)][doi (α(n) )]ψ

Fig. 1. Transformation rules for the core KARO logic

exclude the unbounded repetition operator α? and wishes Wsi ϕ from the language, and (iii) there is no interaction between the dynamic and informational
component. This fragment of the KARO logic is called the core KARO logic.
The proof-theoretical requirements induced by the implementability operator
are quite strong, and both approaches which will presented in the following two
sections will weaken these requirements in different ways.

3

Proof by Translation

The translation approach to modal reasoning is based on the idea that inference in (combinations of) modal logics can be carried out by translating modal
formulae into first-order logic and using conventional first-order theorem proving. There are various different translation morphisms for modal logics whose
properties vary with regards the extent to which they are able to map modal
logics into first-order logic, the decidability of the fragments of first-order logic
into which modal formulae are translated, and the computational behaviour of
first-order theorem provers on these fragments [6, 13, 15, 21].
In the following we present a decision procedure for the satisfiability problem
in the core KARO logic consisting of three components: (i) a normalisation
function which reduces complex action formulae to atomic action subformulae,
(ii) a particular translation of normalised formulae into a fragment of first-order
logic, and (iii) a resolution-based decision procedure for this fragment.
The normalisation function maps any formula ϕ of the core KARO logic to its
normal form ϕ↓ under the rewrite rules given in Figure 1. It is straightforward to
see that the rewrite relation defined by these rules is confluent and terminating.
Thus, the normal form ϕ↓ of ϕ is logically equivalent to ϕ, it is unique, and in
the absence of the unbounded repetition operator, ϕ↓ contains no non-atomic
action formulae.
Lemma 1. The core KARO logic excluding the operator ♦i equivalently reduces
to the fusion of multi-modal K(m) and S5m .

The particular translation we use has only recently been proposed by de
Nivelle [5] and can be seen as a special case of the T-encoding introduced by
Ohlbach [18]. It allows for conceptually simple decision procedures for extensions
of K4 by ordered resolution without any reliance on loop checking or similar
techniques.
Without loss of generality we assume that the modal formulae under consideration are normalised and in negation normal form. We define a translation
function π as follows.
π(hdoi (a)iϕ, x) = ∃y (doai (x, y) ∧ π(ϕ, y))
π(Ki ϕ, x) = qKi ϕ (x)
π(Oi α, x) = π(hdoi (α)i>, x)
π(Ai α, x) = π(hdoi (α)i>, x)
π(♦i ϕ, x) = ∃y π(ϕ, y)

π(>, x) = >
π(p, x) = qp (x)
π(¬ϕ, x) = ¬π(ϕ, x)
π(ϕ ∨ ψ, x) = π(ϕ, x) ∨ π(ψ, x)

a is an atomic action, p is a propositional variable, qp is a unary predicate symbol uniquely associated with p, qKi ϕ is a predicate symbol uniquely associated
with Ki ϕ, and doai is a binary predicate symbol associated with a and i which
represent the relation r(i,a) in the semantics.
Finally, let Π(ψ) be the formula
V
∃x π(ψ, x) ∧ Ki ϕ∈ΓK (ψ) Ax(Ki ϕ),
where ΓK (ψ) is the set of subformulae of the form Ki ϕ in ψ, and Ax(Ki ϕ) is
the formula
∀x (qKi ϕ (x) ↔ ∀y (Ki (x, y) → π(ϕ, y)))
∧ ∀x, y ((qKi ϕ (x) ∧ Ki (x, y)) → qKi ϕ (y))
∧ ∀x, y ((qKi ϕ (y) ∧ Ki (x, y)) → qKi ϕ (x)) ∧ ∀x Ki (x, x).
Based on the close correspondence between the translation morphism Π and the
semantics of the core KARO logic it is possible to prove the following.
Theorem 2. Let ψ be a formula in the core KARO logic excluding the operator
♦i . Then Π(ψ) is first-order satisfiable iff there exists a model M and a world
w such that M, w |= ψ.
Proof. The only problem in this theorem is caused by the fact that Π(ψ) does
not ensure that the relations Ki in a first-order model of Π(ψ) are not necessarily
equivalence relations while this is the fact for the corresponding relations Ki in
the modal model. This problem can be overcome along the lines of de Nivelle [5]
or Hustadt et al. [14].
Using certain structual transformation techniques, described for example in [6,
19], Π(ψ) can be embedded into a number of solvable clausal classes, for example,
the classes S + [9] and DL∗ [6]. In the following, by CLDL∗ (Π(ψ)) we denote an
embedding of Π(ψ) into the class DL∗ . A decision procedures for DL∗ can be
formulated in the resolution framework of Bachmair and Ganzinger [1] using an
ordering refinement of resolution.

Theorem 3 (Soundness, completeness, and termination [6]). Let ψ be a
formula of the core KARO logic excluding ♦i and let N = CLDL∗ (Π(ψ)). Let 
be any ordering which is compatible with the strict subterm ordering and let R
be the ordered resolution calculus restricted by . Then:
1. Any derivation from N in R terminates in double exponential time.
2. ϕ is unsatisfiable iff the empty clause can be derived from N .
All the results presented also hold for the core KARO logic including ♦i under
our assumption that Ai α = hdoi (α)i>. If we drop this assumption, then the
translation by π and Π does no longer preserve satisfiability. Although it is
possible to devise alternative translations π 0 and Π 0 (into second-order logic)
such that Theorem 2 holds for the core KARO logic including ♦i , Theorem 3
would be invalid for Π 0 . This is not difficult to see if we consider the problem
of showing that ♦i ϕ is not true at a world w in an interpretation M. This
is the case iff ∀k ∈ N ∀a1 , . . . , ak ∈ Acat M, w 6|= Pi (a1 ; . . . ; ak , ϕ). Due to
the (universal) quantification over N, proving that ♦i ϕ is not true at a world
w requires inductive theorem proving. This is outside the scope of first-order
resolution and termination is not guaranteed.
Since our emphasis is on practical inference methods to support the deductive
verification of agents, we have opted for a simplified core logic.

4

Proof by Clausal Temporal Resolution

Here, we use the simple observation that the use of PDL in the KARO framework
is very similar to the use of branching-time temporal logic. Thus, we attempt
to use a simple CTL branching-time temporal logic to represent the dynamic
component of the core KARO logic. Dynamic operators and implementability
are replaced by CTL formulae by the following rules: for example,
hdoi (a)iϕ
[doi (a)]ϕ
♦i ϕ

is replaced by
is replaced by
is replaced by

E#(donei (a) ∧ ϕ),
A#(donei (a) ⇒ ϕ) and
E3ϕ,

where donei (a) is a propositional variable uniquely associated with agent i and
atomic action a. Initially we work in the logic CTL, with multi-modal S5, the
semantics of which are given in, for example [12], with no interactions.
Formulae in the fusion of CTL and S5(n) can rewritten into a normal form,
called SNFkaro , that separates temporal and modalVaspects (as is done in [8]).
Formulae in SNFkaro are of the general form A2∗ i Ti where A2∗ is the universal relation (which can be defined in terms of the operators “everyone knows”
and “common knowledge”) and each Ti is a clause of one of the following forms.
Wn
start ⇒ k=1 Lk
(initial clauses)
Vm
Wn
Vm
Wn
0
0
(step clauses)
j=1 Lj ⇒ A# k=1 Lk
j=1 Lj ⇒ E#( k=1 Lk )hci i
Vm
V
m
0
0
(sometime clauses)
j=1 Lj ⇒ A3L
j=1 Lj ⇒ E3Lhci i
Wn
true ⇒ k=1 Mki
(Ki clauses)
Wn
true ⇒ k=1 Lk
(literal clauses)

where L0j , Lk , and L are literals and Mki are either literals, or modal literals involving the modal operator Ki . Further, each Ki clause has at least one disjunct
that is a modal literal. Ki clauses are sometimes known as knowledge clauses.
Each step and sometime clause that involves the E-operator is labelled by an
index of the form hci i similar to the use of Skolem constants in first-order logic.
This index indicates a particular path and arises from the translation of formulae
such as E(LUL0 ). During the translation to the normal form such formulae are
translated into several E step clauses and a E sometime clause (which ensures
that L0 must actually hold). To indicate that all these clauses refer to the same
path they are annotated with an index. The outer ‘A2∗ ’ operator that surrounds
the conjunction of clauses is usually omitted. Similarly, for convenience the conjunction is dropped and we consider just the set of clauses Ti . We denote the
normalisation function into SNFkaro by τ .
In the following we present a resolution-based calculus for SNFkaro . In contrast to the translation approach described in the previous section, this calculus
works directly on SNFkaro formulae. The inference rules are divided into initial
resolution rules, knowledge resolution rules, step resolution rules, and temporal
resolution rules, which will be described in the following. We present sufficient
rules to understand the following example, the full set of knowledge rules can
be found in [8] and the full set of step and temporal resolution rules are given
in [3]. In the following, if L is a literal, then ∼L denotes A if L = ¬A and it
denotes ¬L, otherwise.
Initial Resolution. A literal clause may be resolved with an initial clause (IRES1)
or two initial clauses may be resolved together (IRES2) as follows

[IRES1]

true ⇒ (C ∨ L)
start ⇒ (D ∨ ∼L)
start ⇒ (C ∨ D)

[IRES2]

start ⇒ (C ∨ L)
start ⇒ (D ∨ ∼L)
start ⇒ (C ∨ D)

where C and D are disjunctions of literals.
Knowledge Resolution. During knowledge resolution we apply the following rules
which are based on the modal resolution system introduced by Mints [17]. In
general we may only apply a (knowledge) resolution rule between two literal
clauses, a knowledge and a literal clause, or between two knowledge clauses
relating to the same modal operator e.g. two K1 clauses.
true ⇒ C ∨ M
[KRES1] true ⇒ D ∨ ∼M
true ⇒ C ∨ D

true ⇒ C ∨ ¬Ki L
[KRES4] true ⇒ D ∨ L
true ⇒ C ∨ mod(D)

The function mod(D) used in KRES4 is defined on disjunctions D of literals or
modal literals, as follows.
mod(Ki L) = Ki L
mod(A ∨ B) = mod(A) ∨ mod(B)

mod(¬Ki L) = ¬Ki L
mod(L) = ¬Ki ∼L

Two further rules KRES2 and KRES3 allow resolution between Ki L and Ki ∼L,
and between Ki L and ∼L.
Finally given a clause involving a disjunction of literals or modal literals
of the form Ki L we can remove the Ki operators (KRES5) obtaining a literal
clause for use during step and temporal resolution. For the complete set of modal
resolution rules see [8].
Step Resolution. ‘Step’ resolution consists of the application of standard classical
resolution to formulae representing constraints at a particular moment in time,
together with simplification rules for transferring contradictions within states
to constraints on previous states. Simplification and subsumption rules are also
applied. In the following P is either path operator.
[SRES2]

P ⇒ E#(F ∨ L)hci i
Q ⇒ A#(G ∨ ∼L)
(P ∧ Q) ⇒ E#(F ∨ G)hci i

[SRES4]

Q ⇒ P#false
true ⇒ ∼Q

We also allow resolution between two A step clauses (SRES1) and two E step
clauses (SRES3) with the same index. A step clause may be resolved with a
literal clause (where G is a disjunction of literals) and any index is carried to
the resolvent to give the following resolution rules.
P ⇒ A#(F ∨ L)
[SRES5] true ⇒ (G ∨ ∼L)
P ⇒ A#(F ∨ G)

P ⇒ E#(F ∨ L)hci i
true ⇒ (G ∨ ∼L)
P ⇒ E#(F ∨ G)hci i

The complete set of step rules can be found in [3]
Temporal Resolution. During temporal resolution the aim is to resolve one of
the sometime clauses, Q ⇒ P3L, with a set of clauses that together imply 2∼L
along the same path, for example a set of clauses that together have the effect of
F ⇒ #2∼L. However the interaction between the ‘#’ and ‘2’ operators makes
the definition of such a rule non-trivial and further the translation to SNFkaro
will have removed all but the outer level of 2-operators. So, resolution will be
between a sometime clause and a set of clauses that together imply an 2-formula
that occurs on the same path, which will contradict the 3-clause. The details of
these rules can be found in [3].
Theorem 4 (Soundness, completeness, and termination). Let ϕ be a formula of the core KARO logic excluding the operator ♦i and let N = τ (ϕ). Then:
1. Any derivation from N terminates.
2. ϕ is unsatisfiable iff N has a refutation by the temporal resolution procedure
described above.
The proofs are analogous to those in [7, 8, 10].
Again we have excluded the operator ♦i in Theorem 4. The transformation τ which replaces ♦i ϕ by E3ϕ does not preserve satisfiability. We are currently investigating an alternative transformation τ 0 which expands ♦i ϕ with

W
ϕ ∨ E( a∈Acat (cai ∧ #done ai )))Uϕ) which seems to reflect the semantics of ♦i ϕ
more faithfully if we drop the assumption that Ai α = hdoi (α)i>.
Recall that we have observed in the previous section that the core KARO
logic excluding ♦i reduces to the fusion of multi-modal K(m) and S5m , while in
this section we have used a reduction to the fusion of CTL and S5m . This may
seem unreasonable, since the satisfiability problem in K(m) is (only) PSPACEcomplete, while the satisfiability problem in CTL is EXPTIME-complete. However, as τ is a polynomial reduction mapping, the complexity of testing the
satisfiability of τ (ϕ) is the same as testing the satisfiability of ϕ. Moreover, the
apparent possibility to provide a satisfiability equivalence preserving mapping
of ♦i ϕ into SNFkaro provides a justification.

5

Eve in a Blocks World

Consider two agents, Adam and Eve, living in a blocks world containing three
blocks b, c, and d. We use on(X, Y ) and clear(X) to describe that a block Y
is on top of a block X and that no block is on top of X, respectively. A tower
consists of three distinct blocks X1 , X2 , X3 such that X3 is clear, X3 is on X2 ,
and X2 is on X1 (axiom (C1 )). We allow only one atomic action: put(X, Y ),
which has the effect of Y being placed on X. Eve has the ability of performing
a put(X, Y ) action if and only if X and Y are clear, Y is not identical to X,
and Y is not equal to c (axiom (A1 )). The axiom (E1 ) describes the effects of
performing a put action: After any action put(X, Y ) the block Y is on X and
X is no longer clear. The axioms (N1 ) to (N3 ) describe properties of the blocks
world which remain unchanged by performing an action. For example, if block
Z is clear and not equal to some block X, then putting some arbitrary block
Y (possibly identical to Z) on X leaves Z clear (axiom (N1 )). Additionally, the
axioms themselves, except for (I1 ), remain true irrespective of the actions which
are performed.
(A1 )
(E1 )
(N1 )
(N2 )
(N3 )
(C1 )
(I1 )

AE put(X, Y ) ≡ (clear(X) ∧ clear(Y ) ∧ X 6= Y ∧ Y 6= c)
→ [doi (put(X, Y ))](on(X, Y ) ∧ ¬clear(X))
(clear(Z) ∧ Z 6= X) → [doi (put(X, Y ))](clear(Z))
(on(V, Z) ∧ Z 6= Y ) → [doi (put(X, Y )))](on(V, Z))
(X = Y ) ∧ (U 6= V ) → [doi (α)](X = Y ∧ U 6= V )
V
tower(X1 , X2 , X3 ) ≡ i6=j (Xi 6= Xj ) ∧ on(X1 , X2 ) ∧ on(X2 , X3 )
∧ clear(X3 )
KE clear(c) ∧ KE clear(d)

In the axioms above i is an element of {A, E} where A and E denote Adam
and Eve. Recall that in the core KARO logic we identify Ai α with hdoi (α)i>.
Consequently, the axiom (A1 ) becomes
(A03 )

hdoE (put(X, Y ))i> ≡ (clear(X) ∧ clear(Y ) ∧ X 6= Y ∧ Y 6= c)

In the following we will prove that the axioms (A1 ) to (C1 ) together with (I1 )
imply that if Eve knows that Adam puts block c on block b, then she knows that
she can implement the tower (b, c, d), that is, we show that the assumption
KE hdoA (put(b, c))i> ∧ ¬KE ♦E tower(b, c, d)

(K1 )

leads to a contradiction.
Although the problem is presented in a first order setting, as we have a finite
domain we can easily form all ground instances of the axioms in our specification.
Thus, in the following, an expression ‘on(b, c)’ denotes a propositional variable
uniquely associated with the atom on(b, c) in our specification. Due to axiom
(N3 ) which states that equality and inequality of blocks remains unaffected by
Eve’s actions, we can eliminate all equations from the instantiated axioms.
Solving the Eve Example By Translation. We will first show how we obtain a
refutation for the specification of Eve’s blocks world using the translation approach. Let ψ be the conjunction of the axioms (A1 ) to (C1 ), (I1 ), and (K1 ).
Then CLDL∗ (Π(ψ)) contains amongst others the following clauses which will be
used in our refutation. The axioms from which a particular clause originates are
indicated in square brackets to the left of the clause. Recall that π(p, x) = qp (x)
where qp is a unary predicate symbol uniquely associated with the propositional variable p. To simplify our notation we will write ‘on(b, c, x)’ instead of
‘qon(b,c) (x)’. Note that the translation of the axiom (A03 ) and the left conjunction
of (K1 ) contain existential quantifiers which lead to the introduction of Skolem
functions during the transformation to clausal normal form. Consequently, the
clauses (1) and (14) contain unary Skolem functions gcd and gbc , respectively.
These Skolem functions are associated with particular actions, namely, put(c, d)
and put(b, c), respectively. In addition, the Skolem constant  is introduced by
Π itself.
[A03 ]
[E1 ]
[E1 ]
[N1 ]
[N1 ]
[N1 ]
[N2 ]
[C1 ]
[K1 ]
[K1 ]
[K1 ]
[K1 ]
[Ax]
[Ax]
[Ax]
[Ax]

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)

put(c,d)

¬clear(c, y) ∨ ¬clear(d, y) ∨ doE
(x, gcd (x))∗
put(b,c)
¬doA
(x, y)∗ ∨ on(b, c, y)
put(c,d)
¬doE
(x, y)∗ ∨ on(c, d, y)
put(b,c)
¬clear(c, x) ∨ ¬doA
(x, y)∗ ∨ clear(c, y)
put(b,c)
¬clear(d, x) ∨ ¬doA
(x, y)∗ ∨ clear(d, y)
put(c,d)
¬clear(d, x) ∨ ¬doE
(x, y)∗ ∨ clear(d, y)
put(c,d)
¬on(b, c, x) ∨ ¬doE
(x, y)∗ ∨ on(b, c, y)
¬on(b, c, x) ∨ ¬on(c, d, x) ∨ ¬clear(d, x) ∨ tower(b, c, d, x)∗
qKE hdoE (put(b,c))i> ()
¬qKE ♦E tower(b,c,d) ()
qKE ♦E tower(b,c,d) (x) ∨ KE (x, hKE (x))∗
qKE ♦E tower(b,c,d) (x) ∨ ¬tower(b, c, d, y)∗
¬qKE hdoE (put(b,c))i> (x) ∨ ¬KE (x, y)∗ ∨ qhdoE (put(b,c))i> (y)
put(b,c)
¬qhdoE (put(b,c))i> (x) ∨ doA
(x, gbc (x))∗
¬qKE clear(c) (x) ∨ ¬KE (x, y)∗ ∨ clear(c, y)
¬qKE clear(d) (x) ∨ ¬KE (x, y)∗ ∨ clear(d, y)

[I1 ]
[I1 ]

(17)
(18)

qKE clear(d) ()
qKE clear(d) ()

We have obtained the refutation of CLDL∗ (Π(ψ)) by using the first-order theorem prover spass 1.0.0 [24] which implements the resolution framework of Bachmair and Ganzinger [1]. As an ordering we used a recursive path ordering. Since
any recursive path ordering is compatible with the strict subterm ordering, spass
is a decision procedure by Theorem 3. In every non-unit clause we marked the
maximal literal of the clause by an index ·∗ . Thus, inference steps are restricted
to these literals.
We observe that clause (12) consists of two variable-disjoint subclauses. This
clause will be subject to splitting which introduces two branches into our search
space: One on which the unit clause qKE ♦E tower(b,c,d) (x) is an element of the
clause set and one on which the unit clause ¬tower(b, c, d, y) is an element of the
clause set instead. For the first set of clauses we directly obtain a contradiction
using clause (10). For the second set of clauses
[12.2]

(19) ¬tower(b, c, d, y)∗

replaces clause (12). We see that among the clause (1) to (17), only (1), (8),
(14), and (11) contain a positive literal which is maximal and can thus serve as
positive premises in resolution steps. We can derive among others the following
clauses.
[11.2,13.2]
[11.2,15.2]
[11.2,16.2]
[14.2, 2.2]
[14.2, 4.2]
[14.2, 5.2]
[ 1.3, 3.1]
[ 1.3, 6.2]
[ 1.3, 7.2]
[ 8.4,19.1]

(20) qKE tower(b,c,d) (x) ∨ ¬qKE hdoE (put(b,c))i> (x)
∨ qhdoE (put(b,c))i> (hKE (x))∗
(21) qKE tower(b,c,d) (x) ∨ ¬qKE clear(c) (x) ∨ clear(c, hKE (x))
(22) qKE tower(b,c,d) (x) ∨ ¬qKE clear(d) (x) ∨ clear(d, hKE (x))
(23) ¬qhdoE (put(b,c))i> (x) ∨ on(b, c, gbc (x))∗
(24) ¬clear(c, x) ∨ ¬qhdoE (put(b,c))i> (x) ∨ clear(c, gbc (x))∗
(25) ¬clear(d, x) ∨ ¬qhdoE (put(b,c))i> (x) ∨ clear(d, gbc (x))∗
(26) ¬clear(c, x) ∨ ¬clear(d, x) ∨ on(c, d, gcd (x))∗
(27) ¬clear(c, x) ∨ ¬clear(d, x) ∨ clear(d, gcd (x))∗
(28) ¬clear(c, x) ∨ ¬clear(d, x) ∨ ¬on(b, c, x) ∨ on(b, c, gcd (x))∗
(29) ¬clear(d, x) ∨ ¬on(b, c, x) ∨ ¬on(c, d, x)∗

Intuitively, clause (29) says that there is no situation x in which the blocks b, c,
and d form a tower. The remainder of the derivation shows that this assumption
leads to a contradiction. We choose clause (26) to derive the following clause.
[26.3,29.3]

(30) ¬clear(c, x) ∨ ¬clear(d, x)
∨ ¬clear(d, gcd (x)) ∨ ¬on(b, c, gcd (x))∗

Note that in clause (30) all literals containing a Skolem term originate from the
negative premise (29) while all the remaining literals originate from the positive premise (26). Intuitively, literals containing the Skolem term gcd (x) impose
constraints on the situation we are in after performing a put(c, d) action in a
situation x, while the remaining literals which have x as their final argument
impose constraints on situation x itself.

Since literals containing a Skolem term are deeper than the remaining literals, the ordering restrictions on the resolution inference rule restrict applications
of resolution to these literals. In the following part of the derivation we consecutively eliminate these literals by resolution inferences with the clauses (27) and
(28) and obtain
(31) ¬clear(c, x) ∨ ¬clear(d, x) ∨ ¬on(b, c, x)∗
Here the literal ¬on(b, c, x) is maximal and we choose clause (23) which is related
to a put(b, c) action as positive premise.
[23.2,31.4]

(32) ¬qhdoE (put(b,c))i> (x) ∨ ¬clear(c, gbc (x)) ∨ ¬clear(d, gbc (x))

By inference steps with the clauses (24) and (25) we eliminate all literals containing Skolem terms and obtain
(33) ¬qhdoE (put(b,c))i> (x) ∨ ¬clear(c, x) ∨ ¬clear(d, x)
Using clause (20), (21), and (22) we obtain
[11.2,15.2]

(34) qKE tower(b,c,d) (x) ∨ ¬qKE hdoE (put(b,c))i> (x)
∨ ¬qKE clear(c) (x) ∨ ¬qKE clear(d) (x)

from which we can finally derive a contradiction by (10), (9), (17), and (18).
Solving the Eve Example By Temporal Resolution. The specification of the problem can be written as formulae in the normal form as follows. For example (E1 )
instantiated where X = c and Y = d can be written as the following two rules.
true → A#(¬doneE (put(c, d)) ∨ on(c, d))
true → A#(¬doneE (put(c, d)) ∨ ¬clear(c))
The conjunction of initial conditions is rewritten by a new proposition v and the
conjuncts KE clear(c) and KE clear(d) can be can be written as follows
start → v
true → ¬v ∨ KE clear(c)
true → ¬v ∨ KE clear(d)

(I2 )
(I3 )
(I4 )

Translating (K1 ) into the CTL formulation we obtain
KE E#(doneA (put(b, c))) ∧ ¬KE E3tower(b, c, d).
Next we rewrite into the normal form introducing new propositions w, x, y, z
and replacing tower(b, c, d) with its definition. Thus w replaces the above conjunction (G1 ), y replaces the subformula E#(doneA (put(b, c))) (G2 ), (G3 ), and
z replaces ¬E3tower(b, c, d) (G4 ) which is equivalent to A2¬tower(b, c, d). The
latter formula is rewritten into SNFkaro using the new proposition x (G5 ), (G6 ),
(G7 ).
(G1 )

start → w

(G2 )
(G3 )
(G4 )
(G5 )
(G6 )
(G7 )

true → ¬w ∨ KE y
y → E#(doneA (put(b, c)))
true → ¬w ∨ ¬KE ¬z
true → ¬z ∨ x
x → A#x
true → ¬x ∨ ¬on(b, c) ∨ ¬on(c, d) ∨ ¬clear(d)

Firstly, we apply the rules SRES2 and SRES5 to (G6 ), (G7 ), and instantiations
of (N1 ), (N2 ), (E1 ), and (A1 ) given below
(N1 )
(N2 )
(E1 )
(A1 )

clear(d) → A#(¬doneE (put(c, d)) ∨ clear(d))
on(b, c) → A#(¬doneE (put(c, d)) ∨ on(b, c))
true → A#(¬doneE (put(c, d)) ∨ on(c, d))
clear(c) ∧ clear(d) → E#doneE (put(c, d))hc1 i

obtaining
x ∧ clear(d) ∧ on(b, c) ∧ clear(c) → E#falsehc1 i .
An application of SRES4 to this step clause results in
(G8 )

true → ¬x ∨ ¬clear(d) ∨ ¬on(b, c) ∨ ¬clear(c).

Next we again apply the rules SRES2, and SRES5 to (G6 ), (G8 ), (G3 ) and the
following instantiations of (N1 ) and (E1 )
(N1 )
(N1 )
(E1 )

clear(c) → A#(¬doneA (put(b, c)) ∨ clear(c))
clear(d) → A#(¬doneA (put(b, c)) ∨ clear(d))
true → A#(¬doneA (put(b, c)) ∨ on(b, c))

obtaining
clear(c) ∧ clear(d) ∧ x ∧ y → E#falsehc2 i .
With an application of SRES4 to this clause we obtain
(G9 )

true → ¬x ∨ ¬y ∨ ¬clear(c) ∨ ¬clear(d)

and then resolving with (G5 ) using KRES1 we derive the following.
(G10 )

true → ¬z ∨ ¬y ∨ ¬clear(c) ∨ ¬clear(d)

(G10 ) is then resolved with (G4 ) using KRES4 to obtain
(G11 )

true → ¬w ∨ ¬KE y ∨ ¬KE clear(c) ∨ ¬KE clear(d)

which can be resolved with the initial conditions (I3 ), (I4 ), and (G2 ) using
KRES1 to obtain
(G12 )

true → ¬w ∨ ¬v.

Finally resolving (G12 ) with (I2 ) and (G1 ) using IRES1 the contradiction
start → false
is obtained.
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Conclusion

In this paper we have considered a fragment of the KARO framework of rational
agency called the core KARO logic. We presented two approaches to providing
practical proof methods for the core KARO logic, namely, an approach based on
a combination of a translation of formulae in the core KARO logic to first-order
logic and theorem proving by an ordering refined resolution calculus, and an
approach based on a combination of an embedding of the core KARO logic into
the fusion of CTL and S5(m) , a normal form transformation for this logic, and
theorem proving by a non-classical resolution calculus.
Both approaches are able to provide sound, complete, and terminating proof
methods for the core KARO logic excluding the implementability operator. We
have discussed the problems with the implementability operator with respect to
both approaches and suggested a possible solution in one of the approaches.
A comparion of the two approaches shows that the translation approach
allows to deal quite elegantly with the informational component of KARO while
the clausal temporal resolution approach has a better potential to provide a
complete calculus for the dynamic component of KARO, in particular, in the
presence of unbounded repetition. We believe that a detailed analysis of both
approaches will help us to overcome their respective limitations. We also hope
that it will help us to improve the practicality of both methods, by pointing out
redundancies present in the proof search of either method.
An alternative approach is to consider the combination of both approaches
taking their respective strength into account. In [14] we present a combination of
clausal temporal resolution (restricted to a linear time temporal logic) and the
translation approach plus first-order resolution (restricted to extensions of the
multi-modal logic K(m) ), and we were able to show soundness, completeness, and
termination of this combination for a range of combined logics. We are confident
that we can extend this combination to cover the fusion of CTL and various
modal logics plus additional operators like implementability, which would bring
us closer to our goal of providing proof methods for the core KARO logic and
beyond.
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