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Abstract. Resolution-based provers for multimodal normal logics require prun-
ing of the search space for a proof in order to deal with the inherent intractability
of the satisfiability problem for such logics. We present a clausal modal-layered
hyper-resolution calculus for the basic multimodal logic, which divides the clause
set according to the modal depth at which clauses occur. We show that the cal-
culus is complete for the logics being considered. We also show that the calculus
can be combined with other strategies. In particular, we discuss the completeness
of combining modal layering and negative resolution. In addition, we present an
incompleteness result for modal layering together with ordered resolution.
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1 Introduction

Automatic theorem-proving for the multimodal basic modal logic Kn has attracted the
interest of researchers as this logic is able to express non-trivial problems in Artificial
Intelligence and other areas. For instance, it is well-known that the description logic
ALC, which has been applied to terminological representation, is a syntactic variant of
Kn [20]. Problems in Quantified Boolean Propositional Logic, which is a very active
area in the SAT community, can also be translated into Kn.

The reasoning tasks in Kn are far from trivial. Given a formula ϕ , the local sat-
isfiability problem consists of showing that there is a world in a model that satisfies
ϕ . A formula ϕ is globally satisfiable if there is a model such that all worlds in this
model satisfy ϕ . Given a set of formulae Γ and a formula ϕ , the local satisfiability of
ϕ under the global constraints Γ consists of showing that there is a model that glob-
ally satisfies the formulae in Γ and that there is a world in this model that satisfies ϕ .
The local satisfiability problem for the multimodal case is PSPACE-complete [9]. The
global satisfiability and the local satisfiability under global constraints problems for Kn
are EXPTIME-complete [24].

Several proof methods and tools for reasoning in Kn exist, either in the form of
methods applied direct to the modal language or obtained by translation into more ex-
pressive languages (First-Order Logic, for instance). Translation-based methods benefit
not only from the existence of available theorem-provers, therefore not requiring big
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effort for implementation, but strategies available for the object language can be almost
immediately applied to the translated problem [11]. This is not the case for direct meth-
ods, where strategies need to be adapted to deal with the underlying normal forms and
inference rules. In this paper, we propose a resolution-based proof method for Kn and
investigate the completeness of strategies for such method.

The calculus presented here borrows from previous work in several aspects. Firstly,
it requires a translation into a more expressive modal language, where labels are used
to express semantic properties of a formula. Secondly, it makes use of labelled resolu-
tion in order to avoid unnecessary applications of the inference rules. For instance, in
the unrestricted resolution method for Kn [16], the translation of ♦a ♦a p∧�a ¬p into
the normal form results in the set {start⇒ t0, t0 ⇒ ♦a t1, t1 ⇒ ♦a p, t0 ⇒ �a ¬p}. The
application of resolution to clauses t1 ⇒ ♦a p and t0 ⇒ �a ¬p is not desirable, as as
♦a p and �a ¬p occur at different modal levels and are not, in fact, contradictory. The
translation into the normal form given here leads to the direct implementation of the
layered modal heuristic given in [2]. However, in [2] the modal levels are hard-coded in
the names of the translated propositional symbols, which requires the implementation
of unification, making the application of both local and global reasoning more diffi-
cult. Besides, our approach might effectively lead to a good partition of the clause set,
restricting the application of the inference rules to (possibly) smaller sets, which can
improve the performance of reasoners [22].

In [1], a labelled non-clausal resolution-based proof method for ALC is given. For-
mulae are labelled by either constants a, which corresponds to names of worlds in a
model, or by pairs (a,b) representing the relation between two worlds named by a and
b, respectively. Our calculus is similar, but labels correspond to modal levels instead of
worlds. Having worlds as labels might require repeated applications of global reasoning
for worlds at the same modal level. Labelled resolution is also used in e.g. [8], where
(sets of) labels express the semantic constraints in multi-valued logics. We have chosen
to keep the labels simple as unification only requires a simple check. However, by ex-
tending the labels to sets, the calculus can be easily adapted to deal with the satisfiability
problem for other interesting modal logics (e.g. graded modalities).

The paper is organised as follows. Section 2 presents the language of Kn. The normal
form and the modal-layered based calculus are presented in Sections 3 and 4. Correct-
ness is proved in Section 5. In Section 6, we show that the application of the calculus
can be restricted to negative resolution. Ordering refinements, discussed in Section 7,
are shown to be incomplete for the particular calculus given here.

2 Language

The set WFFKn
of well-formed formulae of the logic Kn is constructed from a denumer-

able set of propositional symbols, P = {p,q, p′,q′, p1,q1, . . .}, the negation symbol ¬,
the conjunction symbol ∧, the propositional constant true, and the unary connective �a
for each index a in a finite, fixed set An = {1, . . . ,n}, n ∈ N.

Definition 1. The set of well-formed formulae, WFFKn
, is the least set such that p ∈ P

and true are in WFFKn
; if ϕ and ψ are in WFFKn

, then so are ¬ϕ , (ϕ ∧ψ), and �a ϕ

for each a ∈ An.
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When n = 1, we often omit the index, that is, �ϕ stands for �1 ϕ . A literal is either a
propositional symbol or its negation; the set of literals is denoted by L. We denote by
¬l the complement of the literal l ∈ L, that is, ¬l denotes ¬p if l is the propositional
symbol p, and ¬l denotes p if l is the literal ¬p. A modal literal is either �a l or ¬�a l,
where l ∈ L and a ∈ An. The modal depth of a formula is recursively defined as follows:

Definition 2. Let ϕ,ψ ∈ WFFKn
be well-formed formulae. We define mdepth :

WFFKn
−→N as mdepth(p) = 0, for p ∈ P; mdepth(¬ϕ) =mdepth(ϕ); mdepth(ϕ ∧

ψ) =max(mdepth(ϕ),mdepth(ψ)); and mdepth(�a ϕ) = 1+mdepth(ϕ).

The modal level of a subformula is given relative to its position in the syntactic tree.

Definition 3. Let ϕ,ϕ ′ be well-formed formulae. Let Σ be the alphabet {1,2, .} and
Σ ∗ the set of all finite sequences over Σ . Denote by ε the empty sequence over Σ .
Let τ : WFFKn

×Σ ∗×N −→P(WFFKn
×Σ ∗×N) be the partial function inductively

defined as follows (where λ ∈ Σ ∗, ml ∈ N):

– τ(p,λ ,ml) = {(p,λ ,ml)}, for p ∈ P;
– τ(¬ϕ,λ ,ml) = {(¬ϕ,λ ,ml)}∪ τ(ϕ,λ .1,ml);
– τ(�a ϕ,λ ,ml) = {(�a ϕ,λ ,ml)}∪ τ(ϕ,λ .1,ml +1);
– τ(ϕ ∧ϕ ′,λ ,ml) = {(ϕ ∧ϕ ′,λ ,ml)}∪ τ(ϕ,λ .1,ml)∪ τ(ϕ ′,λ .2,ml).

The function τ applied to (ϕ,ε,0) returns the annotated syntactic tree for ϕ , where
each node is uniquely identified by a subformula, its path order (or its position) in the
tree, and its modal level. For instance, p occurs twice in the formula �a �a (p∧�a p), at
the position 1.1.1 and modal level 2, and also at the position 1.1.2.1 and modal level 3.

Definition 4. Let ϕ be a formula and let τ(ϕ,ε,0) be its annotated syntactic tree. If
(ϕ ′,λ ′,m′) ∈ τ(ϕ,ε,0), then mlevel(ϕ,ϕ ′,λ ) = m′.

If mlevel(ϕ,ϕ ′,λ ) = m we say that ϕ ′ at the position λ of ϕ occurs at the modal level
m. In the example above, we have that p occurs at the modal levels 2 and 3.

We present the semantics of Kn, as usual, in terms of Kripke structures.

Definition 5. A Kripke model M for n agents over P is given by a tuple
(W,w0,R1,R2, . . . ,Rn,π), where W is a set of possible worlds with a distinguished world
w0 , each Ra is a binary relation on W, and π : W → (P→ {true, false}) is a function
which associates to each world w ∈W a truth-assignment to propositional symbols.

We write 〈M,w〉 |=ϕ (resp. 〈M,w〉 6|=ϕ) to say that ϕ is satisfied (resp. not satisfied)
at the world w in the Kripke model M.

Definition 6. Satisfaction of a formula at a given world w of a model M is inductively
defined by:

– 〈M,w〉 |= true;
– 〈M,w〉 |= p if, and only if, π(w)(p) = true, where p ∈ P;
– 〈M,w〉 |= ¬ϕ if, and only if, 〈M,w〉 6|= ϕ;
– 〈M,w〉 |= (ϕ ∧ψ) if, and only if, 〈M,w〉 |= ϕ and 〈M,w〉 |= ψ;
– 〈M,w〉 |= �a ϕ if, and only if, for all w′, wRaw′ implies 〈M,w′〉 |= ϕ .
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The formulae false, (ϕ ∨ ψ), (ϕ ⇒ ψ), and ♦a ϕ are introduced as the usual ab-
breviations for ¬true, ¬(¬ϕ ∧¬ψ), (¬ϕ ∨ψ), and ¬�a ¬ϕ , respectively. Let M =
(W,w0,R1, . . . ,Rn,π) be a model. For local satisfiability, formulae are interpreted with
respect to the root of M, that is, w0. A formula ϕ is locally satisfied in M, denoted by
M |=L ϕ , if 〈M,w0〉 |= ϕ . The formula ϕ is locally satisfiable if there is a model M such
that 〈M,w0〉 |= ϕ . A formula ϕ is globally satisfied in M, if for all w ∈W , 〈M,w〉 |= ϕ .
A formula ϕ is said to be globally satisfiable if there is a model M such that M globally
satisfies ϕ , denoted by M |=G ϕ . Satisfiability of sets of formulae is defined as usual.

When considering local satisfiability, the following holds (see, for instance, [9]):

Theorem 1. Let ϕ ∈WFFKn
be a formula and M = (W,w0,R1, . . . ,Rn,π) be a model.

M |=L ϕ if and only if there is a tree-like model M′ such that M′ |=L ϕ . Moreover, M′ is
finite and its depth is bounded by mdepth(ϕ).

Given a tree-like model M = (W,w0,R1, . . . ,Rn,π), we denote by depth(w) the
length of a path from w0 to w through the union of the relations in M. The next re-
sult also holds.

Theorem 2. Let ϕ,ϕ ′ ∈WFFKn
and M = (W,w0,R1, . . . ,Rn,π) be a tree-like model

such that M |=L ϕ . If (ϕ ′,λ ′,m) ∈ τ(ϕ,ε,0) and ϕ ′ is satisfied in M, then there is
w ∈W, with depth(w) = m, such that 〈M,w〉 |= ϕ ′. Moreover, the subtree rooted at w
has height mdepth(ϕ ′).

Theorem 2 is adapted from [2, Proposition 3.2]. The proof is by induction on the struc-
ture of a formula and shows that a subformula ϕ ′ of ϕ is satisfied at a node with distance
m of the root of the tree-like model. As determining the satisfiability of a formula de-
pends only on its subformulae, only the subtrees of height mdepth(ϕ ′) starting at level
m need to be checked. The bound on the height of the subtrees follows from Theorem 1.

The global satisfiability problem for a (first-order definable) modal logic is equiva-
lent to the local satisfiability problem of a logic obtained by adding the universal modal-
ity, �∗ , to the original language [7]. Let K∗n be the logic obtained by adding �∗ to Kn.
Let M = (W,w0,R1, . . . ,Rn,π) be a tree-like model for Kn. A model M∗ for K∗n is the
pair (M,R∗), where R∗ =W ×W . A formula �∗ ϕ is locally satisfied at the world w in
the model M∗, written 〈M∗,w〉 |=L �∗ ϕ , iff for all w′ ∈W , we have that 〈M∗,w′〉 |= ϕ .
Given these definitions, for ϕ in WFFKn

, deciding M |=G ϕ is equivalent to deciding
M∗ |=L �∗ ϕ .

We note that although the full language of K∗n enjoys the finite model property (it
is satisfied in a model that is exponential in the size of the original formula [24]), it
does not retain the finite tree model property. For instance, �∗ (p⇒¬�∗ p)∧�∗ (¬p⇒
¬�∗ ¬p) cannot be satisfied in any finite tree-like structure [14]. The unravelling of
a model M∗ for K∗n gives rise to an infinite tree-like model which satisfies the same
formulae as M∗.

3 Layered Normal Form

A formula to be tested for local or global satisfiability is first translated into a normal
form called Separated Normal Form with Modal Levels, SNFml . A formula in SNFml
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is a conjunction of clauses labelled by the modal level in which they occur. We write
ml : ϕ to denote that ϕ occurs at the modal level ml ∈ N∪{∗}. By ∗ : ϕ we mean that
ϕ occurs at all modal levels. Formally, let WFFml

Kn
be the set of formulae ml : ϕ such

that ml ∈ N∪{∗} and ϕ ∈WFFKn
. Let M∗ = (W,w0,R1, . . . ,Rn,R∗,π) be a model and

ϕ ∈WFFKn
. Satisfiability of labelled formulae is given by:

– M∗ |=L ml : ϕ if, and only if, for all worlds w ∈W such that depth(w) = ml, we
have 〈M∗,w〉 |=L ϕ;

– M∗ |=L ∗ : ϕ if, and only if, M∗ |=L �∗ ϕ .
Note that labels in a formula work as a kind of weak universal operator, allowing us to
talk about formulae that are all satisfied at a given modal level.

Clauses in SNFml are in one of the following forms:
– Literal clause ml :

∨r
b=1 lb

– Positive a-clause ml : l′⇒ �a l
– Negative a-clause ml : l′⇒ ♦a l

where ml ∈N∪{∗} and l, l′, lb ∈ L. Positive and negative a-clauses are together known
as modal a-clauses; the index a may be omitted if it is clear from the context.

Let ϕ be a formula in the language of Kn. In the following, we assume ϕ is in
Negation Normal Form (NNF), that is, a formula where the operators are restricted to
∧, ∨, �a , ♦a and ¬; also, only propositions are allowed in the scope of negations. The
transformation of a formula ϕ into SNFml is achieved by recursively applying rewriting
and renaming [18]. Let ϕ be a formula and t a propositional symbol not occurring
in ϕ . For local satisfiability, the translation of ϕ is given by 0 : t ∧ ρ(0 : t ⇒ ϕ). We
refer to clauses of the form 0 : D, for a disjunction of literals D, as initial clauses. For
global satisfiability, the translation of ϕ is given by ∗ : t ∧ ρ(∗ : t ⇒ ϕ) where t is a
new propositional symbol. The translation function ρ : WFFml

Kn
−→WFFml

Kn
is defined

as follows (with ϕ,ϕ ′ ∈WFFKn
, t ′ is a new propositional symbol, and ∗+1 = ∗):

ρ(ml : t⇒ ϕ ∧ϕ ′) = ρ(ml : t⇒ ϕ)∧ρ(ml : t⇒ ϕ ′)

ρ(ml : t⇒ �a ϕ) = (ml : t⇒ �a ϕ), if ϕ is a literal

= (ml : t⇒ �a t ′)∧ρ(ml +1 : t ′⇒ ϕ), otherwise

ρ(ml : t⇒ ♦a ϕ) = (ml : t⇒ ♦a ϕ), if ϕ is a literal

= (ml : t⇒ ♦a t ′)∧ρ(ml +1 : t ′⇒ ϕ), otherwise

ρ(ml : t⇒ ϕ ∨ϕ ′) = (ml : ¬t ∨ϕ ∨ϕ ′), if ϕ ′ is a disjunction of literals

= ρ(ml : t⇒ ϕ ∨ t ′)∧ρ(ml : t ′⇒ ϕ ′), otherwise

As the conjunction operator is commutative, associative, and idempotent, in the
following we often refer to a formula in SNFml as a set of clauses. The next lemma
shows that the transformation into SNFml is satisfiability preserving.

Lemma 1. Let ϕ ∈WFFKn
be a formula and let t be a propositional symbol not oc-

curring in ϕ . Then: (1) ϕ is locally satisfiable if, and only if, 0 : t ∧ ρ(0 : t ⇒ ϕ) is
satisfiable; (2) ϕ is globally satisfiable if, and only if, ∗ : t ∧ρ(∗ : t⇒ ϕ) is satisfiable.
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Proof. The only if part. For (1), if ϕ is locally satisfiable then there is a model M for Kn
such that M |=L ϕ . Let M∗ be the model obtained from M by only adding the universal
relation R∗. It is easy to check that M∗ also locally satisfies ϕ . From Theorem 2, it
follows that if a subformula of ϕ is satisfied, then it is satisfied at the modal level it
occurs. In particular, we have that M∗ |=L 0 : ϕ . Thus, by induction on the structure of a
formula together with the standard techniques related to renaming of formulae, we can
build a model M′∗ such that M′∗ locally satisfies 0 : t ∧ ρ(0 : t ⇒ ϕ). For (2), if ϕ is
globally satisfiable, then there is a model M for Kn such that M |=G ϕ . Again, taking M∗

as above, we have that M∗ |=L �∗ ϕ [7]. By the definition of satisfiability for labelled
formulae, we have that M∗ |=L ∗ : ϕ . By induction on the structure of a formula, by
adding new literals as needed and properly setting their valuations at every world, we
can build a model M′∗ such that M′∗ |=L ∗ : t ∧ρ(∗ : t⇒ ϕ).

For the if part, let M∗ be a model such that M∗ |=L ml : t ∧ ρ(ml : t ⇒ ϕ), ml =
0 (resp. ml = ∗). The proof is standard: by ignoring the labels and the valuation of
the propositional symbols not occurring in ϕ , it is easy to check that M∗ |=L ϕ (resp.
M∗ |=L �∗ ϕ). From the results in [7], ϕ is locally (resp. globally) satisfiable. ut

4 Inference Rules

The calculus comprises a set of inference rules for dealing with propositional and modal
reasoning. In the following, we denote by σ the result of unifying the labels in the
premises for each rule. Formally, unification is given by a function σ : P(N∪{∗})−→
N∪{∗}, where σ({ml,∗}) = ml; and σ({ml}) = ml; otherwise, σ is undefined. The
following inference rules can only be applied if the unification of their labels is defined
(where ∗− 1 = ∗). Note that for GEN1 and GEN3, if the modal clauses occur at the
modal level ml, then the literal clause occurs at the next modal level, ml +1.

[LRES]

ml : D ∨ l

ml′ : D′ ∨ ¬l

σ({ml,ml′}) : D ∨ D′

[MRES]

ml : l1 ⇒ �a l

ml′ : l2 ⇒ ♦a ¬l

σ({ml,ml′}) : ¬l1 ∨ ¬l2

[GEN2]

ml1 : l′1 ⇒ �a l1

ml2 : l′2 ⇒ �a ¬l1

ml3 : l′3 ⇒ ♦a l2

σ({ml1,ml2,ml3}) : ¬l′1∨¬l′2∨¬l′3

[GEN1]

ml1 : l′1 ⇒ �a ¬l1
...

mlm : l′m ⇒ �a ¬lm

mlm+1 : l′ ⇒ ♦a ¬l

mlm+2 : l1 ∨ . . .∨ lm∨ l

ml : ¬l′1∨ . . .∨¬l′m∨¬l′

where ml = σ({ml1, . . . ,mlm+1,mlm+2−1})

[GEN3]

ml1 : l′1 ⇒ �a ¬l1
...

mlm : l′m ⇒ �a ¬lm

mlm+1 : l′ ⇒ ♦a l

mlm+2 : l1 ∨ . . .∨ lm

ml : ¬l′1∨ . . .∨¬l′m∨¬l′

where ml = σ({ml1, . . . ,mlm+1,mlm+2−1})
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Definition 7. Let Φ be a set of clauses in SNFml . A derivation from Φ is a sequence
of sets Φ0,Φi, . . . where Φ0 = Φ and, for each i > 0, Φi+1 = Φi∪{D}, where D is the
resolvent obtained from Φi by an application of either LRES, MRES, GEN1, GEN2,
or GEN3. We also require that D is in simplified form, D 6∈ Φi, and that D is not a
tautology. A refutation for Φ is a derivation Φ0, . . . ,Φk, k ∈ N, where ml : false ∈ Φk,
for ml ∈ N∪{∗}.

Before presenting correctness results, we show an example.

Example 1. Adapted from [1]. Clauses (1) and (2) say that a person is either female or
male. Clauses (3) and (4), which are not genetically accurate, say that tall people have
children with blond hair. The particular situation of Tom, denoted here by t0, is given in
the following clauses. Clauses (5), (6), and (7) say that Tom’s daughters are tall. Clauses
(8) and (9) say that Tom has a grandchild who is not blond. We want to prove that Tom
has a son, which appears negated in Clause (10). The refutation is given below.

1. ∗ : female∨male

2. ∗ : ¬female∨¬male

3. ∗ : ¬tall∨ t1

4. ∗ : t1⇒ �c blond

5. 0 : t0

6. 0 : t0⇒ �c t2

7. 1 : ¬t2∨¬female∨ tall

8. 0 : t0⇒ ♦c t3

9. 1 : t3⇒ ♦c ¬blond

10. 0 : t0⇒ �c ¬male

11. 1 : ¬t1∨¬t3 [MRES,9,4,blond]

12. 1 : ¬tall∨¬t3 [LRES,11,3, t1]

13. 1 : ¬t3∨¬t2∨¬female [LRES,7,12, tall]

14. 1 : male∨¬t2∨¬t3 [LRES,13,1, tall]

15. 0 : ¬t0 [GEN1,10,6,8,14,male, t2, t3]

16. 0 : false [LRES,15,5, t0]

5 Correctness Results

In this section, we provide proofs for termination, soundness, and completeness of the
calculus given in the previous section.

Theorem 3 (Termination). Let Φ be a set of clauses in SNFml . Then, any derivation
from Φ terminates.

Proof. We regard a clause as a set of literals or modal literals. Let PΦ be the set of
propositional symbols occurring in Φ . We define PΦ = {¬p | p ∈ PΦ}, LΦ = PΦ ∪PΦ ,
and LAn

Φ
= {�a l,♦a l | l ∈ LΦ and a ∈ An}. As PΦ and An are both finite and because

none of the inference rules add new propositional symbols or new modal literals to the
clause set, we have that P(LΦ ∪LAn

Φ
) is finite and so it is the number of clauses that

can be built from the symbols in PΦ and An. ut

Next, we show that the inference rules are sound.

Lemma 2 (LRES). Let Φ be a set of clauses in SNFml with {ml : D∨ l,ml′ : D′∨¬l}⊆
Φ . If Φ is satisfiable and σ({ml,ml′}) is defined, then Φ ∪{σ({ml,ml′}) : D∨D′} is
satisfiable.
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Proof. Let M = (W,w0,R1, . . . ,Rn,R∗,π) be a model such that M |= Φ . As ml : D∨
l,ml′ : D′∨¬l ∈Φ , then M |= ml : D∨ l and M |= ml′ : D′∨¬l. Note that σ is commuta-
tive. Also, note that σ({∗,ml′}) = ml′. Finally, for σ({ml,ml′}) = ∗, a particular modal
level ml′ is enough to show that the lemma holds. Hence, without loss of generality, as-
sume σ({ml,ml′}) = ml′. As M |= ml′ : D′∨¬l, for all w′ ∈W with depth(w′) = ml′,
then 〈M,w′〉 |= D′∨¬l. Similarly, because {ml,ml′} is unifiable, from M |= ml : D∨ l,
for all w′ ∈W with depth(w′) = ml′, we obtain that 〈M,w′〉 |= D∨ l. It follows that
〈M,w′〉 |= (D∨ l)∧ (D′ ∨¬l), for all w′ ∈W with depth(w′) = ml′. By soundness of
resolution, 〈M,w′〉 |= D∨D′. As depth(w′) = ml′ = σ({ml,ml′}), we conclude that
M |= σ({ml,ml′}) : D∨D′. ut

Lemma 3 (MRES). Let Φ be a set of clauses in SNFml with {ml : l1⇒ �a l,ml′ : l2⇒
♦a ¬l} ⊆ Φ . If Φ is satisfiable and σ({ml,ml′}) is defined, then Φ ∪{σ({ml,ml′}) :
¬l1∨¬l2} is satisfiable.

Proof. The proof is similar to that of Lemma 2, as implications can be rewritten as
disjunctions and ♦a ¬l is semantically equivalent to ¬�a l. ut

Lemma 4 (GEN1). Let Φ be a set of clauses in SNFml with {ml1 : l′1 ⇒
�a ¬l1, . . . ,mlm : l′m ⇒ �a ¬lm,mlm+1 : l′ ⇒ ♦a ¬l,mlm+2 : l1 ∨ . . . ∨ lm ∨ l} ⊆ Φ .
If Φ is satisfiable and σ({ml1, . . . ,mlm,mlm+1,mlm+2 − 1}) is defined, then Φ ∪
{σ({ml1, . . . ,mlm,mlm+1,mlm+2−1}) : ¬l′1∨ . . .∨¬l′m∨¬l′} is satisfiable.

Proof. Let M = (W,w0,R1, . . . ,Rn,R∗,π) be a model such that M |= Φ . Note that
if ∗ ∈ {ml1, . . . ,mlm,mlm+1,mlm+2 − 1}, then the formula labelled by ∗ holds at ev-
ery world of the model and, therefore, at any modal level. Without loss of gener-
ality, assume σ({ml1, . . . ,mlm,mlm+1,mlm+2− 1}) = ml, for a particular modal level
ml. If Φ is satisfiable, then M |= (ml : (l′1 ⇒ �a ¬l1) ∧ . . . ∧ (l′m ⇒ �a ¬lm) ∧ (l′ ⇒
♦a ¬l))∧ (ml + 1 : (l1 ∨ . . .∨ lm ∨ l)) and so for all worlds w ∈W , with depth(w) =
ml, we have that (1) 〈M,w〉 |= (l′1 ⇒ �a ¬l1) ∧ . . . ∧ (l′m ⇒ �a ¬lm) ∧ (l′ ⇒ ♦a ¬l).
If 〈M,w〉 6|= l′, it follows easily that 〈M,w〉 |= ¬l′1 ∨ . . . ∨ ¬l′m ∨ ¬l′ and, therefore,
M |= σ({ml1, . . . ,mlm,mlm+1,mlm+2 − 1}) : ¬l′1 ∨ . . . ∨ ¬l′m ∨ ¬l′. The same occurs
if any of the literals l′i , 0 ≤ i ≤ m, is not satisfied at w. We show, by contradic-
tion, that this must be the case. Suppose 〈M,w〉 |= l′1 ∧ . . .∧ l′m ∧ l′. From this and
from (1), by the semantics of implication, the semantics of the modal operator ♦a ,
and the semantics of the modal operator �a , we have that there is a world w′, with
depth(w′) = depth(w)+1, where ¬l1∧ . . .∧¬lm∧¬l holds. Now, as mlm+2−1 is unifi-
able with {ml1, . . . ,mlm,mlm+1}, for all worlds w′′ with depth(w′′) = depth(w)+1, we
obtain that 〈M,w′′〉 |= l1∨ . . .∨ lm∨ l. In particular, because depth(w′) = depth(w′′), we
obtain that 〈M,w′〉 |= (¬l1∧ . . .∧¬lm∧¬l)∧ (l1∨ . . .∨ lm∨ l). By several applications
of the classical propositional resolution rule, 〈M,w′〉 |= false. This contradicts with the
fact that Φ is satisfiable. Thus, 〈M,w〉 |= ¬l′1 ∨ . . .∨¬l′m ∨¬l′. As depth(w) = ml, we
conclude that M |= σ({ml1, . . . ,mlm,mlm+1,mlm+2−1}) : ¬l′1∧ . . .∧¬l′m∧¬l′. ut

Lemma 5 (GEN2). Let Φ be a set of clauses in SNFml with {ml1 : l′1⇒�a l1,ml2 : l′2⇒
�a ¬l1,ml3 : l′3⇒ ♦a l2} ⊆Φ . If Φ is satisfiable and σ({ml1,ml2,ml3}) is defined, then
Φ ∪{σ({ml1,ml2,ml3}) : ¬l′1∨¬l′2∨¬l′3} is satisfiable.
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Proof. From Lemma 4 by taking Φ such that {ml1 : l′1⇒ �a l1,ml2 : l′2⇒ �a ¬l1,ml3 :
l′3⇒ ♦a l2,∗ : l1∨¬l1∨¬l2} ⊆Φ , as l1∨¬l1∨¬l2 is a tautology. ut

Lemma 6 (GEN3). Let Φ be a set of clauses in SNFml with {ml1 : l′1 ⇒
�a ¬l1, . . . ,mlm : l′m ⇒ �a ¬lm,mlm+1 : l′ ⇒ ♦a l,mlm+2 : l1 ∨ . . . ∨ lm} ⊆ Φ . If
Φ is satisfiable and σ({ml1, . . . ,mlm,mlm+1,mlm+2 − 1}) is defined, then Φ ∪
{σ({ml1, . . . ,mlm,mlm+1,mlm+2−1}) : ¬l′1∨ . . .∨¬l′m∨¬l′} is satisfiable.

Proof. The formula mlm+2 : l1∨ . . .∨ lm is semantically equivalent to (mlm+2 : l1∨ . . .∨
lm∨ l)∧ (mlm+2 : l1∨ . . .∨ lm∨¬l). The proof follows from Lemma 4 by taking Φ such
that {ml1 : l′1 ⇒ �a ¬l1, . . . ,mlm : l′m ⇒ �a ¬lm,mlm+1 : l′⇒ ♦a l,mlm+2 : l1 ∨ . . .∨ lm ∨
¬l} ⊆Φ . ut

Theorem 4 (Soundness). Let Φ be a set of clauses in SNFml and Φ0, . . . ,Φk, k ∈ N,
be a derivation for Φ . If Φ is satisfiable, then every Φi, 0≤ i≤ k, is satisfiable.

Proof. From Lemmas 2-6, by induction on the number of sets in a derivation. ut

Completeness is proved by showing that if a set T of clauses in SNFml is unsat-
isfiable, there is a refutation produced by the method presented here. The proof is by
induction on the number of nodes of a graph, known as behaviour graph, built from T .
Intuitively, nodes in the graph correspond to worlds and the set of edges correspond to
the agents accessibility relations in a model. The graph construction is similar to the
construction of a canonical model, followed by filtrations based on the set of clauses,
often used to prove completeness for proof methods in modal logics [6]. Here, we first
construct a graph GG that satisfies the clauses labelled by ∗ and then complete the con-
struction by unfolding GG into a graph G which satisfies all clauses in T . We prove
that an unsatisfiable set of clauses has an empty behaviour graph. In this case, there is a
refutation using the inference rules given in Section 4.

Let T be a set of clauses in SNFml . Let {0, . . . ,m} be the set of labels occurring in T .
Formally, the behaviour graph G for n agents is a tuple G = 〈N0, . . . ,Nm+1,E1, . . . ,En〉,
built from the set of SNFml clauses T , where Ni is a set of nodes for each modal level
0 ≤ i ≤ m+ 1 occurring in T and each Ea is a set of edges labelled by a ∈ An. Every
element of Ni is a set of literals and modal literals occurring in the modal level i in T . We
require that nodes are propositionally consistent sets, i.e. they do not contain a (modal)
literal and its negation. Note that ♦a ϕ is only an abbreviation for ¬�a ¬ϕ . Thus, a set
containing both �a ϕ and ♦a ¬ϕ is not propositionally consistent.

First, we define truth of a formula with respect to a set of literals and modal literals:
Definition 8. Let V be a consistent set of literals and modal literals. Let ϕ , ψ , and
ψ ′ be a Boolean combinations of literals and modal literals. We say that V satisfies ϕ

(written V |= ϕ), if, and only if:

– ϕ ∈V , if ϕ is a literal or a modal literal;
– ϕ is of the form ψ ∧ψ ′ and V |= ψ and V |= ψ ′;
– ϕ is of the form ¬ψ and V does not satisfy ψ (written V 6|= ψ).

A maximal consistent set of literals and modal literals contains either a propositional
symbol or its negation; and it contains either a modal literal or its negation. We define
satisfiability of a formula and a set of formulae with respect to a node:
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Definition 9. Let V be a maximal consistent set of literals and modal literals, η be a
node in a behaviour graph G such that η consists of the literals and modal literals in
V , ϕ be a Boolean combination of literals and modal literals, and χ = {ϕ1, . . . ,ϕm} be
a finite set of formulae, where each ϕi, 1≤ i≤ m, is a Boolean combination of literals
and modal literals. We say that η satisfies ϕ (written η |= ϕ) if, and only if, V |= ϕ . We
say that η satisfies χ (written η |= χ) if, and only if, η |= ϕ1∧ . . .∧ϕm.

The construction of the behaviour graph starts by partitioning a set of clauses T
into two components corresponding to the set of global clauses and the set of local
clauses. Let TG be {∗ : ϕ | ∗ : ϕ ∈ T} and TL = T \ TG. First we construct a graph
GG = 〈N,E ′1, . . . ,E

′
n〉, where N is the set of all maximal consistent sets of literals and

modal literals occurring in T , that is, every node contains literals and modal literals that
occur in TG or TL. Delete from N any nodes that do not satisfy D such that the literal
clause ∗ : D is in TG. This ensures that all literal clauses in TG are satisfied at all nodes.
If the set of nodes is empty, then the graph is empty and the literal clauses in TG are un-
satisfiable. Otherwise, the construction proceeds as follows. For all clauses ∗ : l′⇒ �a l
(resp. ∗ : l′⇒♦a l) in TG, delete from N any nodes η such that η |= l′ and η 6|=�a l (resp.
η 6|= ♦a l). This ensures that all a-clauses in TG are propositionally satisfied at N. We
now construct the sets of edges related to each agent and ensure that any modal literal
occurring in a node is also satisfied. Define E ′a as N×N, which ensures that the tautol-
ogy true⇒ �a true, for all a ∈ An, is satisfied at all nodes. For each clause ∗ : l′⇒ �a l,
delete from E ′a the edges (η ,η ′) where η |= �a l but η ′ 6|= l. This ensures that all clauses
of the form ∗ : l′⇒ �a l are now satisfied in GG. Finally, repeatedly delete from GG any
nodes η such that η |= ♦a l and there is no η ′ such that (η ,η ′) ∈ E ′a and η ′ |= l. This
ensures that all clauses of the form ∗ : l′ ⇒ ♦a l are now satisfied in GG. If GG is not
empty, in order to satisfy the local constraints, given by clauses in TL, we construct the
graph G for T as follows.

Let GG = 〈N,E ′1, . . . ,E
′
n〉 be the non-empty graph for TG constructed as above.

Recall that {0, . . . ,m} is the set of modal levels occurring as labels in T . The graph
G = 〈N0, . . . ,Nm+1,E1, . . . ,En〉 for T is constructed by the unfolding of GG as follows.
Note that we need to construct the nodes at the level m+1 in order to satisfy the literals
in the scope of modal operators at the level m. First, we construct the set of nodes Nml
for each modal level ml, 0≤ ml ≤ m+1. Define N0 = N, Nml = /0, for 0 < ml ≤ m+1,
and Ea = /0, for 0≤ an. For each η ,η ′ ∈ N, if η ∈ Nml and (η ,η ′) ∈ E ′a for any a ∈ An,
then add a copy of η ′, named η ′ml+1, to Nml+1 and make Ea = Ea ∪{(η ,η ′ml+1)}. For
the highest modal level, ml = m+ 1, we also need to make sure that the global con-
straints are still satisfied: if η ∈ Nm+1 then we also add copies of all nodes reachable
from η , by any relation E ′a, and add the corresponding relations to each Ea. Once the
construction has finished, we delete nodes and edges in order to ensure that clauses in
T are satisfied. Delete from Nml any nodes that do not satisfy D for all literal clauses of
the form ml : D in TL. Delete from Nml any nodes that satisfy l′, but do not satisfy �a l
(resp. ♦a l), for any modal clause, ml : l′⇒ �a l (resp. ml : l′⇒ ♦a l). This ensures that
all modal clauses are propositionally satisfied at every node in Nml . Now, for every node
ηml in Nml , delete a-edges as follows: if ml : l′⇒ �a l ∈ TL and ηml |= l′, then delete any
edges from ηml to η ′ml+1 labelled by a such that η ′ml+1 6|= l. This ensures that all positive
a-clauses are satisfied by any nodes in G. Next, consider any nodes that do not satisfy
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the negative a-clauses in TL and in TG. For each node ηml and for each agent a ∈ An, if
ml : l′⇒ ♦a l is in TL or ∗ : l′⇒ ♦a l is in TG, ηml |= l′ and there is no a-edge between
ηml and a node at the level ml+1 that satisfies l, then ηml is deleted. For the modal level
m+1, we also consider the relations within this modal level when applying the deletion
procedure. This ensures that all negative a-clauses are satisfied by all nodes ηml ∈ G at
the modal level ml. If N0 is empty, then the graph is empty.

The graph obtained after performing all possible deletions is called reduced be-
haviour graph. We show that a set of clauses is satisfiable if, and only if, the reduced
graph for this set of clauses is non-empty.

Lemma 7. Let T be a set of clauses. T is satisfiable if and only if the reduced behaviour
graph G constructed from T is non-empty.

Proof. (⇒) Assume that T is a satisfiable set of clauses. If we construct a graph from
T , we generate a node for each maximal consistent set of literals and modal literals in T .
Nodes are deleted only if they do not satisfy the set of literal clauses or the implications
in modal clauses. The a-edges are constructed from each node to every other node, only
deleting edges if the right-hand side of some positive a-clause is not satisfied. Similarly
nodes are deleted if negative a-clauses cannot be satisfied. Hence a globally satisfiable
set of clauses will result in a non-empty graph. If the graph is non-empty, the same
procedure is applied at each modal level, ensuring that deletions are performed only if
nodes and edges do not satisfy the set of clauses at that level. Thus a locally satisfiable
set of clauses will also result in a non-empty graph.

(⇐) Assume that the reduced graph G = 〈N0, . . . ,Nm+1,E1, . . . ,En〉 constructed
from T is non-empty. To show that T is satisfiable we construct a model M from
G. Let ord : Ni → N be a total order on the nodes in Ni. Let wml,ord(η) be the
world named by (ml,ord(η)) for η ∈ Nml and let Wml =

⋃
η∈Nml

{wml,ord(η)}. The
set of worlds W is given by

⋃m+1
i=0 Wi. Let w0 be any of the worlds in W0. The pair

(wml,ord(η),wml′,ord(η ′)) is in Ra if and only if (η ,η ′) ∈ Ea. Also, take R∗ =W ×W . Fi-
nally, set π(wml,ord(η))(p) = true if and only if p ∈ η . This completes the construction
of the model M = (W,w0,R1, . . . ,Rn,R∗,π). ut

We now show that the calculus for global and local reasoning in Kn is complete.

Theorem 5. Let T be an unsatisfiable set of clauses in SNFml . Then there is a refutation
for T by applying the resolution rules given in Section 4.

Proof. Given a set of clauses T , construct the reduced behaviour graph as described
above. First assume that the set of literal clauses is unsatisfiable. Thus all initial nodes
will be removed from the reduced graph and the graph becomes empty. From the com-
pleteness of classical resolution there is a series of resolution steps which can be applied
to these clauses which lead to the derivation of false. The same applies within any modal
level. We can mimic these steps by applying the rule LRES to literal clauses and derive
ml : false, for some modal level ml.

If the non-reduced graph is not empty and we have that both (1) ml : l′ ⇒ �a l
and (2) ml′ : l′′ ⇒ ♦a ¬l are in T , then, by construction of the graph, if {ml,ml′} are
unifiable, then any node in Nσ({ml,ml′}) containing both l′ and l′′ is removed from the
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graph. The resolution rule MRES applied to (1) and (2) results in σ({ml,ml′}) : ¬l′ ∨
¬l′′, simulating the deletion of nodes at the same modal level that satisfy both l′ and l′′.

Next, if the non-reduced graph is not empty, consider any nodes that do not satisfy
the negative a-clauses in T . For each node ηml ∈ Nml and for each agent a ∈ An, if
ml : l ⇒ ♦a ¬l′ is in T , ηml |= l and there is no a-edge between η and a node that
satisfies ¬l′, then ηml is deleted. We show next what inference rules or what inference
steps correspond to the deletion of ηml .

Let Cηml
a in T be the set of positive a-clauses corresponding to agent a, that is, the

clauses of the form ml : l j ⇒ �a l′j, where l j and l′j are literals, whose left-hand side
are satisfied by ηml . Let Rηml

a be the set of literals in the scope of �a on the right-hand
side from the clauses in Cηml

a , that is, if ml : l j⇒ �a l′j ∈ Cηml
a , then l′j ∈ Rηml

a . From the
construction of the graph, for a clause ml : l⇒ ♦a l′, if ηml |= l but there is no a-edge
to a node containing l′, it means that l′, Rηml

a , and the literal clauses at the level ml +1
must be contradictory. As l′ alone is not contradictory and because the case where the
literal clauses are contradictory by themselves has been covered above (by applications
of LRES), there are five cases:

1. Assume that Rηml
a itself is contradictory. This means there must be clauses of the

form ml : l1 ⇒ �a l′′,ml : l2 ⇒ �a ¬l′′ ∈ Cη
a , where ηml |= l1 and ηml |= l2. Thus

we can apply GEN2 to these clauses and the negative modal clause ml : l ⇒ ♦a l′

deriving ml : ¬l1 ∨¬l2 ∨¬l. Hence the addition of this resolvent means that ηml
will be deleted as required.

2. Assume that l′ and Rηml
a is contradictory. Then, Cηml

a in T contains a clause as
ml : l1⇒�a ¬l′ where, from the definition of Cηml

a , ηml |= l1. Thus, by an application
of MRES to this clause and ml : l⇒♦a l′, we derive ml :¬l1∨¬l and ηml is removed
as required.

3. Assume that l′ and the literal clauses at the modal level ml + 1 are contradictory.
By consequence completeness of binary resolution [13], applications of LRES to
the set of literal clauses generates ml + 1 : ¬l′, which can be used together with
ml : l ⇒ ♦a l′ to apply GEN1 and generate ml : ¬l. This resolvent deletes ηml as
required. Note that this is a special case where the set of positive a-clauses in the
premise of GEN1 is empty.

4. Assume that Rηml
a and the literal clauses at the modal level m+1 all contribute to the

contradiction (but not l′), by the results in [13], applications of LRES will generate
the relevant clause to which we can apply GEN3 and delete ηml as required.

5. Assume that l′, Rηml
a and the literal clauses all contribute to the contradiction. Thus,

similarly to the above, applying LRES generates the relevant literal clause to which
GEN1 can be applied. This deletes ηml as required.

Summarising, LRES corresponds to deletions from the graph of nodes related to
contradictions in the set of literal clauses at a particular modal level. The rule MRES
also simulates classical resolution and corresponds to removing from the graph those
nodes related to contradiction within the set of modal literals occurring at the same
modal level. The inference rule GEN1 corresponds to deleting parts of the graph related
to contradictions between the literal in the scope of ♦a , the set of literal clauses, and the
literals in the scope of �a . The resolution rule GEN2 corresponds to deleting parts of the
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graph related to contradictions between the literals in the scope of �a . Finally, GEN3
corresponds to deleting parts of the graph related to contradictions between the literals
in the scope of �a and the set of literal clauses. These are all possible combinations of
contradicting sets within a clause set.

If the resulting graph is empty, the set of clauses T is not satisfiable and there is
a resolution proof corresponding to the deletion procedure, as described above. If the
graph is not empty, by Lemma 7, a model for T can be built. ut

6 Negative Resolution

Negative resolution was introduced in [19] as a refinement for the hyper-resolution
method, which restricts the clauses that are candidates to being resolved. A literal is
said to be negative if it is the negation of a propositional symbol. A clause is said to be
negative if it contains only negative literals. Negative resolution can only be applied if
one of the clauses being resolved is negative. Restricting the calculus given in Section 4
to negative resolution means that at least one of the literal clauses in the premises of
inference rules is a negative clause. As it is, the calculus is not complete for negative
resolution. However, it can be restricted to negative resolution with a small change in
the normal form by allowing only positive literals in the scope of modal operators.
Given a set of clauses in SNFml , we exhaustively apply the following rewriting rules
(where ml ∈ N∪{∗}, t, p ∈ P, and t ′ is a new propositional symbol):

ρ(ml : t⇒ �a ¬p) = (ml : t⇒ �a t ′)∧ρ(ml +1 : t ′⇒¬p)

ρ(ml : t⇒ ♦a ¬p) = (ml : t⇒ ♦a t ′)∧ρ(ml +1 : t ′⇒¬p)

It can be shown that the resulting set of clauses is satisfiable if, and only if, the original
set of clauses is satisfiable. We call the resulting normal form SNF+

ml . As the resulting
set of clauses is still in SNFml , it follows immediately that the original calculus is termi-
nating, sound, and complete for SNF+

ml . Obviously, clause selection does not have any
impact in soundness and termination. It rests to prove that restricting the application of
the resolution rules to the case where at least one of the clauses is negative is complete.

Theorem 6. Let Φ be a set of clauses in SNF+
ml . If Φ is unsatisfiable, then there is a

refutation from Φ by the negative version of the calculus given in Section 4.

Proof. Under the new normal form, the inference rules MRES and GEN2 cannot be
further applied. However, if there was a set of clauses in SNFml to which MRES (resp.
GEN2) could be applied, then the set of clauses in SNF+

ml contains sets of clauses to
which GEN1 (resp. LRES and GEN3) can be applied. For sets of literal clauses, nega-
tive resolution is a complete strategy [19]. For the case where the literals in the scope of
modal operators contradict with the set of literal clauses (cases 3, 4, and 5, in the proof
of Theorem 5), the proof follows from the fact that negative resolution is also conse-
quence complete [23]. Thus, the negative version of LRES still produces the negative
clause needed for applying GEN1 and GEN3. ut
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Example 2. We show a negative refutation for the set of clauses given in Example 1.
Clauses (9’) and (10’) are introduced in order to obtain a set of clauses in SNF+

ml .

1. ∗ : female∨male

2. ∗ : ¬female∨¬male

3. ∗ : ¬tall∨ t1

4. ∗ : t1⇒ �c blond

5. 0 : t0

6. 0 : t0⇒ �c t2

7. 1 : ¬t2∨¬female∨ tall

8. 0 : t0⇒ ♦c t3

9. 1 : t3⇒ ♦c t4

9′. 2 : ¬t4∨¬blond

10. 0 : t0⇒ �c t5

10′ 1 : ¬t5∨¬male

11. 1 : ¬t3∨¬t1 [GEN1,4,9,9′,b, t4]

12. 1 : ¬t5∨ female [LRES,10′,1,male]

13. 1 : ¬t3∨¬tall [LRES,11,3, t1]

14. 1 : ¬t3∨¬t2∨¬female [LRES,7,13, tall]

15. 1 : ¬t5∨¬t3∨¬t2 [LRES,14,12, female]

16. 0 : ¬t0 [GEN1,10,6,8,15, t5, t2, t3]

17. 0 : false [LRES,5,16, t0]

7 Ordered Resolution

Ordered resolution is a refinement of resolution where inferences are restricted to max-
imal literals in a clause, with respect to a well-founded ordering on literals. Formally,
let Φ be a set of clauses and PΦ be the set of propositional symbols occurring in Φ . Let
� be a well-founded and total ordering on PΦ . This ordering can be extended to literals
LΦ occurring in Φ by setting ¬p� p and p� ¬q whenever p� q, for all p,q ∈ PΦ . A
literal l is said to be maximal with respect to a clause C∨ l if, and only if, there is no
l′ occurring in C such that l′ � l. In the case of classical binary resolution, the ordering
refinement restricts the application to clauses C∨ l and D∨ l′ where l is maximal with
respect to C and l′ is maximal with respect to D. Ordered resolution is refutational com-
plete [10] and it has been successfully applied as the core strategy for many automated
tools for both classical and modal logics [21,25,26,4,12]. It has also been shown that
classical hyper-resolution is complete under ordering refinements for any ordering on
the set of literals [5]. Restricting resolution by admissible orderings has been proved
complete for hybrid logics as well [3].

We show that the restriction given by ordered resolution cannot be easily applied
to the calculus given in Section 4. Orderings can be used to find contradictions at the
propositional fragment of the language by restricting the application of LRES. How-
ever, the application of the hyper-resolution rules (GEN1, GEN2, and GEN3) require a
consequence complete procedure, so that the relevant literal clauses for applying those
inference rules are generated. As ordered resolution lacks consequence completeness
[15], the resulting restricted calculus is not complete either. Consider the following set
of clauses:

1. 0 : t0

2. 0 : t0⇒ �t1

3. 1 : a∨¬t1

4. 1 : b∨¬t1

5. 0 : t0⇒ ♦t2

6. 1 : ¬a∨¬b∨¬t2
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which is clearly unsatisfiable. The ordering given by t0 � t1 � t2 � a � b does not
allow any inference rule to be applied. Reversing the ordering allows a refutation to
be found for this particular example. One might conjecture that imposing an ordering
where the original literals in a clause are maximal with respect to the literals introduced
by renaming might result in a complete calculus. That is not the case. Consider the next
example where such an ordering has been used. Literals are ordered within each clause,
that is, the rightmost literal is the maximal literal with respect to each clause.

1. 0 : t0⇒ ♦t1

2. 0 : t0⇒ �t2

3. 1 : ¬t1∨ p

4. 1 : t3∨¬t2∨¬p

5. 1 : ¬t3∨¬t1

6. 1 : ¬t2∨¬t1∨¬p [LRES,4,5, t3]

7. 1 : ¬t2∨¬t1 [LRES,6,3, p]

As shown, the negative version of the calculus is able to find a refutation by resolving
Clauses (4) and (5) on the literal t3, producing Clause (6), and by further applying
LRES, obtaining Clause (7) to which GEN1 can be applied. Ordered resolution will not
produce Clause (6) nor a clause that subsumes it. Thus, a refutation is not found.

8 Conclusion

We have presented a complete calculus based on modal levels for both local and global
reasoning for the multimodal basic propositional modal logic, Kn. We have also shown
that, by a small change in the normal form, negative resolution is complete, reducing the
search space and also reducing the number of inference rules. Finally, we established
that ordered resolution is not complete for the given calculus. Determining an admis-
sible ordering that would make the restricted calculus complete does not seem to be a
trivial task. We conjecture that the use of an appropriate selection function, as given in
[17] in the context of disjunctive modal programs, might lead to a complete calculus.
Other strategies, as those considered in [22], which combines hyper-tableaux and or-
dered resolution to deal with reasoning tasks for Description Logics, are also subject of
future work. The implementation of the calculus given here as well as the experimental
evaluation and performance comparison with other reasoners are current work.
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