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Preliminaries

m Stochastic (Markov) matrix: Each column is a
probability distribution.

m Adjoint matrix: (M*);; = (M;;)*.

m Unitary matrix: U*U = UU* = 1.

m Alphabet > = {a4,...,a;} is a finite set.
= \Words over >.: X%,
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Preliminaries

m An n-state probabilistic automaton over >:
P=(x,{M,|a€ X} y). y€R"is the initial
distribution, € {0, 1}" is the final state
vector, and each M, Is an n x n stochastic

mautrix.
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distribution, € {0, 1}" is the final state
vector, and each M, Is an n x n stochastic

mautrix.

= An n-state guantum automaton over 2.:
Q= (P,{U, | a€ X}, y). y € C"is the initial
amplitude vector with ||y|| = 1, P is the
measurement projection, and each U, Is an
n X n unitary matrix.
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Preliminaries

= An n-state guantum automaton over >_:
Q= (P,{U, | a€ X}, y). y € C"is the initial
amplitude vector with ||y|| = 1, P is the
measurement projection, and each U, Is an
n X n unitary matrix.

m A Z-automaton: matrices and vectors with
Integer entries.
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Graph
Representation

al kvl b2 al kb8 all,b|1
[k 00 0) (20 0)
M, = 0 kM o |, My=1| 380
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Preliminaries

mlet P = (x,{M, | a € ¥}, y) be a probabilistic
automaton over ..
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Preliminaries

mlet P = (x,{M, | a € ¥}, y) be a probabilistic
automaton over ..

mForw=a;...a, € X% fp(w) is defined as
fp(w) == M, -...- M, y. Analogously for
Z~automata.
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Preliminaries

mlet P = (x,{M, | a € ¥}, y) be a probabilistic
automaton over ..

mForw=a;...a, € X% fp(w) is defined as
fp(w) == M, -...- M, y. Analogously for
Z~automata.

mlet@ = (P,{U, | a € X},y) be a quantum
automaton over >..

mForw=a;...a, € ¥*, fo(w) is defined as
folw) =[PUs, - ... - Usyll*
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Cut-point languages

For any A € |0, 1] and automaton A let

Lon(A) = {w € X7 | fa(w) = A},
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Cut-point languages

For any A € |0, 1] and automaton A let
L2A(A) = {w € X7 | fa(w) = A},

a cut-point language
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Cut-point languages

For any A € |0, 1] and automaton A let
L>\(A) ={w € X7 [ fa(w) = A},
a cut-point language, and
Loa(A) = {w € X7 | fa(w) > A}

a strict cut-point language.
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Cut-point languages

For any A € |0, 1] and automaton A let
Loa(A) = {w € X7 | fa(w) = A},
a cut-point language, and
Loa(A) = {w e X7 | fa(w) > A}
a strict cut-point language.
The problems studied: given a binary automaton

Aand A, is Loy(A) = 02 Is L.y(A) = 07
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Results

mL-,(A) =0? undecidable for probabilistic
automata with 47 states. (V. Blondel and V.
Canterini: 2003).
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Results
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ml-)(A) =07
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mL.)(A) = 0? undecidable for probabilistic
automata.
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Results

mL-,(A) =0? undecidable for probabilistic
automata with 47 states. (V. Blondel and V.
Canterini: 2003). New : 25 states.

m[-),(A) = 0? undecidable for quantum
automata with 43 states. (V. Blondel, E.
Jeandel, P. Koiran, and N. Portier 2005).
New: 21 states.

mL.)(A) = 0? undecidable for probabilistic
automata.

mL.,(A) =0? decidable for quantum

automata. _ -
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Post Correspondence Problem (PCP)
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Post Correspondence Problem (PCP)
Given pairs of words 7 = {(uy, vy, ), ..., (ug, vr)},
decide if there Is a sequence of indices i1, ..., 7,
SO that Uiy oo Uy = Uiy .- Vg

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quant



Post Correspondence Problem (PCP)

Given pairs of words 7 = {(uy, vy, ), ..., (ug, vr)},
decide if there Is a sequence of indices i1, ..., 7,
SO that Uiy oo Uy = Uiy .- Vg

m Undecidable for &£ > 7 (Y. Matiyasevich and G.
Sénizergues 2005).
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Post Correspondence Problem (PCP)

Given pairs of words 7 = {(uy, vy, ), ..., (ug, vr)},
decide if there Is a sequence of indices i1, ..., 7,
SO that Uiy oo Uy = Uiy .- Vg

m Undecidable for &£ > 7 (Y. Matiyasevich and G.

Sénizergues 2005).

m Undecidable if all minimal solutions are of
formi; =1, ¢, = k, and
iy .. .ip_1 €{2,...,k—1}". (V. Claus 1980).
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Encodings
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Encodings

n

o(iriy.. . in) = ;2"

j=1
m o IS a bijection ¥* = {1,2}* — N.
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Encodings

o(iriy.. . in) = ;2"
m o IS a bijection ¥* = {1,2}* — N.

no(1)=1,0(2) =2, (11) — 3, 0(12) = 4,
0(21) =5,0(22) =6,0(111) =17, .. ..
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Encodings

o(iriy.. . in) = ;2"

m o IS a bijection ¥* = {1,2}* — N.

mo(l)=1,0(2)=2,0(11) =3, 0(12) = 4,
0(21) =5,0(22) =6,0(111) =17, .. ..

mo(w) = o(u)2 4 o(v).
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Encodings

o(iriy.. . in) = ;2"

m o IS a bijection ¥* = {1,2}* — N.

mo(l)=1,0(2)=2,0(11) =3, 0(12) = 4,
0(21) =5,0(22) =6,0(111) =17, .. ..

mo(w) = o(u)2 4 o(v).

u
olu) = ( (72(u) (1) )
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Encodings
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Encodings

= is an embedding X% — N?2*2

(0(uv) = o(u)d(v)).
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Encodings

= is an embedding X% — N?2*2

(0(uv) = d(u)d(v)).

(2l 0 0
Yo(u, v) = 0 2k g
\O‘(u) o(v) 1 )

m is an embedding X* x Y* — N%*3,
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Encodings

m ) is an embedding X* — N2*2,

(2l 0 0
0 2k 0

\ o(u) o(v) 1 /

=, is an embedding % x ¥* — N3*9;
V(1 v1)y(uz, va) = y(uruz, v1v2).

Y0 (ua U) —
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Encodings

22[ul 0 0 0 0 0
/ 0 2luv] 0 0 0 0\
0 0 22|v| 0 0 0
v, v) = sl o2l o 2kl o o
0 o(u)2l’l o(v)2lvl 0 2lvl 0
\ o(u)? 20(u)o(v) o(w)?  20(u) 20(v) 1)

m v iS an embedding X* x X* — NO*6,
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Encodings

22|u| 0 0 0 0 0
/ 0 2luv] 0 0 0 0 \
0 0 22[v] 0 0 0
7(“7“) — o(u)2lul  o(v)2lu 0 2/l 0 0
0 o(u)2/?l (v)2!?] 0 2lvl 0
\ o(u)?  20(uwo(v) o(w)? 20(u) 20(v) 1 )

m v iS an embedding X* x X* — NO*6,

mxyy(u,v)y, =1 — (o(u) — o(v))? for
= (0,0,0,0,0,1)" and
yl — (—1, 17 —1, O, O, 1)T
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Encodings

22[ul 0 0 0 0 0
/ 0 2luv] 0 0 0 0\
o 0 0 22[v| 0 0 0
v(u, v) sw2 o2l o0 2 o o
0 o(u)2!?! (v)2/v] 0 2lvl
\ o(u)? 20(u)o(v) o(v)? 20(u) 20(v) 1/
mz;y(u,v)y; =1 — (o(u) — o(v))* for
x; = (0,0,0,0,0,1)" and
y, = (—1,1,—1,0,0,1)7.
mx!vy(u,v)y, > 0if and only if u = v.
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From PCP to
matrices
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From PCP to
matrices

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.
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From PCP to
matrices

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.

m Define Ay = y(uy,v1), ..., Ar = y(ug, vg).
O CU{A“ ce Aznyl —

1— (o(ui, ...u; ) —o(v, ...v; )
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From PCP to
matrices

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.

m Define Ay = y(uy,v1), ..., Ar = y(ug, vg).
O CC‘iFAZl ce Aznyl —
1 — (O'(uz'l c. Uzn) — O-(Uil c. ?}in))Z.

mx{ A, ...A; y; >0ifand only if Z has a
solution.
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From PCP to
maitrices

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.

m Define Ay = y(uy,v1), ..., Ar = y(ug, vg).
N .’L‘leAZl c. A’Lnyl =
1 — (O'(uz'l ce uzn) — O-(Uil ce Uin))Q.

mx{ A, ...A; y; >0ifand only if Z has a
solution.

mf4(w) > 0 for some w € X7 undecidable for
Z-automata with 6 states and & = 7 alphabet

symbols.
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From PCP to
maitrices

m Define Ay = y(uq,v1), ..., Ar = y(ug, vg).

N m?All ce A’Lnyl —
1 — (O'(Uil c. uzn) — 0'(?]7;1 ce ?Jin))Q.

mxl A; ... A; y, > 0ifand only if Z has a
solution.

mf4(w) > 0 for some w € X7 undecidable for
Z-automata with 6 states and & = 7 alphabet
symbols.

m A shorthand notation: For w =1, ...1,, let
Ay, =A; ... A; .
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Reducing the number
of matrices
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Reducing the number
of matrices

mxr, = (CL’{Al)T, y2 — Aky11 Bl — AQ, c ey
By—o = Aj_1.
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Reducing the number
of matrices

mxr, = (CB{Al)T, y2 — Aky11 Bl — A2, c ey
By—o = Aj_1.

mxl B,y, = i A\ B,A,y, > 0iff Z has a
solution (V. Claus).
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Reducing the number
of matrices

mxr, = (CB{Al)T, y2 — Ak’yl, Bl — AQ, c ey
Bi—o = Aj_1.

mxl B,y, = i A\ B,A,y, > 0iff Z has a
solution (V. Claus).

m f4(w) > 0 for some w € ¥ undecidable for
Z-automata with 6 statesand £ — 2 =5
alphabet symbols.
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Reducing the number
of matrices

mxr, = (CB{Al)T, y2 — Ak’yl, Bl — AQ, c ey
Bi—o = Aj_1.

mxl B,y, = i A\ B,A,y, > 0iff Z has a
solution (V. Claus).

m f4(w) > 0 for some w € ¥ undecidable for
Z-automata with 6 statesand £ — 2 =5
alphabet symbols.

m For k — 2 = 5 alphabet symbols we define

(1) =2, (2) = 12, ¥(3) = 112, ¥(4) = 1112,
O(5) = 1111.
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An observation

0 0 0 o\

0 0 0 0

22|v;| 0 0 0

0 2luil 0 0

i \ 0 o(u;)2lvil o (v;)2lvil 0 olvil
: cui)?  20(u)o(v)  o(v)?  20(u)  20(v;) 1/
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Binary Z-automaton

1 1
2 éﬁ/v %)\2/' %;
3 %\2/' %\2/'
1¢ ) 1¢ ,
k-3 O - O~ X
. .
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Binary Z-automaton

2 % S %\2/' %;
3 % i 1(% 2
T T
k-3 O “ ORI
&* &J
= The numbers are input symbols, not the

weights.
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Binary Z-automaton

2 %\2/' %\2/' %25
3 %J/V %\2/'
T T
k-3 O “ ORI
&J &J
= The numbers are input symbols, not the
weights.

m New automaton has
5(k —3) +1 =5k — 14 = 21 states.
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Binary Z-automaton

1 1
2 éj/ %)\2/' %25
3 %J/v %\2/' |
1¢ ) 1¢ ,
k-3 O - O~ X
. .

m New automaton has
5(k —3) 4+ 1 =5k — 14 = 21 states.

= 7 has a solution iff = C,,y; > 0 for some

Improved Undemdablity hes}.ults on the Emptiness Problem of Probabilistic and Quant



From Z-automaton to
probabilistic

m Procedure by P. Turakainen (1969)

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quant



From Z-automaton to
probabilistic

m Procedure by P. Turakainen (1969)

[0 0 o) [0

1. Dz — Czyg Oz 0 , Ly = O ’
\wg(]@% x: C; O/ \1/
(1)
Yy = ] m4Tl)wy4 — L3 Cwyg 21 +2 =23

\ v/

States.
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From Z-automaton to
probabilistic

m Procedure by P. Turakainen (1969)
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From Z-automaton to
probabilistic

3. F;, =FE;+cl. Notethat £;1 = 1FE;, = 0,
1" = 25F-11: F, = E,, + cvlaslvi-11,
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From Z-automaton to
probabilistic

3. F,=F:+cl1. Notethat £;1 = 1F; = 0,
1" = 25F-11: F, = E,, + cvlaslvi-11,

4. G = 5. 1 Now Gy = )|w|E + -1, and
Gwy5 (25 )le L5 Ewy5 + 25 Notice also that G4
and G5 are (doubly) stochastic matrices.
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From Z-automaton to
probabilistic

3. F,=F:+cl1. Notethat £;1 = 1F; = 0,
1% = 25%-11: F, = E, + cvl25lvl-11,

4. G = 5. 1 Now Gy = )|w|E + -1, and
xi Gy = 5 )|w|w5 t E,ys + 5=. Notice also that G4
and G5 are (doubly) stochastic matrices.

Theorem: For a 25-state probabilistic automaton
(x5, {G1, G2}, y5), 2 Guys > 5= for some w € =*
If and only if Z has a solution.
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Quantum automata
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Quantum automata

1(3 —4 1({ 3 4i
let U, = — Uy = — both
! 5(4 3) : 5(4@3)(

unitary), and y = (1,0)%
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Quantum automata

1(3 —4 1({ 3 4i
let U, = — Uy = — both
! 5(4 3) : 5(@ 3)(

unitary), and y = (1,0)%

. Lemma: For each u, v € ¥* = {1,2}*, equality
U,y = U,y implies u = v.
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Quantum automata

petne (0. = g 1)

0 0
= (y,0)', and P, = .
yl (ya) an 1 (O ])
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Quantum automata

petne (0. = g 1)

0 0
= (y,0)', and P, = .
! yl (y7 ) an 1 (O ])

0
Fh@mwl(Uy_Uy)-
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Quantum automata

Define v(u, v) = 3 ( gu j_L gv Zu I_ gv ),

0 0
= (y,0)',and P, = .
! Y (y7 ) an 1 (O ])

0
FMmel(Uy_Uy),

SO || Piy(u,v)y||* = 0 iff u = v.
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From PCP to
guantum automata
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From PCP to
guantum automata

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.
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From PCP to
guantum automata

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.

m Define Ay = y(uy,v1), ..., Ar = y(ug, vg).
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From PCP to
guantum automata

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.

m Define Ay = y(uy,v1), ..., Ar = y(ug, vg).

m||P ALy, ||? = 0 for some nonempty w if and
only If Z has a solution.
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From PCP to
guantum automata

mletZ = {(uy,v1),...,(ug,vp)} be an instance
of PCP.

m Define Ay = y(uy,v1), ..., Ar = y(ug, vg).

m||P Ay, ||? = 0 for some nonempty w if and
only If Z has a solution.

n= fo(w) = ||PLALy,||* = 0 for some
nonempty w Is undecidable for guantum
automata with 4 states and 7 alphabet
symbols.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quant



Reducing the number
of matrices
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Reducing the number
of matrices

mlet By = A, ... B o = Ak—l, Yoy = Akyl, and
Py = AP A,
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Reducing the number

mlet By = A, ... B o = Ak—l, Yoy = Akyl, and
Py = AP A,

m || P2B,ys||* = ||A] ' PLA By Ay ||? =
|PL A1 By Aryy||?
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Reducing the number
of matrices

mlet By = A, ... B o = Ak—ls Yoy = Akyls and
Py = AP A,

m ||P2Buys||* = (AT PLAI By Ayyy P =
| PLAL By Ary, ||

m= fo(w) =0 for some w is undecidable for

guantum automata with 4 states and 5
alphabet symbols.
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B
0

Ch = 0 0 Bs
0
0

S

(n
0

w

By

0 0 0 35)

% C7 and (5 are unitary 20 x 20-matrices.

0

P ...

0

0
0
0

0

0 )

0

y

7y3:

S O O O M~

(y2\

\5/

Reducing the number
of matrices

S O O ~N O
O O N O O

o ~N O O O

Let also

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quant



Reducing the number
of matrices

Ch =

By 0

o 0 ) \ /

m For each w € {1,2}* || 3Cuys||* = || PoBuwysl|?
for some v’ € {1,...,5}".

S O O O M~
S O O ~N O
O O N O O
o ~N O O O

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quant



C, =

By

0

0
0 0 35)

S O O O M~

S O O ~N O

O O N O O

Reducing the number
of matrices

o ~N O O O

/

m For each w € {1,2}* || 3Cuys||* = || PoBuwysl|?
for some v’ € {1,...,5}".

] 020102_1 — Diag(Bg, Bg, ..

9 B57 Bl)
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Reducing the number
of matrices

/Bl 0 0 0 o\ /01000\

0 B, 0 0 0 0 0 I 0 0

Ciy=1] o o B o o |, Ca=1] 000710
0 0 0 By 0 0 0 0 0 I

\o 0 0 0 35/ \IOOOO/

m For each w € {1,2}* || 3Cuys||* = || PoBuwysl|?
for some v’ € {1,...,5}".

] 020102_1 — Diag(Bg, Bg, ce ,B5, Bl)

2 2
m=Vw e {l,...,5}" [[PBuys||” = [|P3Cuwys]
for some v’ € {1, 2}*.
Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quant



Reducing the number
of matrices

m For each w € {1,2}* || 3Cy;||> = || P2 Buys||?
for some v’ € {1,...,5}".

] 020102_1 — Diag(Bg, Bg, ce ,B5, Bl)

= Yw € {1, . ,5}* HPQBwaH2 — HPSOw’ySH2
for some v’ € {1,2}*.
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Reducing the number
of matrices

m For each w € {1,2}* || 3Cy;||> = || P2 Buys||?
for some v’ € {1,...,5}".

] 020102_1 — Diag(Bg, Bg, ce ,B5, Bl)

= Yw € {1, . ,5}* HP2Bwy2H2 — HPSOw’yBH2
for some v’ € {1,2}*.

= ||P2C,y;5||* = 0 for some w € {1,2}* if and
only If Z has a solution.
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Reducing the number

m For each w € {1,2}* || 3Cy;||> = || P2 Buys||?
for some v’ € {1,...,5}".

] 020102_1 — Diag(BQ, Bg, ce ,B5, Bl)

= Yw € {1, . ,5}* HP2Bwy2H2 — HPSOw’yBH2
for some v’ € {1,2}*.

= ||P2C,y;5||* = 0 for some w € {1,2}* if and
only If Z has a solution.

m= fo(w) =0 for some w is undecidable for
binary guantum automata with 20 states.
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Setting the threshold
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Setting the threshold

m 1= ||Coysl|® = (I — P3)Coys|]* + [ P3Cuysy
hence ||(I — P5)C,y;||* > 1ifand only if Z
has a solution.

2
)
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Setting the threshold

m 1= ||Coysl|® = (I — P3)Coys|]* + [ P3Cuysy
hence ||(I — P5)C,y;||* > 1ifand only if Z
has a solution.

-LetDi:(C’i 0),P (IP?’ 0),and

0 1 0 0

Yy, = (\/XyST, V1— )‘)T-

2
)
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Setting the threshold

1= ||Coysl|” = [[(I — P3)Cuys|]
hence ||(I — P;)C,y;||*> > 1ifand only if 7
has a solution.

-LetD-:(fj 0) P4:(IOP3 3),and
y4—(fy3,v1— )

m ||PDyy,l? = |IWVAI — P5)Cuy,l|* =
A1 — || PsCuysl|?)-
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Setting the threshold

1= ||Coysl|” = [[(I — P3)Cuys|]
hence ||(I — P;)C,y;||*> > 1ifand only if 7
has a solution.

-LetD-:(CO’i 0) P4:(IOP3 3),and
y4—(fy3,v1— )

m (| PyDyy,l|* = [[VAI = Py)Cuysl® =
AL = [[PsCuysl]?).

m= fo(w) > A for some some w is undecidable
for binary quantum automata with 21 states.
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Thank You!
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