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u�lWv[VY\aZxd2VWUYORO|V�h4pEfyjaOHUYQr\[\asthTp?}a~&�Mw`�Ahci��)�2�[X�S�fgsylR� ���o�]S�ZT{Ch ^�U�SMZcl|�M��eRlWea� sgfgjr� S�ea� bT�
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J�¤¥/cI|I @y¦?§ /[¨ @ 5c1ª©¢«:¤�L¬ @ 1 @ 1:<¯®�J�©¢¬±° @ I²/´³�LM¤�¤�µ�¶T1E5[³�1ª·¸/[¨R/¹¬ @ 1 @ 1:<;¨HL §Rº 1 @¥» «:L¼ 5CG�¨ º L¸L�½4¨|GR/ § ¨ @ 5C1�5 ¼ º:@ DEDrL�1¾J�¤¥/cI|I @y¦?§ /[¨ @ 5c1²©�«:¤¥LMI)®oJ�©KIH° ¼ G|5c¿À/ < @¥Á LM1ÂD:/[¨R/23E/cI�L¨ º /2¨ @ I § 5c«:Ã:¤¥LMD�³ @ ¨ º /²I|L�¨K5 ¼ Ã:G|L�µ�D:L ¦ 1:LaD § ¤�/CIHI�LaI = ¨ º L�5c3rÄYL § ¨ @¥Á L&3?L @ 1:<�¨|5Â3:« @ ¤¥D/ § ¤�/CIHI @�¦ L�G�¨H5 § ¤�/CIHI @ ¼ÆÅ�Ç «:1EI|L�L�1rÈ)D:/2¨H/[µ�GHL § 5cGHDEI�8:ÉA1:L&GHL § LM1T¨�/CÃ:Ã:GH5c/ §Rº ¨|5�J�©K¬ @ I¨|5ÊL�¿xÃ:¤¥5 ÅxË I|I|5 §�@ /[¨ @ 5c1²©�«:¤¥L¸¬ @ 1 @ 1:<�® Ë ©K¬±°0¨|L §Rº 1 @¥» «:LaIÌ¨H5 @ DrLM1c¨ @ ¼ÆÅ ¨ º L)DrLMI @ GHLMDJ�©¢I =?@ 8 Lc8�J�¤�/CIHI @�¦6§ /[¨ @ 5C1 Ë I|I|5 §�@ /[¨ @ 5c1©�«:¤¥L�¬ @ 1 @ 1:<Í®�J Ë ©¢¬±°�8 Ë ¤�¨ º 5c«:< º ¨ º L�/cD4µ
Á /C1T¨H/2<cLMIA5 ¼ / §�§ «:GH/ § Å /216DL�Î §�@ LM1 § Å 5CÏ?LMG|LaD3 Å J Ë ©¢¬ º / Á L 3?L�L�1´LMI�¨H/C3:¤ @ I º LMD
@ 1ª¿�/21 Å ÃE/CÃ6LMGHI = 5C1:L�¿�/[ÄY5cGxD:GH/k³�3E/ § ¶ @ IÊ¨ º L¾¤¥/CG|<cLÂ14«:¿�36LMG�5 ¼ J�¤�/CIHI @y¦6§ /[¨ @ 5c1Ë IHI�5 §�@ /[¨ @ 5c1¯©�«:¤¥LMIÍ®oJ Ë ©KIH°²¨ º /2¨�¿�/ Å 36LÍ<CL�1EL�GR/[¨|LaDÑÐÒ«:Ã�¨H5Ò/¹¿�/[½ @ ¿ «:¿Ó5 ¼
Ç
2n−n−1

È @ 1&¨ º L0³�5CGRIY¨ § /CI|L = ³ º L�GHL n
GHL�Ã:GHLMI|L�1T¨HIq¨ º L�14«:¿ 3?L�G`5 ¼ D:/2¨H/2µ�/2¨�¨|G @ 3:«r¨|LaI

@ 1Ñ/±D:/[¨R/23E/cI�Lc8%Ô¢5[³�L Á L�G = ¨ º LMG|L�/2GHL�5C1:¤ Å /±¤ @ ¿ @ ¨HLMD¹14«:¿�36LMG = I|/ Å /[¨Ê¿Ê5TIY¨ k̂ @ 1LM/ §Rº�§ ¤¥/cI|I = 5 ¼ J Ë ©¢I%¨ º /[¨`/CG|L0G|L » « @ GHLMD¸¨H5AD @ IY¨ @ 1E<C« @ I º 36L�¨Y³�LML�1 § ¤¥/cI|I|LMIM8MÕ º L�Ã:GH5C3rµ¤�LM¿-/cD:DrGHLMIHI�LaD @ 1¾¨ º:@ I §Rº /2Ã:¨|L�G @ I º 5[³Ö¨|5²L�Î §�@ LM1T¨|¤ Å @ DrL�1T¨ @ ¼ÆÅ ¨ º L k̂
I|« §Rº J Ë ©¢IM8ÔK/ Á4@ 1E<;/×J Ë ©Ø¤ @ IY¨�¨ º /[¨ @ I�<CLM1:L�GR/[¨HLMD ¼ G|5c¿Ù/´< @¥Á LM1ªD:/2¨H/C3E/CI|L = 3E/cI�LaDÑ5c1Ñ¨ º L³�LM¤�¤�µoLaIY¨R/23:¤ @ I º LaD Ç|Ú «EÃ:Ã65cG�¨|µYJ�5c1 ¦ DrLM1 § L�È ¼ GR/2¿xL�³�5CGH¶ = /xG|«E¤�L�³�L @ < º ¨ @ 1:<²I §Rº LM¿ÊL @ IÃ:G|5cÃ65TI�LaD @ 1�¨ º:@ I §Rº /CÃr¨|LMG = ³ º:@�§Rº /CIHI @ <C1EIP/xI § 5CGHLA¨|5²/²J Ë ©Ö¨ º /[¨¢L Á /C¤�«E/2¨|LaI º 5[³I @ <C1 @�¦6§ /21T¨|¤ Å ¨ ºE@ I�J Ë © § 5C1T¨HG @ 3:«r¨HLMI`¨|5&/)I @ 1:<c¤�LPÃ:GHL�µWDrL ¦ 1:LMD § ¤¥/cI|IM8CJ�5C1EI|L » «r¨HL�1T¨|¤ Å/¢GH«:¤�L�¿ @ 1 @ 1:<)/2Ã:ÃEG|5T/ §Rº)@ I`Ã:GHLMI|L�1T¨HLMD = ¨ º /2¨`/cD:DrGHLMIHI�LaI�¨ º L�/C365 Á L = ¨ º /[¨Û5CÃ?L�GR/[¨HLMI @ 1¨ @ ¿ÊL O(k2n2) @ 1 @ ¨HI¢DrL�¨|LMG|¿ @ 1 @ I�¨ @�§ ¼ /cI º:@ 5C1 = /21ED O(kn) @ 1 @ ¨HIKGH/C1EDr5C¿ @ I�LaD ¼ /cI º µ@ 5c1 = ³ º LMG|L k

GHL�ÃEG|LaI�LM1c¨RIÛ¨ º L¢14«:¿ 3?L�G�5 ¼ J Ë ©¢I @ 1�La/ §Rº²§ ¤¥/cI|IÛ¨ º /[¨�/CG|L�Ã?52¨HL�1T¨ @ /2¤¥¤ ÅI @ <C1 @�¦6§ /21T¨�¨|5ÂD @ I�¨ @ 1:<C« @ I º 3?L�¨Y³�L�L�1 § ¤¥/cI|I|LMIK/21ED k ≥ k̂ Ü /cI¢5CÃEÃ65TI�LaDÂ¨H5²L�½rÃ?5C1:LM1rµ¨ @ /2¤?¨ @ ¿xL O(2n)
Ðx¨ º LA¨ @ ¿xL)G|L » « @ GHLMD @ 1�I § 5CGHL § 5c¿xÃ:«r¨H/2¨ @ 5C1Â¨|5Ê¿ @ 1:L&/2¤¥¤ k̂ J Ë ©¢I@ 1´/ Ç 5C1:L�µo3 Å µ�5C1:L�È&¿�/C1:1:L�Ga8�Õ º L�L�½rÃ6LMG @ ¿xL�1T¨H/C¤`GHLMI|«:¤�¨HI¸I º 5[³Ý<C545rDÃ?L�G ¼ 5CGH¿x/C1 § LG|LM<c/2GRD @ 1:<�¨ º L&/ §M§ «:GR/ § Å 5 ¼ § ¤¥/cI|I @y¦?§ /[¨ @ 5c1Â³ º LM1�«6I @ 1:<Ê¨ º L)Ã:GH5CÃ?5cI|LMDÂG|«E¤�L)³�L @ < º ¨�µ

@ 1:<�I §Rº L�¿xL)³ @ ¨ º /xI�«:<c<CLaIY¨HLMD�G|«:¤¥L)5CGRDrL�G @ 1:<�¿xL §Rº /21 @ I|¿ = /C1ED�L Á4@ D:L�1 § L)¨ º /2¨�¨ º LÃ:G|5cÃ65TI�LaD�GH«:¤�LA¿ @ 1 @ 1:<x/2Ã:ÃEG|5T/ §Rº Ã6LMG ¼ 5cG|¿�I�³�LM¤�¤?³ @ ¨ º GHLMI|Ã?L § ¨�¨|5 ¨ º L¸L�Î §�@ LM1 § Å 5 ¼
§ 5C¿xÃ:«:¨H/[¨ @ 5c1q8



� Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ
ã#äTå0æ  :ç�èAéKê æ ¡Yç å

·A/2¨H/ ¬ @ 1 @ 1:<�ë ìCí =4îCïkð�@ IP/ Ã:G|5c¿ @ I @ 1E< /2GHLM/)5 ¼ § «:GHGHL�1T¨0GHLMI|LM/2G §Rº /21EDÂDrL Á L�¤¥5CÃ:¿xL�1T¨
@ 1�J�5C¿xÃ:«r¨HL�G Ú §�@ L�1 § L = ³ º:@�§Rº�@ I`/[¨|¨|GR/ § ¨ @ 1:<K¿x5CGHL0/C1ED&¿x5CGHL�/2¨�¨|LM1T¨ @ 5C1 ¼ GH5C¿Ý/¢³ @ DrLGH/C1:<CLP5 ¼ D @ Ï?LMG|LM1T¨0<CGH5C«:Ã6IÛ5 ¼ Ã6LM5CÃ:¤¥LC8C·¸/[¨R/�¬ @ 1 @ 1:<�/ @ ¿�IÛ¨|5&L�½T¨HGH/ § ¨ Á /2G @ 5C«EI`¨ Å Ã?LMI5 ¼ º:@ D:DrL�1�/C1ED @ 1c¨HL�GHLMI�¨ @ 1:<�¶41:5[³�¤¥LMDr<cL¢® @ 8 Lc8 = G|«:¤¥LMI = ÃE/2¨�¨HL�GH1EI = G|LM<C«:¤�/2G @ ¨ @ LMI =�§ «EI�¨|5c¿xI =¨|GHL�1ED:I = L�¨ § 8 ° ¼ G|5c¿ñD:/[¨R/23E/cI�LaI = ³ º L�GHL�¨ º L Á 5c¤�«:¿xL�5 ¼ / § 5C¤¥¤�L § ¨|LaD¹D:/[¨R/23E/cI�L § /2136L Á L�G Å ¤�/2GH<CLc8qòW1×·¸/[¨H/±¬ @ 1 @ 1:< =`§ 5C¿x¿x5C1´¨ Å Ã6LaI�5 ¼ ¿ @ 1:LaD;¶T1E5[³�¤�LaDr<CL @ 1 § ¤¥«EDrLcóË IHI�5 §�@ /[¨ @ 5c1�©�«:¤¥LMI±® Ë ©¢IR°�ë¥ô ð�= J�¤�/CIHI @�¦6§ /[¨ @ 5C1õ©�«:¤¥LMIÍ®oJ�©¢IR°�ë öT÷ ð�= J�¤�/CIHI @y¦6§ /[¨ @ 5c1Ë IHI�5 §�@ /[¨ @ 5c1©�«:¤¥LMI�®oJ Ë ©KIH°�ë î2ðo=?ø GHLMD @�§ ¨ @ 5c1©�«:¤¥LMIÊ® ø ©¢IR°&ëmì2ù ðo= J�¤�«6IY¨HL�G @ 1:<�©�«:¤¥LMI®oJ�Õ�©¢IR°xë öTì ð�= Ú L » «:L�1T¨ @ /C¤ ø /[¨�¨HL�GH1EIÂ® Ú ø IR°�ëm÷Cì ð�=%ú ¿ÊLMG|< @ 1E< ø /2¨�¨HL�GH1EIÂ® úÌø IR°�ëmìrô ð�=L�¨ § 8 Ë 1 Ë ©ûDrLMI § G @ 36LaI�/ § 52µ�5 §�§ «EG|G @ 1E< GHL�¤�/[¨ @ 5C16I º:@ ÃÂ3?L�¨Y³�L�LM1�3 @ 1E/CG Å µ Á /2¤¥«:LMD�D:/[¨R/[µ/[¨�¨HG @ 3:«r¨HLMI = L�½4ÃEG|LaI|I|LMD @ 1x¨ º L ¼ 5CGH¿ü5 ¼ /21 Ç /21T¨|L § LaDrL�1T¨ ⇒ § 5C16I�L » «EL�1T¨YÈ�G|«E¤�Lc8 Ë I|I|52µ
§�@ /[¨ @ 5C1�©�«:¤¥L&¬ @ 1 @ 1:<¾® Ë ©¢¬±°Aëmì ð�= ³ @ ¨ º�@ ¨HIP³ @ DrL)GR/21:<cLK5 ¼ /2Ã:Ã:¤ @�§ /[¨ @ 5c1EI =Tº /CI�36LML�1³�LM¤�¤�µoLaIY¨R/23:¤ @ I º LaD @ 1x·A/2¨H/&¬ @ 1 @ 1:< @ 1Ê¨ º L�ÃE/CI�¨ÌDrL § /CDrLc82ò�¨0/ @ ¿�I`¨|5 @ D:L�1T¨ @ ¼ÆÅ /C¤�¤ Ë ©¢I
@ 1x/K< @�Á L�1 ¨|GR/21EIH/ § ¨ @ 5C1rµWD:/[¨R/23E/cI�L DT

8cÉA1:L�/CÃ:Ã:¤ @¥§ /[¨ @ 5c1 5 ¼?Ë ©¢¬ @ I`¨H5¸D:L ¦ 1:LKJ�©¢I =¼ G|5c¿ý/²¨HGH/ @ 1 @ 1:<Cµ�DE/[¨H/cI�L�¨ DR

¨ º /[¨ @ I § 5c«:Ã:¤¥LMDÍ³ @ ¨ º /�I|L�¨&5 ¼ Ã:G|L�µ�D:L ¦ 1:LaD § ¤¥/cI|I|LMI
C = {c1, c2, ..., c|C|−1, c|C|}

= ³ º:@�§RºÒ§ /21Ò36L�«EI|LMD¹¨H5 § ¤¥/cI|I @ ¼ÆÅ ¨ º L�D:/[¨R/[µ�G|L § 5cGHD:I
@ 1×/�¨HLMI�¨�µWD:/[¨R/CI|L�¨ DE

8%Õ º:@ I�¶ @ 1ED´5 ¼¢Ë ©À36/CI|LMD×J�© @ I�G|L ¼ L�GHG|LaD¨H5±/CI�J Ë ©&8qòW1<CL�1EL�GR/2¤q¨ º LÊÃ:G|5 § LMIHI�¨|5�3:« @ ¤�D±/ § ¤¥/cI|I @�¦ L�GA«EI @ 1:< @ DrLM1T¨ @�¦ LMD;J�©¢I @ I § /C¤�¤¥LMDÍJ�¤�/CIHI @ µ
¦6§ /2¨ @ 5C1±©�«E¤�Lx¬ @ 1 @ 1E<Í®oJ�©K¬±°�ë öT÷ ðo= ³ º:@�§Rº@ IA/C1:52¨ º L�G¸³�LM¤�¤�µ�¶T1E5[³�1·A/2¨H/Â¬ @ 1 @ 1:<¨|L §Rº 1 @¥» «:LÊÃE/CGH/C¤�¤¥L�¤ @ 1E< Ë ©¢¬×8?òW1¹J�©¢¬ = / § ¤¥/cI|I�µWD:/[¨R/23E/cI�L DC

@ IA< @¥Á L�1Í/CI DR ∪
DE
= ³ º LMG|L DR

/C1ED
DE

I º /CG|LP¨ º LKIH/2¿xL�D:/[¨R/[µW/[¨|¨|G @ 3:«:¨|LMIÌ3:«r¨Ì¨ º L § ¤�/CIHI�µ�/2¨�¨|G @ 3:«r¨|L®t¨ º L&¤¥/cIY¨KD:/2¨H/2µ�/2¨�¨|G @ 3:«r¨|L @ 1 DR

° @ I Ç «E1EI�LML�14È @ 1 DE

8
J�¤¥/cI|I @y¦?§ /[¨ @ 5c1 Ë IHI�5 §�@ /2¨ @ 5C1©�«:¤¥Lx¬ @ 1 @ 1:<´®oJ Ë ©¢¬±°�ë î[ðÛ@ I¸/²GHL § LM1T¨&J�©¢¬þ/CÃrµ

Ã:G|5T/ §Rº ¨ º /[¨)3:« @ ¤¥DEI¸/C1 Ë ©¢¬þ3E/cI�LaD § ¤¥/cI|I @y¦ L�GK«6I @ 1:<�J Ë ©¢I = ³ º L�GHL ¨ º LMI|L�J Ë ©¢I/2GHL�<cL�1:LMGH/2¨|LaD ¼ GH5C¿ÿ/;< @¥Á LM1Ñ¨HGH/C1EI|/ § ¨ @ 5c1rµ�¨HGH/ @ 1 @ 1:<Cµ�DE/[¨H/cI�L�¨ DTR ⊂ DTC
= /21ED

DTC
@ I¢/ DC

@ 1�/ Ç ¨HGH/C1EI|/ § ¨ @ 5c1E/2¤yÈK¿�/21:1:LMGM8ròW1´ë¥ôMù ð�= J�54L�1:LM1����������rI�«E<C<CLaIY¨�¨ º /[¨G|LaI�«:¤�¨HIPÃEG|LaI�LM1c¨HLMD @ 1;ë î
	kð /C1EDÍë î ù ð I º 5[³¯¨ º /[¨AJ Ë ©¢¬ I|L�LM¿xI�¨H5x52Ï�L�G�<CGHLM/2¨|LMGP/ § µ
§ «:GR/ § Å =�@ 1´¿�/C1 Å § /CI|LMI = ¨ º /21;52¨ º L�G&¿xL�¨ º 5rD:I�I|« §Rº /CI J�ö68 ÷Íë öT÷ ð 8%Ô¢5[³�L Á L�G = 5C1:L¿x/2ÄY5CGxDrGR/k³�3E/ § ¶´5 ¼ ¨ º:@ IÊ/CÃ:Ã:GH5c/ §Rº¹@ I�¨ º L�¤�/2GH<CLÂ1T«E¿ 3?L�Gx5 ¼ J Ë ©¢I�¨ º /2¨�¿ @ < º ¨36L�<CL�1EL�GR/[¨|LaD�Ð�«:Ã¾¨|5�/x¿x/2½ @ ¿�«:¿Ø5 ¼%Ç 2n − n − 1

È @ 1�¨ º L�³�5cGHI�¨ § /cI�L = ³ º L�GHL nG|LMÃ:G|LaI�LM1T¨HI]¨ º L¸1T«E¿ 3?L�G�5 ¼ D:/2¨H/[µW/[¨|¨|G @ 3E«r¨|LaI @ 1 DTC

8TòW1±ë ÷ îkðo= . @ 1�/21ED²ÔA/21�36LM¤ @¥Á L¨ º /2¨¸¨ º L�GHL�/2GHL�5c1:¤ Å /�¤ @ ¿ @ ¨HLMDÍ1T«E¿ 3?L�G = I|/ Å /2¨)¿x5TIY¨ k̂ @ 1´LM/ §RºÍ§ ¤�/CIHI = 5 ¼ J Ë ©¢I¨ º /2¨&/CG|LxGHL » « @ G|LaD¾¨H5�D @ I�¨ @ 1:<C« @ I º 3?L�¨Y³�L�LM1 § ¤¥/cI|I|LMI)/C1EDÍI º 5c«:¤¥DÍ3?L�¨ º «EI&«EI|LMD±¨|5¿x/C¶CL&«:Ã/ § ¤�/CIHI @ ¼ L�Ga8EÕ º L Å I|«:<C<cLMI�¨K/ Á /2¤¥«:L&5 ¼ ÷�/cI¢/21/CÃ:Ã:GH5CÃ:G @ /2¨|L Á /2¤¥«:L ¼ 5CG k̂ =/21ED�L�¿xÃ:¤¥5 Å ¨ º L�����������������
������������� ����!��"��#��%$'&(�)��� ë¥ô ïkð ¨H5xLMI�¨ @ ¿x/2¨|L)¨ º L&/ § «EGH/ § Å5 ¼ J Ë ©¢I�8ròW1´ë¥ôa÷ ð J�54L�1:LM1�/C1ED�*%L�1:<�L Á /2¤¥«E/2¨|LMD�/ 14«:¿�36LMGP5 ¼ /C¤y¨HL�GH1E/[¨ @�Á LKGH«:¤¥LA5cG�µDrL�G @ 1E< /21ED § /CI|LKIH/[¨ @ I ¼ / § ¨ @ 5c1�IY¨HGH/2¨|L�< @ LaI = /21ED § 5C1 § ¤�«ED:L¢¨ º /[¨ ¼ 5cG0¤¥5[³�LMG § 5c1 ¦ DrLM1 § L¨ º GHLMI º 5C¤�D:I�® @ 8 LC8 = ÷ ï,+ ¨|5.-C÷ + °]J ÚrË ®oJ�5c1 ¦ DrLM1 § L�µ Ú «EÃ:Ã65cG�¨|µ�I @'/ L
0�5 ¼ 0 Ë 1T¨|L § LaDrL�1T¨R°/21ED1����2�3�,���A5cGHD:L�G @ 1:< § 5c«:Ã:¤¥LMD�³ @ ¨ º / Ç 36LaIY¨ ¦ GHI�¨YÈ § /cI�L�IH/[¨ @ I ¼ / § ¨ @ 5C1�¿ÊL §Rº /21 @ I|¿
§ /21�/ §RºE@ L Á L¸36L�¨�¨|LMGK/ §M§ «:GR/ § Å ¨ º /C1 § 5C¿xÃE/CGH/C3:¤¥L¸/C¤y¨HL�GH1E/[¨ @�Á LMIM8



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl �
:<;=:?>A@CB2D�E�FHGJID�F%@CB
K @�Á L�1�/�J Ë ©Ö¤ @ I�¨ R = {R1, R2, ..., RN−1, RN}

¨ º /[¨ @ I�<CL�1EL�GR/[¨|LaD ¼ GH5C¿ /�< @¥Á LM1
DTR

36/CI|LMD�5C1�¨ º L�³�L�¤¥¤yµ�LMI�¨H/C3:¤ @ I º LMD Ç|Ú «:Ã:Ã?5CG|¨�µ�J�5C1 ¦ D:L�1 § L�È ¼ GR/2¿xL�³�5CGH¶ = ³ º L�GHL R@ I�ÃEG|LaI�LM1c¨HLMD�«EI @ 1:<ÂJ ÚrË 5CGRDrL�G @ 1E< = /21ED N
G|LMÃ:GHLMI|L�1T¨HI�¨ º L�I @'/ L&5 ¼ R ¨ º /[¨ § /C1�3?L/CIP¤�/2GH<CL&/CI Ç

2n − n− 1
È = /xGH«:¤�L)³�L @ < º ¨ @ 1:<�I §Rº L�¿xL @ I�Ã:GH5CÃ?5cI|LMD @ 1�¨ ºE@ I §Rº /2Ãr¨HL�G =³ º:@¥§Rº /cI|I @ <c1EI�/²I § 5cG|L¸¨|5²/ÂJ Ë © Rj ∈ R

¨ º /[¨KGHL�Ã:GHLMI|L�1T¨RI º 5[³ I @ <C1 @�¦6§ /C1T¨|¤ Å Rj§ 5C1T¨HG @ 3:«r¨HLMIK¨|5�/�I @ 1:<c¤�L § ¤¥/cI|I ci ∈ C
8 Ë 1Í/2¤�¨|LMG|16/[¨ @¥Á L G|«:¤¥L 5cGHD:L�G @ 1:<�¿xL §Rº /21 @ I|¿

@ I § 5c1EI�L » «:L�1T¨|¤ Å @ 1T¨|GH5rDr« § LMD = 3E/CI|LMD¯5C1�¨ º LÍÃEG|5cÃ65TI�LaDõG|«:¤¥L±³�L @ < º ¨ @ 1:<ÒI §Rº LM¿xL =¨ º /2¨ / @ ¿xI&¨|5 @ ¿xÃ:GH5 Á LÊ¨ º L�Ã6LMG ¼ 5cG|¿�/C1 § LÊ5 ¼ ¨ º L�³�L�¤¥¤�µoLaIY¨R/23:¤ @ I º LaD;J ÚrË 5cGHD:L�G @ 1:<G|LM<c/2GRD @ 1:<�¨ º L�/ §M§ «:GR/ § Å 5 ¼ § ¤�/CIHI @�¦6§ /2¨ @ 5C1q8�òW1¯ë¥ôMí ð /¾<cL�1:LMGH/C¤ ¼ GR/2¿xL�³�5CGH¶ ¼ 5cG�I|L�µ¤�L § ¨|5cGHI = 1E/2¿xL�¤ Å (k, m, n)
µWI�LM¤�L § ¨H5CGRI = ³�/cI0Ã:GH5CÃ?5cI|LMDx³ @ ¨ º /2ÃEÃ:¤ @�§ /2¨ @ 5C1EI @ 1Â5CÃ:¨ @ ¿x/C¤<CGH5C«:Ã´¨|LaIY¨ @ 1E<E8`òW1¹¨ º:@ I §Rº /2Ãr¨HL�G = /I @ ¿ @ ¤¥/CG § 5C1 § L�Ãr¨ 5 ¼ I�LM¤�L § ¨H5CGRI @ I ¼ «:G|¨ º LMG § 5c1rµI @ DrL�GHLMD @ 1¹/�GR/216Dr5C¿ @ I�LaDÍI|L�¨|¨ @ 1:<E8%Õ ºE@ I&GR/216Dr5C¿ @ I�LaDÍI|L�¤¥L § ¨|5CG § /21;3?L�Ã:G|5 Á LMD±¨|5L�½ @ I�¨0³ @ ¨ º / º:@ < º Ã:GH5C36/23 @ ¤ @ ¨ Å 8C9 @ ¨ º G|LM<c/2GRD:I`¨H5)¨ º L § 5C1 § L�Ãr¨�5 ¼ I�LM¤�L § ¨|5cGHI = /)1:5 Á L�¤G|«:¤¥L ¿ @ 1 @ 1:<�/CÃ:Ã:GH5c/ §Rº¾@ I¸Ã:GHLMI|L�1T¨|LaD�¨ º /[¨&/CD:DrGHLMIHI|LMI�¨ º LÊÃ:G|5c3:¤¥L�¿ 5 ¼ ¿ @ 1 @ 1:<Â¨ º L

k̂
Ç I @ <C1 @�¦6§ /C1T¨�G|«:¤¥LMIYÈ±® I|L�L�·KL ¦ 1 @ ¨ @ 5C1Ñí @ 1ÑI|L § ¨ @ 5C1 î 8 ìc° @ 1 R 8`Õ º L�G|«E¤�L�¿ @ 1 @ 1:</2Ã:Ã:GH5c/ §Rº 5CÃ?L�GR/[¨HLMI @ 1×¨ @ ¿xL O(k2n2) @ 1 @ ¨HIxDrL�¨|L�GH¿ @ 1 @ I�¨ @�§ ¼ /cI ºE@ 5c1 = /C1ED O(kn)@ 1 @ ¨HI GH/C1EDr5c¿ @ I|LMD ¼ /CI º:@ 5C1 = ³ º L�GHL k

GHL�Ã:GHLMI|L�1T¨RI)¨ º L�14«:¿ 3?L�G�5 ¼ J Ë ©¢I @ 1¹La/ §Rº
§ ¤�/CIHI`¨ º /2¨ § /C1�Ã?52¨HL�1T¨ @ /2¤¥¤ Å 36LK«EI�LaD�¨|5�D @ IY¨ @ 1E<C« @ I º 3?L�¨Y³�L�LM1 § ¤¥/cI|I|LMI]/C1ED k ≥ k̂ Ü /CI5CÃ:Ã?5cI|LMDÂ¨|5xL�½rÃ?5C1:LM1T¨ @ /2¤�¨ @ ¿xL O(2n)

Ð�¨ º L)¨ @ ¿xL&GHL » « @ G|LaD @ 1¾I § 5CGHL § 5C¿xÃ:«r¨R/[¨ @ 5C1¨|5 ¦ 1EDÊ/2¤¥¤ k̂ I @ <C1 @�¦6§ /C1T¨P®Æ¨ º L Ç 36LaIY¨ k̂
È�°�G|«E¤�LaI @ 1 R @ 1Ê/ Ç 5C1:L�µo3 Å µo5c1:L�ÈÌ¿�/21E1:L�Ga82Õ º LL�½rÃ6LMG @ ¿xL�1T¨H/C¤6GHLMI|«:¤�¨HI�I º 5[³õ¨ º /2¨�¨ º LKÃ:GH5CÃ?5cI|LMD²G|«:¤¥LK³�L @ < º ¨ @ 1:<Ê/21ED²G|«:¤¥LK5cGHD:L�G @ 1:</2Ã:Ã:GH5c/ §Rº LMI�Ã?L�G ¼ 5CGH¿ ³�LM¤�¤rGHL�<T/2GRD @ 1:<¢¨ º L¢/ §M§ «:GR/ § Å 5 ¼ § ¤¥/cI|I @�¦6§ /2¨ @ 5C1 = /216D L ÁT@ DrLM1 § L¨ º L ¼ /CI�¨ § 5C¿xÃ:«r¨R/[¨ @ 5c1E/2¤`L�Î §�@ L�1 § Å 5 ¼ G|«:1E1 @ 1E<²¨ º L�GR/21ED:5C¿ @ I|LMDG|«:¤¥L ¿ @ 1 @ 1:<�/CÃrµÃ:G|5T/ §Rº 8�LK52¨|L)¨ º /[¨�¨ º L&DrL�¨HL�GH¿ @ 1 @ I�¨ @�§ G|«:¤¥L)¿ @ 1 @ 1:<²/CÃ:Ã:GH5c/ §Rº�@ I�¨ º L�5cG|L�¨ @�§ /C¤�5C1:¤ Å 8

:<;3MN>AO�P�Q�D�RSEUTVE�WCP)B�F%X�P�D�F=@<B
Õ º L ¼ 5C¤¥¤�5[³ @ 1:<&I�L § ¨ @ 5c1�DrLaI § G @ 36LaI]I�5c¿xLP·¸/[¨R/)¬ @ 1 @ 1:<)³�5CGH¶)¨ º /2¨]G|LM¤¥/2¨|L�¨|5 J Ë ©K¬¹8òW1 I�L § ¨ @ 5c1 î ³�L ¦ GRI�¨ @ 1c¨HG|5rDr« § L¨ º L±GH«:¤¥L±³�L @ < º ¨ @ 1:<ÑI §Rº LM¿ÊL±¨|5c<CL�¨ º L�G�³ @ ¨ º /G|«:¤¥L&5CGRDrLMG @ 1:<Ê¿ÊL §Rº /21 @ I|¿ 3E/cI�LaD�5c1Â¨ º L�GH«:¤¥L¸³�L @ < º ¨ @ 1:<�I §Rº L�¿xL Ü /21ED�I|¶CL�¨ §Rº ¨ º L§ 5C1 § L�Ã:¨Â5 ¼ DrL�¨|L�GH¿ @ 1 @ I�¨ @�§ I|L�¤¥L § ¨H5CGRI²/216Dõ< @¥Á L/21 @ 1T¨|GH5rDr« § ¨ @ 5c1ª¨|5¹¨ º L § 5C1 § L�Ãr¨5 ¼ GH/C1EDr5c¿ @ I|LMD´I�LM¤�L § ¨|5cGHIM8�òW1×I|L § ¨ @ 5c1;ö¾³�L²ÃEG|5cÃ65TI�L�/�GH«:¤�L�¿ @ 1 @ 1:<±/2ÃEÃ:G|5T/ §Rº ¨|5L�Î §�@ L�1T¨|¤ Å ¿ @ 1:LK¨ º L Ç 3?LMI�¨ k̂

È)J Ë ©¢I @ 1 R 8TòW1�I|L § ¨ @ 5C1Â÷�³�L¢ÃEG|LaI�LM1c¨�L�½rÃ6LMG @ ¿xL�1T¨H/C¤G|LaI�«:¤�¨HIK5C3r¨R/ @ 1:LMD«EI @ 1:<�¨ º LxÕ�F ø J ® Õ�52¨H/C¤`FEG|5c¿ ø /CG�¨ @ /C¤ÛJ�¤�/CIHI @�¦6§ /2¨ @ 5C16°AJ Ë ©¢¬/2¤¥<C5CG @ ¨ º ¿ ë¥ôa÷ = ôMù ðc§ 5c«:Ã:¤¥LMD¸³ @ ¨ º / Ç 3?LMI�¨ ¦ GRI�¨YÈ § /CI|LÌI|/2¨ @ I ¼ / § ¨ @ 5c1¸/CÃ:Ã:GH5c/ §Rº 8�F @ 1E/C¤�¤ Å³�L�D @ I § «6I|I�5C«:G § 5c1 § ¤¥«EI @ 5c1EI @ 1 I|L § ¨ @ 5C1 	:= /21ED�/K14«:¿ 3?L�GÛ5 ¼ 5cÃ6LM1 @ I|I|«:LaI ¼ 5cG ¼ «:G|¨ º L�GG|LaI�La/2G §Rº 8



Y Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ
Z\[ �^]`_ æ �%èbaÙç0 )c
M�;=:ed�X�X�@gfhF%P�D�F%@CBji�Ik=R�lmF%B�F%B�W
Ë ©¢¬ L�½T¨HGH/ § ¨RI¹/ I|L�¨×5 ¼�Ë ©¢I ¼ GH5C¿ DT

=&¦ GRIY¨ @ 1T¨|GH5rDr« § LaD @ 1 ë¥ô ð 8n*qL�¨
I =

{a1, a2, ..., an−1, an}
36LÊ/ÂI|L�¨)5 ¼ @ ¨|LM¿xIÊ® DE/[¨H/2µ�/2¨�¨HG @ 3:«r¨HLMIR° = /21ED T = {T1, T2, ...,

Tm−1, Tm}
36L;/×I|L�¨�5 ¼ ¨|GR/216I|/ § ¨ @ 5C16I® D:/2¨H/2µoGHL § 5CGRD:IH° = DT

@ I�DrLaI § G @ 3?LMD�3 Å T =³ º L�GHL²LM/ §Rº Ti ∈ T
§ 5C1T¨H/ @ 1EI�/I|L�¨�5 ¼ @ ¨HL�¿�I I ′ ⊆ I

8%òW1 Ë ©¢¬ = ¨Y³�5¾¨ º GHLMI º 5c¤¥D
Á /C¤�«ELMI�/2GHL)«EI|«E/2¤¥¤ Å «EI�LaD²¨H5²DrL�¨HL�GH¿ @ 1:L¸¨ º L�I @ <C1 @y¦6§ /21 § L)5 ¼ /C1 Ë ©&ó
• o IQQp@qE�D
r Õ º L ¼ GHL » «:LM1 § Å ¨ º /2¨]¨ º L @ ¨|LM¿xIÌ5 §M§ «:G]5cG § 5Cµo5 §�§ «:G @ 1 T 8 Ë I�«:ÃEÃ65cG�¨¨ º GHLMI º 5C¤�D σ = DrL ¦ 1:LMDÊ3 Å ¨ º L�«EI|L�G =[@ IÌ«EI�LaD�¨|5�D @ IY¨ @ 1E<C« @ I º ¼ GHL » «:LM1c¨ @ ¨|LM¿�I ¼ G|5c¿¨ º L @ 1 ¼ G|L » «:L�1T¨�5C1ELMIM8 Ë I|L�¨�5 ¼ @ ¨|LM¿xI S @ I § /C¤�¤¥LMD´/21 @ ¨|L�¿�I|L�¨ = ³ º L�GHL S ⊆ I =/21ED

∀ai ∈ S § 52µ�5 §�§ «:G @ 1 T 8?ò ¼ ¨ º LÊ5 §�§ «EG|GHL�1 § LMI�5 ¼ I�5c¿ÊL S @ 1 T L�½ § LMLMD:I σ =³�L&IH/ Å ¨ º /2¨ S @ I¢/xF:GHL » «:LM1c¨�ò�¨HL�¿�I�L�¨ ® F`ò�°�8
•

>.@CBs�t�R,BfhR<r ©�L�ÃEG|LaI�LM1c¨RI º 5[³ Ç I�¨|GH5C1E<C¤ Å È±/C1 @ ¨HL�¿�I|L�¨ X @ ¿xÃ:¤ @ LMI¾/21E52¨ º L�G
@ ¨HL�¿�I�L�¨ Y = ³ º L�GHL X, Y ⊆ I

/C1ED
X ∩ Y = {�}

8 Ë § 5c1 ¦ DrLM1 § L&¨ º GHLMI º 5C¤�D α =I�«:ÃEÃ:¤ @ LMD;3 Å ¨ º LÂ«EI|L�G =%@ I�«EI|LMD¹¨|5±D @ I�¨ @ 1:<C« @ I º×º:@ < ºÑ§ 5C1 ¦ D:L�GHL�1 § L Ë ©¢I ¼ G|5c¿¤�5[³ § 5C1 ¦ DrL�1 § L Ë ©¢IM8
Ë 1 Ë ©

X ⇒ Y @ I Á /2¤ @ D�³ º LM1�¨ º L�I|«:Ã:Ã?5CG|¨ ¼ 5CGP¨ º L § 5Cµo5 §M§ «:GHG|LM1 § LA5 ¼ X
/21ED

Y
L�½ § L�LaD:I σ = /216D¨ º L § 5c1 ¦ DrLM1 § LÊ5 ¼ ¨ º:@ I Ë © L�½ § L�LaD:I α

8%Õ º L § 5C¿xÃ:«r¨R/[¨ @ 5c1Í5 ¼I�«:ÃEÃ65cG�¨ @ I X ∪ Y
|T |

= ³ º L�GHL |T | @ I�¨ º L�I @u/ L ¼ «E1 § ¨ @ 5c1�5 ¼ ¨ º LPI|L�¨ T 8[Õ º L § 5C¿xÃ:«r¨R/[¨ @ 5C15 ¼ § 5C1 ¦ D:L�1 § L @ I Support(X ∪ Y )
Support(X)

8�òW1 ¼ 5CGH¿�/2¤¥¤ Å = X ⇒ Y § /21Í36L @ 1c¨HL�GHÃ:GHL�¨|LaD/CI Ç @ ¼
X
L�½ @ I�¨HI =:@ ¨ @ I�¤ @ ¶cL�¤ Å ¨ º /[¨ Y

/2¤�I|5ÊL�½ @ I�¨HIYÈR8r9 @ ¨ º GHL�<T/2GRD:I0¨|5x¨ º L º:@ I�¨|5cG Å 5 ¼]Ë ©¢¬
@ 1 Á LaIY¨ @ <T/[¨ @ 5c1 = ¨ º GHL�L)¿�/[ÄY5cG § /[¨HL�<C5cG @ LMI�5 ¼ I�LMG @ /2¤]® 1:5C1rµ�ÃE/CGH/C¤�¤¥L�¤t° Ë ©¢¬ /2¤¥<C5cG @ ¨ º ¿�I
§ /21�3?L @ DrLM1c¨ @y¦ LMD�óq®�ôa°�¿ @ 1 @ 1:< Ë ©KI ¼ G|5c¿ /2¤¥¤�Ã65TI|I @ 3E¤�L&F`òYI = ®oìC°�¿ @ 1 @ 1:< Ë ©¢I ¼ G|5c¿¬/[½ @ ¿x/C¤cFEG|L » «EL�1T¨%ò�¨|LM¿�I�L�¨HI0®�¬F`òYIH° = /C1ED²® î °�¿ @ 1 @ 1E< Ë ©KI ¼ GH5C¿ûF:GHL » «:L�1T¨ÛJ�¤¥5cI|LMDò�¨|L�¿�I|L�¨RI�® FÛJ�òYIH°�8

M�;=:<;=:UlmF=BF=BWvdwi�X(xgE�@Cyzx|{}X
òW1×¨ º L�ÃE/cIY¨xDrL § /CDrL = ¿x/C1 Å /C¤�<c5CG @ ¨ º ¿�I º / Á L²3?L�L�1 @ 1T¨HG|5rDr« § LMD×¨ º /2¨Ê¿ @ 1:L Ë ©¢I¼ G|5c¿ @ DrLM1c¨ @y¦ LMDÑF`òYIM8`Õ º LMI|L�/C¤�<c5CG @ ¨ º ¿�I § /C1×3?L ¼ «:G|¨ º L�GÊ<CGH5C«:Ã?LMD @ 1T¨|5;D @ Ï�L�GHL�1T¨ÇW¼ /C¿ @ ¤ @ LaIWÈ = I|« §Rº /CI ø «:GHL�µW/2Ã:G @ 5cG @ ¤ @ ¶cL = Ú L�¿ @ µ�/CÃ:G @ 5CG @ ¤ @ ¶CL = Ú L�¨ ú 14«:¿xL�GR/[¨ @ 5C1ÍÕ%GHL�L¤ @ ¶CL = L�¨ § 8
• ~ I^E�Rh��P�Q�E�F%@<E�F�k%F%�<R ³ º L�GHL F`òYIK/CG|L�<cL�1:LMGH/2¨|LaD�36/CI|LMD�5C1¨ º L�<CL�1EL�GR/[¨|L�µoÃEG|«:1EL¤�L Á L�¤A3 Å ¤¥L Á L�¤ @ ¨HL�GR/[¨ @ 5c1õ¨ º /2¨�³P/CI ¦ GHI�¨�ÃEG|5c¿ «:¤¥<c/2¨|LMD @ 1¯¨ º L Ë Ã:G @ 5CG @ /C¤�<c52µG @ ¨ º ¿ ëmì ð 8?òW1�¨ ºE@ I ÇW¼ /C¿ @ ¤ Å È /CG §Rº L�¨ Å ÃE/2¤q/C¤�<c5CG @ ¨ º ¿�I @ 1 § ¤�«6DrLCó Ë Ã:G @ 5CG @�= Ë Ã:G @ 5cG�µ
@ Õ @ D/216D Ë Ã:G @ 5cG @ Ô Å Ã:G @ D;ë ì ð�=?ø /CG�¨ @ ¨ @ 5c1×ë öcí ð�= ·¸Ô ø ë ö îkð�= Ú /C¿xÃ:¤ @ 1:<ëm÷ ï[ðo= ·Kò|Jë8- ð�= J Ë ©¢¬ Ë ë î ô ð�= L�¨ § 8

• o R,y�FH��P�Q�E�F%@<E�F(k=FH�CR ³ º L�GHLÍF`òYI�/CG|L±<CL�1EL�GR/[¨|LaDõ3 Å LM14«:¿xL�GR/[¨ @ 1:< § /21ED @ D:/2¨|L
@ ¨HL�¿�I�L�¨HI)3:«:¨ Dr5�1E52¨ /2ÃEÃ:¤ Å ¨ º L Ë ÃEG @ 5CG @ <CL�1EL�GR/[¨|L�µoÃEG|«:1EL @ ¨|L�GR/[¨ @�Á L�/2Ã:Ã:GH5c/ §Rº¼ 5C«:1ED:LMD�5C1×®�ôa°�¨ º L�ÄY5 @ 1�Ã:GH5 § LMDr«EG|L = /21ED;®oìC°�¨ º L�Ã:GH«:1:L&Ã:GH5 § LaDr«:GHL)¨ º /2¨KL�¿ÊµÃ:¤�5 Å I¢¨ º L § ¤¥5cI|«:GHL�Ã:GH5CÃ?L�G|¨ Å 5 ¼ @ ¨HL�¿�I|L�¨HI¢Ð @ ¼ /C1 @ ¨|L�¿�I|L�¨ @ I ¼ GHL » «:L�1T¨A¨ º LM1Í/2¤¥¤



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl �
@ ¨RI�I�«:36I�L�¨HI�³ @ ¤¥¤q/2¤�I|5�3?L ¼ G|L » «EL�1T¨ Ü @ ¼ /C1 @ ¨|LM¿xI|L�¨ @ I @ 1 ¼ G|L » «EL�1T¨P¨ º LM1�/C¤�¤ @ ¨HI�I|«rµÃ6LMGHI|L�¨RI0³ @ ¤�¤q/C¤¥I|5 3?L @ 1 ¼ GHL » «:LM1T¨M84òW1²¨ º:@ I ÇY¼ /2¿ @ ¤ Å È¢¨ Å Ã @�§ /C¤�/C¤�<c5CG @ ¨ º ¿�I @ 1 § ¤¥«EDrLcóË ò Ú ë�ô ðo= Ú ú Õ�¬ÿë îcîkðo= É&J�· ë ö ïkð�= L�¨ § 8

• o RSD���B�I�y�RSE�P�D�F=@<B��pE�R,R�k=FH�CR ³ º L�GHL¢F`òYIÌ/2GHLP<CLM1:L�GR/[¨HLMD ¨ º GH5C«:< º�§ 5C16IY¨HG|« § ¨�µ
@ 1:<¸/¢I|L�¨�LM14«:¿xL�GR/[¨ @ 5C1�¨|GHL�L0I�¨|GH« § ¨H«:GHLKë öcù ð ¼ G|5c¿ DT

= ³ º:@¥§Rº / Á 5 @ D:I�¨ º L�1:L�LaD)¨|5L�14«:¿xL�GR/[¨HL�/¸¤�/2GH<CL�1T«E¿ 3?L�G]5 ¼ § /C1ED @ D:/[¨HL @ ¨|LM¿�I�L�¨HIM8[òW1�¨ º:@ I ÇW¼ /C¿ @ ¤ Å È�/¸1T«E¿ 3?L�G5 ¼ /2Ã:ÃEG|5T/ §Rº LaI § /21±36L ¼ «:G�¨ º L�G¸D @¥ÁT@ DrLaD @ 1T¨H5�¨Y³�5Â¿x/ @ 1ÍIY¨HG|La/2¿�I�ó�®Yôa° Ë Ã:G @ 5CG @ µÕ�F ø�� 3E/cI�LaD¯® @ 8 LC8 = ë¥ôCô ðo= ë¥ôaì ð�= ë¥ô î2ðo= ë¥ô 	kð�= ë�ô�- ðo= L�¨ § 8m° = /C1ED¯®�ìc° F ø µo¨|GHL�L�3E/CI|LMD® @ 8 Lc8 = ë í ð�= ëmì[ö ð�= ëmìh- ð�= ë î í ð�= L�¨ § 8m°�8
M�;=:<;3M�lmF=BF=BWvdwi�X(xgE�@Cyzlmx|{}X
ò�¨ @ I�/CÃ:ÃE/CG|LM1c¨)¨ º /[¨�¨ º L²I @u/ L�5 ¼ / § 5C¿xÃ:¤¥L�¨HL²I�L�¨�5 ¼ F`òYI § /C1´3?L Á LMG Å ¤¥/CG|<cLC8qÕ º L
§ 5C1 § L�Ã:¨�5 ¼ ¬F`ò�ë ö,- ð ³P/CI)Ã:GH5CÃ?5cI|LMDÍ¨|5 ¦ 1ED¹I�L Á LMGH/C¤ Ç ¤¥5C1:<2È�®�I�«:Ã?L�G�°)F`òYI @ 1 DT

=³ º:@¥§Rº / Á 5 @ D:I�¨ º L�GHLMDr«E1ED:/21T¨Ê³�5cG|¶;GHL » « @ G|LaD;¨|5 @ D:L�1T¨ @ ¼ÆÅ±Ç I º 5cG�¨�È�F�ò�8]Õ º L § 5c1rµ
§ L�Ã:¨²5 ¼ Á L�G|¨ @�§ /C¤�¿ @ 1 @ 1:< º /CI�/C¤¥I|5Í3?L�LM1ÒL�Ï?L § ¨ @�Á L�¤ Å Ã:GH5C¿x52¨HLMD @ 1Ò¨ º:@ I § /[¨|LM<C5cG Åë ÷2ö ð 8,�]LMG�¨ @¥§ /2¤�¿ @ 1 @ 1:< =c¦ GHI�¨�¿xL�1T¨ @ 5c1:LMD @ 1Íë î ì ðo= DrLa/2¤�I�³ @ ¨ º / Á L�G|¨ @�§ /C¤E¨HGH/C1EI|/ § ¨ @ 5c1D:/[¨R/23E/cI�L

DV
T
= ³ º L�GHL²LM/ §Rº D:/[¨R/[µ�G|L § 5CGRDÍG|LMÃ:G|LaI�LM1T¨HI&/21 @ ¨|LM¿ ¨ º /2¨ @ I /CIHI|5 §�@ /2¨|LaD³ @ ¨ º /&¤ @ I�¨�5 ¼ @ ¨HI�GHL�¤�/[¨ @¥Á LP¨HGH/C1EIH/ § ¨ @ 5c1EI¢®Æ¨ º LA¨|GR/21EIH/ § ¨ @ 5C1EI @ 1²³ º:@�§Rº²@ ¨ @ IÌÃ:GHLMI|L�1T¨�°�8Õ Å Ã @�§ /C¤%¬F`ò�/2¤¥<C5CG @ ¨ º ¿�I @ 1 § ¤¥«EDrLcó6¬/2½ ú�§ ¤�/[¨�� ú0§ ¤¥/2¨ ëm÷[ö ð�= ¬/2½6J�¤ @�» «:LA�²J�¤ @¥» «:Lë ÷2ö ðo= ¬/[½4µW¬ @ 1EL�G)ë ö�- ð�=:øÌ@ 1 § LMG�µ Ú LM/CG §Rº ë î - ð�= ¬ Ë F`ò Ë ë ù ð�= K L�16¬/[½±ëmì 	[ðo= L�¨ § 8

M�;=:<;���lmF=BF=BWvdwi�X(xgE�@Cyzx�>A{}X
Ë ¤¥<C5CG @ ¨ º ¿�I¢3?L�¤¥5C1E< @ 1:<²¨H5²¨ ºE@ I § /2¨|L�<c5CG Å L�½T¨HGH/ § ¨ Ë ©¢IK¨ º GH5C«E< º <CLM1:L�GR/[¨ @ 1E<Â/ÂI|L�¨5 ¼ F`J�òYI ¼ G|5c¿

DT

8?òW1 ¼ / § ¨¢¨ º LÊI�«EÃ:Ã65cG�¨¢5 ¼ I�5c¿ÊL�I�«:3:µ @ ¨|LM¿xI|L�¨RI¢5 ¼ /C1¾¬F`ò�¿ @ < º ¨36L º /2GRD;¨H5 @ DrL�1T¨ @�¦ LaD×GHLMI|«:¤y¨ @ 1E< @ 1Ò/ ¼ «EG�¨ º L�GxD @ Î § «:¤�¨ Å @ 1Ñ¨ º L § 5c¿ÊÃE«r¨H/2¨ @ 5C1×5 ¼
§ 5C1 ¦ DrL�1 § LC8�Õ º L § 5C1 § L�Ãr¨)5 ¼ FÛJ�ò ë öCö ðÌ@ I¸Ã:GH5CÃ?5cI|LMD�¨H5 @ ¿xÃ:GH5 Á L�¨ º:@ IAÃEG|5cÃ6LMG�¨ Å 5 ¼¬F`ò = ³ º:@�§Rº / Á 5 @ D:I�¨ º L�D @ Î § «:¤�¨ Å 5 ¼ @ DrL�1T¨ @ ¼ÆÅ @ 1E<)¨ º L¢I|«:Ã:Ã?5CG|¨]5 ¼ /C1 Å I�«E3rµ @ ¨|LM¿�I�L�¨HI5 ¼ /�GHL�¤�/[¨ @�Á L�¤ Å�Ç ¤�5c1:<[ÈÌF`ò�8 Ë F`J�ò f @ I`/21 @ ¨|LM¿xI|L�¨ S ∈ DT

= ³ º LMG|L f @ I ¼ GHL » «:LM1T¨�/21ED
¬∃ @ ¨|LM¿�I�L�¨ f ′ ⊃ f

/21ED
f ′ I º /CG|LaIP/ § 5C¿x¿x5C1¾I|«:Ã:Ã?5CG|¨P³ @ ¨ º f

8EÕ º L&G|LM¤¥/2¨ @ 5C1EI º:@ Ã36L�¨Y³�LML�1xF�ò = ¬F`ò�/216DÊFÛJ�ò @ I`¨ º /2¨0¬F`ò ⊆ F`J�ò ⊆ F�ò�ë ù ð 8CòW1 ¨ º:@ I § /[¨HL�<c5CG Å ¨ Å Ã @�§ /C¤/2¤¥<C5CG @ ¨ º ¿�I @ 1 § ¤¥«EDrLcóTJ�*`É Ú ú Õ ë öCö ð�= J�*ÛÉ Ú ú Õ"�Ýë ÷:ô ðo= J�Ô Ë ©¢¬ ë ÷c÷ ð�= ¬ Ë F`ò Ë ë ù ð�=L�¨ § 8

M�;3MN>Ak=P)X�X�FHsJf
P)D�F%@CB�iwI�k%R�lmF=BF=BW
J�©¢¬ DrLM/C¤¥IP³ @ ¨ º DC

= ³ º LMG|L DC
@ I ¼ 5c«:1EDrLaD�/CI DR ∪DE

8:ò�¨KD @ I § 5 Á L�GRI�/xI|L�¨¢5 ¼J�©¢I @ 1 DR

¼ GH5C¿#³ ºE@¥§Rº ¨|5 3:« @ ¤¥D�/ § ¤¥/cI|I @y¦ L�GÛ¨|5 § ¤¥/cI|I @ ¼ÆÅ¸Ç «:1EI|L�L�1rÈ�D:/2¨H/)GHL § 5CGRD:I @ 1
DE

8 Ë
DR

§ 5C1EI @ IY¨RIq5 ¼ n DE/[¨H/2µ�/2¨�¨HG @ 3:«r¨HLMI%/C1ED m
D:/[¨R/¢GHL § 5cGHDEI�8�� Å § 5c1 Á L�1T¨ @ 5c1A¨ º L¤¥/cIY¨¢D:/2¨H/[µW/[¨|¨|G @ 3E«r¨|L @ 1�La/ §Rº D:/[¨R/[µ�G|L § 5cGHD�«6I�«E/C¤�¤ Å @ 1ED @�§ /2¨|LMI @ ¨RIPÃ:G|L�µ�D:L ¦ 1:LaD § ¤�/CIHI =1:52¨HLMDÑ/cI�¨ º L § ¤�/CIHI /[¨|¨|G @ 3E«r¨|Lc8ÌJ�©K¬ § /C1¹¨ º «EIÊ3?L�D:LMI § G @ 3?LMD×/cI�¨ º L�Ã:G|5 § LMIHI 5 ¼
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/CIHI @ <C1 @ 1:<�/���545C¤¥LM/C1 Á /C¤�«:L¢¨|5�La/ §Rº ÃE/ @ G (dj , ci) ∈ DE×C = ³ º L�GHL¢LM/ §Rº dj ∈ DE@ I)/21 Ç «:16I�LML�14È�D:/2¨H/2µoGHL § 5CGRD = C /cIAD:L § ¤�/2GHLMD @ 1´I�L § ¨ @ 5C1Òô @ I)/ÂI|L�¨)5 ¼ Ã:GHL�µWDrL ¦ 1:LMD
§ ¤�/CIHI�LaI = /216D (dj , ci)

@ I�/xD:/2¨H/[µ�GHL § 5cGHD @ 1 DE

¨|5x36L&¤�/23?L�¤¥LMDq8

M�;3M�;=:U��O�R�>A@,�<RSEUdwk%WC@<E�F%D�O�y
òW1ÍJ�©¢¬þ/x14«:¿ 3?L�GA5 ¼ /2ÃEÃ:G|5T/ §Rº LaI º / Á L&3?L�LM1Ã:GH5CÃ?5cI|LMD�¨|5Â<CL�1EL�GR/[¨|L&/ § ¤¥/cI|I @�¦ L�G¼ G|5c¿ /ÍI|L�¨�5 ¼ ¨|GR/ @ 1 @ 1:<¹D:/[¨R/[µ�G|L § 5cGHD:IM8�FE5CG�L�½r/C¿xÃ:¤�L�¨ º LÍJ�5 Á L�G Ë ¤¥<C5cG @ ¨ º ¿	ë ö6ô ð¨H/2¶cLMI

DR
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�.�'�,�S���u�} 2¡£¢|¤�¥<¦
§<¨
fgZcQTbcV�� DR © SKVWU�SMfgZTfgZT{���zTS�V�S�lWOHV«ª ¨\MbcVYQcbcV��2VYvTOPlWO|V SCR © VYvcOPeR\MX&QTsgOHVYO�lWOHV0\M^�X&fyZcfgX�SMs:ZT\MZc�ÆUYO�zcbcZ4zcSMZ[VÌ_�90l`ª ¨
©�¬ ªo�rOR{afgZ© ��ª SCR

�  {�} ¨© ��ª �ÌvcfysgO DR 6= {�}
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© Y ª 74ZTz�S&_�9e®«¯]^¥UY\MX DR
vTORbCUYfgl�VYfyeRSMsgsmn ¨

© ��ª UYORX&\�jkOPS�sgs6UYOReR\�U�zclÌfyzcORZ[VYf874ORz��[nn®«¯]^¥UY\aX DR
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© }�ª SCR ← SCR ∪
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• ¶ R,f
F=X�F=@<Bv�pE�R,R,Xhr 9 º L�GHL¢J�©KIÌ/2GHLP¿ @ 1:LaD�36/CI|LMD�5C1x/)<CGHL�LMD Å /2¤¥<C5CG @ ¨ º ¿�82Õ º L/2Ã:Ã:GH5c/ §Rº×§ /C1Ò3?L¾I�LMÃE/2GR/[¨HLMD @ 1T¨|5´¨Y³�5;I�¨H/2<cLMI�³ º L�GHL�/�µ65[³ §Rº /2G|¨x¤ @ ¶CL�¨|GHL�LIY¨HG|« § ¨|«:GHL @ I § 5c1EI�¨|GH« § ¨HLMD ¼ GH5C¿ DR
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5c1 ¨ º L¢/[¨|¨|G @ 3:«:¨|LP¨ º /[¨ÌÃ:GH5rDr« § LaIÛ¨ º L|&(����$u&�·¸&º¹,�¸$u»
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• ¼ Ph½<R,X�F%P)B¾dwQQ�E�@<P)f�Opr Õ º L�¨ Å Ã @�§ /C¤r¿xL §Rº /C1 @ I|¿ ¼ 5c«:1ED @ 1�� Å LMI @ /C1�J�©K¬-/CÃrµÃ:G|5T/ §Rº LaI @ I�16/ @¥Á LK36/ Å LMI = ³ ºE@¥§Rº�º /CI�36LML�1�³ @ DrLM¤ Å /CÃ:Ã:¤ @ LaD @ 1�¬/ §Rº:@ 1:L�*%LM/2GH1rµ
@ 1:<68%Õ º L²<cL�1:LMGH/C¤ @ D:LM/�5 ¼ 1E/ @�Á L�3E/ Å LaI @ I�¨|5¾¿�/2¶cL�«EI|L²5 ¼ ¶41:5[³�¤�LaDr<CL�5 ¼ ¨ º LÄY5 @ 1c¨ÛÃ:GH5C3E/C3 @ ¤ @ ¨ @ LMI%¨ º /2¨]L�½ @ I�¨Û36L�¨Y³�LML�1�/2¨�¨HG @ 3:«r¨HLMI @ 1 ¨|GR/ @ 1 @ 1:<2µWD:/[¨R/CI|L�¨ÛI�5¸/CI�¨|5Ã:G|5rDr« § L�/)¿x54D:L�¤:5 ¼ I|5C¿xLP¿�/ §Rº:@ 1:L�¤¥LM/2GH1 @ 1:<&/2Ã:ÃE¤ @�§ /2¨ @ 5C1�¨ º /2¨ § /C1�3?LK/2ÃEÃ:¤ @ LMD¨|5 Ç «:1EI|L�LM14È D:/[¨R/:8�Õ º L&¨|LMG|¿ 1E/ @�Á L @ IK«EI|LMD¾¨|5²GHL ¼ LMG¢¨|5Â¨ º LÊ/CIHI�«E¿ÊÃ:¨ @ 5C1�¨ º /[¨¨ º L § 5C1ED @ ¨ @ 5c1E/2¤qÃEG|5c3E/23 @ ¤ @ ¨ Å 36L�¨Y³�LML�1D:/2¨H/[µW/[¨|¨|G @ 3E«r¨|LaI @ I @ 16DrL�Ã?L�1ED:L�1T¨A5 ¼ ¨ º L
§ 5C16D @ ¨ @ 5c1E/2¤?Ã:GH5C3E/C3 @ ¤ @ ¨ Å 3?L�¨Y³�L�LM1Â5C¨ º LMG�D:/2¨H/2µ�/2¨�¨|G @ 3:«r¨|LaI�8 Ë 1E/ @¥Á LA3E/ Å LaI § ¤¥/cIYµI @�¦ L�G @ I�3:« @ ¤�¨K«EI @ 1E< DR

= ³ ºE@¥§Rº¾§ 5c¿xÃ:G @ I|LMI�/�I|L�¨¢5 ¼ § 5c1ED @ ¨ @ 5C1E/C¤qÃ:GH5C3E/C3 @ ¤ @ ¨ @ LMI¼ 5CG`LM/ §Rº D:/[¨R/[µW/[¨|¨|G @ 3:«:¨|L ah ∈ IR

®t¨ º L�I�L�¨`5 ¼ /[¨|¨|G @ 3E«r¨|LaI @ 1 DR

°`/216D�LM/ §Rº�§ ¤¥/cI|I
ci ∈ C = I|5Â¨ º /[¨)¨ º L�GHLx/CG|L |IR| × |C|

ÃEG|5c3E/23 @ ¤ @ ¨ @ LaI�8�Õ º:@ I&I�L�¨)5 ¼ § 5c1ED @ ¨ @ 5C1E/C¤Ã:G|5c3E/23 @ ¤ @ ¨ @ LaI @ IP¨ º L�1�«EI|LMDÂ¨|5 § ¤¥/cI|I @ ¼ÆÅ�Ç «E1EI�LML�14È)D:/[¨R/[µ�G|L § 5CGRD:I @ 1 DE
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��¿�R,P�E�R,X�D�¿�RSF=W<O2Gp@<IE,r
K
µ�L¢La/2GHLMI�¨�L¢L @ < º 3?5C«EGÊ® K µ�L"LA° @ I)/Â³�LM¤�¤�µo¶41:5[³�1IY¨R/[¨ @ I�¨ @�§ /2¤²/CÃ:Ã:GH5c/ §Rº «EI|LMD @ 1 J�©K¬ = ³ º:@�§Rº § ¤�/CIHI @�¦ LaI¹/21 Ç «:16I�LML�14È¯D:/[¨R/[µG|L § 5CGRD dEi ∈ DE

= 3 Å I�«E¿Ê¿�/CG @ I @ 1:<±/ § 5c¿x¿Ê5c1×Ã:GHL�µWDrL ¦ 1:LMD § ¤¥/cI|I ¼ GH5C¿ @ ¨HI
K
¿x5cI�¨�I @ ¿ @ ¤�/2G @ 16IY¨R/21 § LMI =?@ DrLM1c¨ @y¦ LMD @ 1 DR

8�Õ�5 @ DrLM1c¨ @ ¼ÆÅ ¨ º L K
¿Ê5TIY¨&I @ ¿Êµ

@ ¤�/2G�¨HGH/ @ 1 @ 1:<Cµ @ 1EI�¨H/C1 § LaI ¼ 5CG dEi
=�§ /2¤ § «:¤�/[¨ @ 1:<;¨ º L ú « § ¤ @ DrLa/21¯D @ I�¨H/21 § L Á /2¤¥«:L36L�¨Y³�LML�1�LM/ §Rº ¨|GR/ @ 1 @ 1:<�D:/[¨R/[µ�G|L § 5cGHD dRi ∈ DR

/216D
dEi

º /CIP3?L�L�1 § 5C¿x¿x5C1:¤ Å
«EI�LaD�ó

Distance(dRi, dEi) =
√

(
∑n

j=1(dRij
− dEij

)2) = ³ º LMG|L dRij

/C1ED
dEij/2GHLK¨ º L Á /2¤¥«:LMIP5 ¼ ¨ º L j

¨ º D:/[¨R/[µW/[¨|¨|G @ 3:«EL @ 1 DC

¼ 5CG
dRi

/C1ED
dEi
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• o IQQp@qE�D(À�R,f¸D�@<E�lmP)f�O�F%B�R<r Õ º L�5C3:ÄYL § ¨ @�Á L�5 ¼ «EI @ 1:< Ú «:ÃEÃ65cG�¨"�]L § ¨H5CGA¬±/[µ
§Rº:@ 1EL�® Ú �A¬±°�ë 	kð]@ IA¨|5 ¦ 1EDÍ/ º Å Ã65C¨ º LaI @ I�ÁÂ ³ º:@�§Rº ¿ @ 1 @ ¿ @ I�LaIK¨ º LU�%��·S�A���«�}!��
DrL ¦ 1ELMD�/CI]¨ º LAÃ:G|5c3E/23 @ ¤ @ ¨ Å ¨ º /2¨�ÁÂ Ã:GH5rDr« § LMIÌ/C1�L�GHG|5c1:L�5c«EIÛG|LaI�«E¤y¨a8 Ú �¸¬ ¿�/2¶CL«EI�L�5 ¼ ¤ @ 1:LM/CG ¼ «E1 § ¨ @ 5c1EIÛ5 ¼ ¨ º L ¼ 5CGH¿�ó f(x) = w T x + b = ³ º LMG|L w @ I�¨ º L�³�L @ < º ¨Á L § ¨|5cG = x @ I ¨ º L @ 1:ÃE«r¨ Á L § ¨H5CG = /216D w T x @ I&¨ º L @ 1:1:LMG Ã:GH5rDr« § ¨ 36L�¨Y³�LML�1 w/21ED

x
8EÕ º L¸¿�/ @ 1 § 5c1 § LMÃr¨�5 ¼ÛÚ �A¬ @ I�¨H5�I�LM¤�L § ¨K/ Â
Ã �J� ���2�3��»C�¢¨ º /[¨¢I�LMÃE/2GR/[¨HLMI¨ º L¢Ã?5cI @ ¨ @¥Á LK/C1ED�1:LM<c/[¨ @�Á L�L�½:/2¿xÃ:¤¥LMI0³ º:@ ¤�L¢¿�/2½ @ ¿ @ I @ 1:<&¨ º LAI|¿x/C¤�¤¥LMI�¨0¿�/2GH< @ 1q8Ú ¨H/C1ED:/2GRD Ú �A¬ ¨|L §Rº 1 @¥» «:LaI²Ã:GH5rDr« § L3 @ 1E/2G Å § ¤¥/cI|I @y¦ L�GRI�80Õ�³�5 § 5c¿Ê¿x5c1õ/CÃrµÃ:G|5T/ §Rº LaIÌ¨H5²I�«EÃ:Ã65cG�¨P¨ º L /2ÃEÃ:¤ @�§ /2¨ @ 5C1�5 ¼]Ú �A¬ ¨HL §Rº 1 @�» «:LMI�¨H5x¨ º L&¿�«:¤�¨ @ µ § ¤¥/cI|IÃ:G|5c3:¤¥L�¿ /CG|L�ÉA1:L Ë <T/ @ 1EIY¨ Ë ¤�¤�®oÉ ËKË °�/C1EDÉA1:L Ë <c/ @ 16IY¨AÉA1:L�®oÉ Ë É)°�8

M�;��Ä>Ak=P)X�X�FHsJf
P)D�F%@CB�dwX�X�@gfhF%P�D�F%@CBeiwI�k%R1lmF%B�F%B�W
Ë 1¯5 Á L�GH¤¥/CÃª3?L�¨Y³�L�LM1 Ë ©K¬ /21ED J�©¢¬ @ I�J Ë ©¢¬ = ³ º:@¥§Rº IY¨HGH/2¨|L�< @¥§ /2¤¥¤ Å I�5c¤ Á LMI¨ º L¸¨|GR/CD @ ¨ @ 5c1E/2¤qJ�©¢¬"Ã:G|5c3:¤¥L�¿ 3 Å /2Ã:ÃE¤ Å @ 1:< Ë ©¢¬ý¨|L §Rº 1 @¥» «:LaI�84ò�¨�¿ @ 1ELMIP/�I|L�¨�5 ¼J Ë ©¢I ¼ G|5c¿

DTR

8 Ë J Ë © @ Iq/C1 Ë ©;5 ¼ ¨ º L ¼ 5CGH¿ X ⇒ ci
= ³ º L�GHL X @ I%/C1&F�ò�¿ @ 1:LMD¼ G|5c¿

DTR
= /C1ED ci

@ I�/Ã:GHL�µWDrL ¦ 1:LMD § ¤¥/cI|I @ 1 C
¨H5³ º:@�§Rº D:/2¨H/[µ�GHL § 5cGHDEI § /21¹3?L/CIHI @ <C1:LaD�8kÕ º L @ DrLa/K5 ¼ J Ë ©¢¬Ø³P/CI ¦ GHI�¨ÛÃ:G|LaI�LM1T¨|LMD @ 1�ë î2ð 8 Ú «E3EI�L » «:L�1T¨|¤ Å /A1T«E¿ 3?L�G5 ¼ /2¤�¨|LMG|1E/2¨ @¥Á L¾/2ÃEÃ:G|5T/ §Rº LaI º / Á L�3?L�LM1¯DrLMI § G @ 3?LMDq8p��G|5T/CDr¤ Å J Ë ©¢¬ /2¤¥<C5cG @ ¨ º ¿�I

§ /21Ñ36L § /2¨|L�<c5CG @ I|LMD @ 1T¨|5¨Y³�5<cG|5c«:ÃEI / §�§ 5CGRD @ 1E<¾¨|5±¨ º L�³�/ Å ¨ º /2¨�¨ º LJ�©¢I�/CG|L<CL�1EL�GR/[¨|LaD�ó
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	kð 8`J�� Ë ®oJ�¤�/CIHI @y¦6§ /[¨ @ 5c1
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3:«r¨¢<CLM1:L�GR/[¨HLMI¢J Ë ©KI�¨ º GH5C«:< º /xF ø µo¨|GHL�L�ëmìh- ð 3E/CI|LMD�/2Ã:ÃEG|5T/ §Rº 8

•
{}B2D�R,W<E�P)D�R,tÆPqk%WC@qE�FHD�OyÈX ³ º L�GHL&¨ º L § ¤¥/cI|I @y¦ L�G @ IKÃEG|5rDr« § LMD @ 1±/ÂI @ 1:<C¤¥L�Ã:GH52µ
§ LMIHI @ 1:<�IY¨HL�Ãq8 ú ½r/C¿xÃ:¤�LaI¸5 ¼ ¨ º:@ I&/2Ã:Ã:GH5c/ §Rº¾@ 1 § ¤¥«EDrL�Õ�F ø J�É�ë�ôk÷ = ôMù ðo= /216D @ 1rµDr« § ¨ @ 5c1¯I Å I�¨|LM¿xIÂI�« §Rº /cI²F`ÉAòÊ* ë ö 	kðo=�ø ©¢¬ /C1ED J ø Ë ©ñëm÷ î[ð 8�Õ�F ø J ® Õ�52µ
¨H/2¤�F:GH5C¿ ø /2G|¨ @ /2¤PJ�¤¥/cI|I @y¦?§ /[¨ @ 5c16° = ÃEG|5cÃ65TI�LaD±3 Å J�54L�1EL�1È�����¸�Ç� @ 1Ñì ïcï ö =?@ I�/Ë Ã:G @ 5cG @ µWÕ�F ø ë¥ô 	kð 3E/CI|LMD²J Ë ©¢¬ /2¤¥<C5cG @ ¨ º ¿ = ³ ºE@¥§Rº <CLM1:L�GR/[¨HLMI�J Ë ©¢IÛ¨ º G|5c«:< ºL�Î §�@ L�1T¨|¤ Å § 5C16IY¨HG|« § ¨ @ 1:<�3?52¨ º²ø µo¨|GHL�LK/C1ED�Õ�µ�¨HG|LMLKI|L�¨�LM14«:¿xL�GR/[¨ @ 5C1Ê¨HG|LMLKIY¨HG|« § µ¨|«:GHLMIM8%F`ÉAòÊ*Ý®�F @ GRIY¨ÊÉAGRDrLMG&òW1EDr« § ¨ @¥Á Lw*%LM/2GH1:LMGR° @ I�/21 @ 1EDr« § ¨ @¥Á L²¤¥LM/CG|1 @ 1:<¾/2¤�µ<C5CG @ ¨ º ¿ ¼ 5cG&<CL�1EL�GR/[¨ @ 1:<J Ë ©¢I DrL Á L�¤¥5CÃ?LMDÍ3 Å > « @ 1E¤¥/C1´/C1ED;J�/C¿xL�GH5C1rµW7C5c1:LMI
@ 1ÒôMíCí î 8?Õ º:@ I)/C¤�<c5CG @ ¨ º ¿ ³�/cIK¤�/[¨HL�G)DrL Á L�¤¥5CÃ?LMD3 Å . @ 1´/21EDÍÔK/21±¨|5�Ã:GH54D:« § L¨ º L ø ©¢¬ÿ® ø G|LaD @¥§ ¨ @¥Á L&©�«:¤¥L&¬ @ 1 @ 1E<T°�J Ë ©Ö<CLM1:L�GR/[¨ @ 5c1�/2¤¥<C5cG @ ¨ º ¿�8 ø ©¢¬ ³P/CI
¨ º LM1 ¼ «:G|¨ º L�G�DrL Á L�¤¥5CÃ?LMD = 3 Å . @ 1�/21ED�ÔK/C1 @ 1�ì ïCïcî ¨|5xÃ:GH5rDr« § L&J ø Ë © ®oJ�¤�/CI�µI @�¦6§ /2¨ @ 5C1�3E/CI|LMD�5C1 ø GHLMD @�§ ¨ @�Á L Ë IHI�5 §�@ /[¨ @ 5c1�©¢«:¤�LaIH°�8

M�;��g;=:�>AP)X�R o P�D�F=X�Ë�P)f
D�F%@CBÌd�Q�Q�E�@CP)f�O�RSX
©�L�<T/2GRDr¤�LaI|IÂ5 ¼ ³ º:@�§Rº Ã6/2G|¨ @�§ «:¤�/2G�¿ÊL�¨ º 5rDr¤¥5C< Å @ I�«EI|LMDõ¨H5Ò3:« @ ¤�D @ ¨ = / § ¤¥/cI|I @�¦ L�G
@ I�«6I�«EIH/2¤¥¤ Å Ã:GHLMI|L�1T¨|LaDÒ/cI�/21õ5CGRDrL�GHLMDõJ Ë ©-¤ @ I�¨ R 80òW1ûë¥ôa÷ ð J�54LM1:L�1�/216Dj*%L�1:<
I�«:¿x¿�/2G @ I�LaD;¨ º GHL�L § /cI�L�I|/2¨ @ I ¼ / § ¨ @ 5c1Ò/2ÃEÃ:G|5T/ §Rº LaI)¨ º /[¨ º / Á L�36LML�1ÒL�¿xÃ:¤¥5 Å LMD @ 1D @ Ï�L�GHL�1T¨PJ Ë ©¢¬ /C¤�<c5CG @ ¨ º ¿�I ¼ 5CG0«:¨ @ ¤ @ I @ 1:<&¨ º L¢GHLMI|«:¤�¨ @ 1:< § ¤�/CIHI @�¦ LMG]¨|5 § ¤¥/cI|I @ ¼ÆÅ¸Ç «:1rµI�LML�14È²D:/[¨R/:8qÕ º LaI�Lx¨ º GHL�L § /cI�L²IH/[¨ @ I ¼ / § ¨ @ 5C1;/2Ã:ÃEG|5T/ §Rº LaI¸/CG|L @ ¨|LM¿ @ I|LMD;/CI ¼ 5C¤¥¤�5[³¢I®Æ< @¥Á LM1�/ÊÃE/CG�¨ @¥§ «:¤�/2G § /cI�Lk°�ó

• ¼ R,X�DÆx|FHE�X�DÆi�Ik=R<r Ú L�¤¥L § ¨±¨ º L ¦ GHI�¨ Ç 36LaIY¨�È×G|«:¤¥L;¨ º /[¨´IH/[¨ @ I ¦ LaI�¨ º LÒ< @¥Á LM1
§ /CI|L�/ §�§ 5CGRD @ 1E<�¨|5�I�5c¿xL 5CGRDrLMG @ 1:< @ ¿xÃ65TI�LaD5c1 R 8�Õ º LÊ5CGRDrL�G @ 1E< § /C13?LxD:L�µ¦ 1:LMDÒ/ §M§ 5CGRD @ 1:<¨H5;¿x/C1 Å D @ Ï�L�GHL�1T¨x5CGRDrL�G @ 1:<ÍI §Rº L�¿xLaI =Û@ 1 § ¤¥«ED @ 1:<Eó¢®�ôa°xJ ÚrË®oJ�5C1 ¦ DrL�1 § L�µ Ú «:ÃEÃ65cG�¨|µ�I @u/ L
0�5 ¼ 0 Ë 1T¨|L § LMD:L�1T¨R°KÐ § 5C¿�3 @ 16/[¨ @ 5C16I&5 ¼ § 5C1 ¦ D:L�1 § L =I�«:ÃEÃ65cG�¨0/C1EDxI @'/ LP5 ¼ /C1c¨HL § LMDrLM1c¨ = ³ @ ¨ º²§ 5c1 ¦ DrLM1 § L�3?L @ 1:<)¨ º L¢¿x5cI�¨]I @ < @ 1 @y¦?§ /21T¨¼ / § ¨H5CGK® «EI|LMD @ 1�J�� Ë = Õ�F ø Jª/C1EDÊ¨ º LKLM/CG|¤ Å I�¨H/C<CLaI]5 ¼ Ã:GH5 § LMIHI @ 1:<&5 ¼ J�¬ Ë ©K° Ü®�ìC°09¯© Ë ®Æ9´L @ < º ¨HLMDÂ©¢L�¤�/[¨ @¥Á L Ë §�§ «:GR/ § Å °ÛÐx³ º:@�§Rº GHL}µ6L § ¨RI�/�14«:¿ 3?L�GP5 ¼ G|«E¤�LÇ @ 1T¨|L�GHLMI�¨ @ 1:<c1:LMIHIWÈ¸¿ÊLa/CI|«:GHLMI¢/cI�Ã:GH5CÃ?5cI|LMD @ 1¹ë î ÷ ð Ü ® î °�*%/2ÃE¤¥/ § L Ë §�§ «:GH/ § Å Ð�/CI«EI�LaD @ 1 ø ©K¬Ù/C1EDÍJ ø Ë © Ü ® öT° χ2 Õ�LMI�¨ @ 1:<²Ð χ2 Á /2¤¥«:LMI¸/CI¸«EI|LMD =?@ 1±Ã6/2G|¨ =?@ 1J�¬ Ë © Ü ®o÷C° Ë J Ú ® I @'/ L
0�5 ¼ 0 Ë 1T¨|L § LaDrL�1T¨�µ�J�5C1 ¦ DrL�1 § L�µ Ú «:ÃEÃ65cG�¨�°`Ðx/C1�/C¤y¨HL�GH1E/[µ¨ @¥Á L�¨|5ÒJ ÚrË ¨ º /[¨ § 5C1EI @ D:L�GRIÊ¨ º LI @u/ L�5 ¼ ¨ º L¾GH«:¤¥L�/C1T¨|L § LMDrLM1T¨�/cIÊ¨ º L¾¿x5TIY¨I @ <C1 @�¦6§ /21T¨ ¼ / § ¨H5CG Ü L�¨ § 8

• ¼ R,X�D
K

i�Ik=RSXhr Ú LM¤�L § ¨K¨ º L ¦ GHI�¨ Ç 36LaIY¨ K È GH«:¤¥LMI�® @ 1¾¨ º:@ I §Rº /2Ãr¨HL�GA³�L D:L�1:5C¨|L
K
3 Å

k̂
/cI¢¿xL�1T¨ @ 5c1:LMD�/23?5 Á Lk°�¨ º /2¨AIH/[¨ @ I ¼ÆÅ ¨ º L�< @¥Á LM1 § /CI|L�/216D�¨ º LM1I�LM¤�L § ¨A/G|«:¤¥L�/ §�§ 5CGRD @ 1E<�¨|5�I�5c¿xL�/ Á LMGH/C< @ 1:<�Ã:GH5 § LMIHIK/cIK«6I�LaD ¼ 5CG¸L�½:/C¿ÊÃE¤�L =?@ 1;J ø Ë ©&8

2 �]â���_¹X�S�n��rO�\M�cV�S�fyZcO�z ^�UY\aX v[VWVYQ6� �����]�]��� eRlWea� sgfyjr� SMeM� bc�h� ˜ ^�U�SMZTl`����NPN��MdC\M^�Vo�ÛS�UYOa�



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl ~
Õ º L�¨HL�GH¿ Ç 3?LMI�¨YÈ @ 1¨ º:@ I § /CI|L @ I)DrL ¦ 1:LaD/ §M§ 5CGRD @ 1:<�¨H5�/C1 @ ¿xÃ?5cI|LMD¾5cGHD:L�G @ 1:<5 ¼ ¨ º L ¼ 5CGH¿ DrLaI § G @ 3?LMD @ 1 ¼ RSX�D(x|FHE�X�Dni�Ik=R 8

•
dwk%k�iwI�k%R,Xhr J�5c¤�¤¥L § ¨0/2¤¥¤:GH«:¤�LaI @ 1x¨ º L § ¤¥/cI|I @�¦ L�GÛ¨ º /[¨0IH/[¨ @ I ¼ÆÅ ¨ º L¢< @¥Á LM1 § /CI|L¢/21ED¨ º LM1ÊL Á /2¤¥«E/[¨HL�¨ º:@ I § 5c¤�¤¥L § ¨ @ 5C1�¨|5 @ DrL�1T¨ @ ¼ÆÅ / § ¤¥/cI|IM8cÉA1:LP³�L�¤¥¤yµ�¶41:5[³�1 L Á /C¤�«6/[¨ @ 5C1¿ÊL�¨ º 5rD @ 1Â¨ º:@ I § /[¨HL�<c5CG Å @ I09¯J Ú ® 9ÍL @ < º ¨|LMD χ2 °Ì¨HLMI�¨ @ 1:<�/cI0«6I�LaD @ 1�J�¬ Ë ©&8

M�;��g;3M�i�Ik=R�TVE�tRSE�F%B�W�d�Q�QE�@CP)f�OR,X
Ë I�1E52¨|LaD @ 1;¨ º L²Ã:GHL Á4@ 5C«EI&I|L § ¨ @ 5C1 ¦EÁ L�L�½ @ I�¨ @ 1:<¾GH«:¤�L�5cGHD:L�G @ 1:<�¿xL §Rº /21 @ I�¿�I�/CG|L
@ DrLM1T¨ @�¦ LMD�¨H5ÂI|«:Ã:Ã?5CG|¨¢¨ º L Ç 3?LMI�¨ ¦ GRIY¨AG|«:¤¥L�È § /CI|L�I|/2¨ @ I ¼ / § ¨ @ 5C1¾I�¨|GR/[¨HL�< Å 8 ú / §Rº§ /2136L ¼ «EG�¨ º L�GÊI�LMÃE/2GR/[¨HLMD @ 1T¨|5¨Y³�5I�¨H/C<CLMIMó0®�ôa°&/�GH«:¤¥L²³�L @ < º ¨ @ 1:<¾IY¨R/2<CL�³ º L�GHL�LM/ §Rº
Rj ∈ R

@ I&¤¥/C36LM¤�LaD±³ @ ¨ º /�³�L @ < º ¨ @ 1:<�I § 5cG|L�¨ º /[¨&G|LMÃ:GHLMI|L�1T¨HIA¨ º L²I @ <C1 @�¦6§ /21 § L�5 ¼
Rj
@ 1ED @�§ /2¨|LMI�/ I @ 1:<C¤¥L § ¤�/CIHI ci Ü /21ED±®�ìC°0/�GH«:¤¥LKGHL�µ�5CGRDrL�G @ 1E<)I�¨H/C<CL = ³ º:@�§Rº I|5CG|¨HI]¨ º L5CG @ < @ 1E/C¤ R @ 1Ê/)DrLaI § L�1ED @ 1:<)¿�/21:1EL�G = 36/CI|LMD�5C1�¨ º L�I § 5CGHLP/CIHI @ <C1:LaD @ 1ÊI�¨H/C<CL)®Yôk° = 5 ¼LM/ §Rº Rj

8E9 @ ¨ º G|LM<c/CGHD:I�¨H5Â3?52¨ º IY¨R/2<CLaI¢5 ¼ GH«:¤¥L�³�L @ < º ¨ @ 1:<Â/C1ED�G|«E¤�L�GHL�µ�5CGRDrLMG @ 1:< =LM/ §Rº GH«:¤�L)5cGHDrLMG @ 1:<Ê¿xL §Rº /C1 @ I|¿ § /21�36L�DrLaI § G @ 3?LMD @ 1�¿x5CGHL&DrL�¨R/ @ ¤q/CI ¼ 5C¤¥¤¥5[³¢I�ó

•
> o d�r Õ º L J ÚrË GH«:¤�L¸5CGRDrLMG @ 1:< ¿xL §Rº /21 @ I|¿ @ I�3E/cI�LaD²5C1�¨ º L¸³�L�¤¥¤�µoLaIY¨R/23:¤ @ I º LaDÇ|Ú «EÃ:Ã65cG�¨|µYJ�5c1 ¦ DrLM1 § L�È ¼ GR/2¿xL�³�5CGH¶Ñ®�I�LMLÂI�L § ¨ @ 5c1Ñìr8¥ôa°�8�ò�¨�Dr54LMI 1:52¨Ê/CIHI @ <C1¹/21/CD:D @ ¨ @ 5C16/2¤�³�L @ < º ¨ @ 1:<ÊI § 5cG|LK¨|5xLM/ §Rº Rj ∈ R

@ 1 @ ¨RI�GH«:¤�L¸³�L @ < º ¨ @ 1:<xIY¨R/2<CL = 3:«r¨I @ ¿xÃ:¤ Å <c/[¨ º L�GRIA¨ º L Á /C¤�«:LaI)5 ¼ § 5c1 ¦ DrLM1 § L�/216DÍI|«:Ã:Ã?5CG|¨ = /C1EDÍ¨ º L²I @u/ Lx5 ¼ ¨ º LG|«:¤¥L�/21T¨|L § LMD:L�1T¨ ¨H5 Ç L�½rÃ:GHLMIHIYÈ²/Í³�L @ < º ¨ @ 1:<ÍI § 5cG|L ¼ 5CGxLM/ §Rº Rj ∈ R
8]òW1×¨ º LG|«:¤¥L¸G|L�µo5cGHDrLMG @ 1:< I�¨H/C<CL = J Ú:Ë <cL�1:LMGH/C¤�¤ Å I�5cG�¨RI�¨ º L)5CG @ < @ 1E/2¤ R @ 1�/ÊDrLaI § L�1ED @ 1:<5CGRDrL�G&3E/cI�LaD;5C1;¨ º L Á /2¤¥«:L²5 ¼ § 5C1 ¦ DrL�1 § L�5 ¼ La/ §Rº Rj

8`F:5cG&¨ º LaI�LÂG|«:¤¥LMI @ 1 R¨ º /2¨�I º /2GHL¢/ § 5C¿x¿x5C1 Á /2¤¥«:LK5 ¼ § 5c1 ¦ DrLM1 § L = J ÚrË I�5cG�¨RI]¨ º L�¿ @ 1Â/�DrLaI § L�1ED @ 1:<5CGRDrL�G�3E/CI|LMDÂ5C1�¨ º L @ G¢I|«:Ã:Ã?5CG|¨ Á /C¤�«ELC8:F:«EG�¨ º L�GH¿x5CGHL ¼ 5cG�¨ º LMI|L)G|«E¤�LaI @ 1 R ¨ º /[¨I º /CG|L § 5C¿x¿x5C1 Á /C¤�«ELMI ¼ 5CG03?52¨ º�§ 5C1 ¦ D:L�1 § LA/216D²I�«EÃ:Ã65cG�¨ = J Ú:Ë I|5CG|¨HIÌ¨ º LM¿ @ 1/21�/CI § L�16D @ 1E<�5cGHDrLMG�3E/CI|LMD�5C1�¨ º L @ G¢I @'/ L&5 ¼ ¨ º L&G|«:¤¥L&/21T¨|L § LaDrL�1T¨M8
• Í i�d�r Õ º L�«EI�L�5 ¼ 9¯© Ë § /C1Ò3?L ¼ 5C«:1ED @ 1 ë î ÷ ð�= ³ º L�GHL�¨ º:@ IÊ¨|L §Rº 1 @�» «EL @ I«EI�LaDª¨|5×DrL�¨|LMG|¿ @ 1:L±/21�L�½rÃ6L § ¨|LaD�/ §M§ «:GR/ § Å×¼ 5CGÂLM/ §Rº <cL�1:LMGH/2¨|LMD¯J�©&8�òW1 @ ¨HIG|«:¤¥L¾³�L @ < º ¨ @ 1:<¹IY¨R/2<cL = 9¯© Ë /cI|I @ <C1EI�/;³�L @ < º ¨ @ 1:<¹I § 5CGHL�¨|5¹La/ §Rº Rj ∈ R

8
Õ º L § /2¤ § «:¤�/[¨ @ 5c1 5 ¼ ¨ º L Á /2¤¥«:Lª5 ¼ Rj

=&§ 5c1 ¦ GH¿ÊLaD @ 1 ë¥ôa÷ ð�=&@ I�óVÎÏ���:®
Rj

°¾Ð
support(Rj .antecedent) × (confidence(Rj)

µ
support(Rj .consequent)

8còW1
¨ º LAG|«:¤¥LKGHL�µ�5CGRDrLMG @ 1:<�I�¨H/2<cL¢¨ º LK5cG @ <C1 @ 1E/C¤ R @ I�I @ ¿ÊÃE¤ Å I|5CG|¨|LaD @ 1�/ DrLaI § L�1ED @ 1:<5CGRDrL�GP3E/cI�LaDÂ5c1Â¨ º L�/CIHI @ <C1ELMD�ÎÏ��� Á /2¤¥«:L)5 ¼ LM/ §Rº Rj

8
• Ñ P�QJk%P)fhR�dVf
fhI^E�P)f
½Ïr Õ º L�«EI|L&5 ¼ ¨ º L������2�3�,�}�����
�J���������U���«�}!��"��#��%$'&�������ë�ô ï[ð
§ /21;3?L ¼ 5C«E1ED @ 1�ëm÷ î[ð 8`Õ º L²Ã:G @ 1 §�@ Ã:¤�LÂ5 ¼ /2Ã:Ã:¤ Å @ 1E<¾¨ º:@ I�GH«:¤¥L�5CGRDrL�G @ 1:<�¿ÊL §Rº µ/21 @ I�¿ @ I&I @ ¿ @ ¤¥/CG¸¨|5�9¯© Ë 8�Õ º L § /C¤ § «:¤¥/2¨ @ 5C1Í5 ¼ ¨ º L�����2�3�,��� Á /2¤¥«:Lx5 ¼ Rj

@ IMó������������[®
Rj

°UÐ support(Rj .antecedent ∪ Rj .consequent) + 1
support(Rj .antecedent + |C|)

= ³ º L�GHL |C| @ I�¨ º LI @'/ L ¼ «:1 § ¨ @ 5C1�5 ¼ ¨ º L�I|L�¨ C
8

• χ2 �pR,X�D�F%B�Wr
χ2 Õ%LaIY¨ @ 1E< @ I�/Ñ³�LM¤�¤¸¶41:5[³�1õ¨|L §Rº 1 @�» «EL @ 1ÖI�¨H/[¨ @ I�¨ @�§ I = ³ º:@¥§Rº

§ /21;3?LÂ«EI|LMD´¨H5ÍDrL�¨|LMG|¿ @ 1:L²³ º L�¨ º LMG�¨Y³�5 Á /2G @ /C3:¤�LaI&/2GHL @ 1EDrL�Ã?L�16DrL�1T¨�5 ¼ 5C1:L/21:5C¨ º LMGM84òW1 χ2 Õ%LaIY¨ @ 1E<x/xI|L�¨�5 ¼ 5C3EI|L�G Á LaD Á /2¤¥«:LMI (O) @ I § 5C¿xÃE/2GHLMD�/2<T/ @ 1EIY¨�/I�L�¨%5 ¼ L�½4Ã?L § ¨|LaD Á /2¤¥«:LMI (E)
Ð Á /2¤¥«:LMIq¨ º /2¨`³�5C«E¤¥D)3?L0LaIY¨ @ ¿�/[¨HLMD @ ¼ ¨ º L�GHL0³�L�GHLÌ1:5/CIHI�5 §�@ /[¨ @�Á L]G|LM¤¥/2¨ @ 5C1EI º:@ Ã&36L�¨Y³�LML�1)¨ º L Á /CG @ /23:¤¥LMIM8�Õ º L Á /2¤¥«:L05 ¼ χ2 @ I § /2¤ § «E¤¥/2¨|LMD



¬ � Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ
/CIMó ∑n

i=1
(Oi − Ei)

2

Ei

= ³ º LMG|L n @ I¢¨ º L�14«:¿�36LMG)5 ¼ 5C36I�LMG Á LMD<�[L�½rÃ6L § ¨HLMD Á /2¤¥«:LMI =³ º:@¥§Rº;@ I�/2¤¥³P/ Å I)ö @ 1ÑJ Ë ©¢¬×8%ò ¼ ¨ º L χ2 Á /2¤¥«:L�3?L�¨Y³�L�LM1Í¨Y³�5 Á /2G @ /C3:¤¥LMI�®t¨ º L/21T¨|L § LMD:L�1T¨¢/21ED § 5c1EI|L » «:L�1T¨�5 ¼ Rj ∈ R
°¢/23?5 Á L)/x< @¥Á L�1�¨ º G|LaI º 5c¤¥D Á /2¤¥«:L²® ¼ 5CGJ�¬ Ë ©×¨ º L §Rº 5TI�LM1&¨ º GHLMI º 5c¤¥D @ I î 8 ù2ö6ôa÷c° = ¨ º «EI @ ¨ § /21 3?L § 5C1 § ¤¥«EDrLMD�¨ º /2¨Û¨ º LMG|L

@ I�/ÊGHL�¤�/[¨ @ 5C1�3?L�¨Y³�L�L�1�¨ º L&G|«:¤¥L&/21T¨|L § LaDrL�1T¨¢/21ED § 5C1EI|L » «:LM1c¨ = 52¨ º L�GH³ @ I|L¸¨ º LMG|L
@ I]1E52¨�/&GHL�¤�/[¨ @ 5c1q8 Ë¢¼ ¨|L�G�/CIHI @ <C1 @ 1:<&/ χ2 Á /2¤¥«:L�¨H5�LM/ §Rº Rj ∈ R

=T@ ¨ § /21x3?LK«EI|LMD¨|5xG|L�µo5cGHD:L�G�¨ º L R @ 1¾/xDrLaI § L�1ED @ 1:<x3E/cI @ I�8
•

d(> o r Õ º L Ë J Ú GH«:¤�L05CGRDrL�G @ 1E<¢¿xL §Rº /C1 @ I|¿ @ I`/ Á /2G @ /[¨ @ 5C1&5 ¼ J ÚrË 8kò�¨%¨R/2¶cLMI�¨ º LI @'/ L�5 ¼ ¨ º LÊGH«:¤�LÊ/21T¨|L § LaDrL�1T¨A/cI @ ¨HIA¿�/[ÄY5CG ¼ / § ¨|5CGÊ®Æ«EI @ 1:<�/�DrLMI § LM1ED @ 1:<Â5cGHDrLMGR°¼ 5C¤¥¤�5[³�LMD�3 Å ¨ º L&G|«:¤¥L § 5c1 ¦ DrLM1 § L�/C1ED�I�«EÃ:Ã65cG�¨ Á /C¤�«:LaI�GHLMI|Ã6L § ¨ @¥Á LM¤ Å 8:Õ º:@ I�G|«E¤�L5CGRDrL�G @ 1E<Ê¿xL §Rº /21 @ I|¿ØLM1EI�«EG|LaI�¨ º /[¨ Ç I�Ã?L §�@y¦?§ GH«:¤�LaI º / Á L / º:@ < º LMG¢Ã:GHL § LMDrLM1 § L¨ º /C1�¿x5CGHL)<CLM1:L�GR/2¤�GH«:¤�LaIWÈxë�ôk÷ ð 8

Ò\Ó  :�^]�¡«ÔÀ¡ å _Û E¡��^Õ
Ë IÊ1:52¨HLMD @ 1ªI�L § ¨ @ 5C1 ôC8¥ô = R = {R1, R2, · · · , R2n−n−2, R2n−n−1}

GHL�ÃEG|LaI�LM1c¨RI /
§ 5C¿xÃ:¤¥L�¨HL0I|L�¨q5 ¼ Ã?5cIHI @ 3:¤¥L�J Ë ©¢Iq¨ º /2¨�/2GHL]<CLM1:L�GR/[¨HLMD ¼ G|5c¿ DTR

= /216D Rj

G|LMÃ:GHLMI|L�1T¨HI
/�GH«:¤¥L @ 1¾I|L�¨ R ³ @ ¨ º ¤�/23?L�¤ j 8

�g;=: ~ E�@<Q�@CX�R,t�iwI�k%R Í R,F%WCO2D�F=BW o f�O�R,y�R
�g;=:<;=:U{�D�R,y Í R,F%WCO2D�F=BW o f
@<E�R
Õ º L�GHLÌ/2GHL n @ ¨HL�¿�I @ 1 Á 5C¤ Á LaD @ 1 DTR

8aF:5CG�/�ÃE/2G|¨ @�§ «E¤¥/CG�Ã:G|L�µ�D:L ¦ 1:LaD § ¤�/CIHI A ® /cI ci ∈
C
° = /²I § 5CGHL @ IA/CIHI @ <C1ELMD�¨|5²La/ §Rº¾@ ¨|LM¿ @ 1 DTR

¨ º /[¨AD @ I�¨ @ 1:<C«6I º LaI�¨ º L�I @ <c1 @�¦6§ /C1c¨
@ ¨HL�¿�I ¼ 5CG § ¤¥/cI|I A

¼ GH5C¿ ¨ º L @ 1EI @ <c1 @y¦?§ /21T¨P5C1:LaI�8

¶ RSsJBF%D�F%@CBN:<;2Ö^×�Ø�Ù A(Itemh) Ú ×�ÛCÜ�Ø�×wØ3Ýq×�Þ Ü�Û<Ø=ß�à%á�â�ØÇà%Ü�ÛjÜ`ã�×�ähÞ�Ý
itemh ∈ DTRã}Ü�ß"Þ�åuä�æ æ

A ç^è Ý�à%Þ�Ý�ß«×�éCß«×}æ�×}Û<Ø%æ�Ý)Ü è æ�àëê¸Û<à ìpÞ ä�Û<Ø=åîí
itemh Ú ×�Ø�×�ß�ïnà3ÛC×}æ

A çgè Ý)×�ß«×
0 ≤Ù A(Itemh) ≤ |C| ç ä¸Û Ú |C| à�æ�Ø3Ýq×�æ�àuð�×pã â�ÛCÞ�Ø=à%Ü¸ÛvÜÊã�ØHÝ)×�æ�×}Ø

C ñ
Õ º L § /C¤ § «:¤¥/2¨ @ 5C1�5 ¼ Ù A(Itemh) @ IP< @�Á L�1�/CI ¼ 5c¤�¤¥5[³¢I�ó

Ù A(Itemh)
Ð

(TransFreq(Itemh, A)) × (1− TransFreq(Itemh, òó ))

× |C|
ClassCount(Itemh , C)

=
³ º L�GHL®Yôa°�Õ º L TransFreq(Itemh, A or òó )

¼ «:1 § ¨ @ 5C1 § 5c¿xÃ:«r¨|LaI º 5[³ ¼ GHL » «:L�1T¨H¤ Å ¨ º /[¨
Itemh

/CÃ:Ã6La/2GRI @ 1 § ¤¥/cI|I A 5cG%¨ º L�<CGH5C«:Ã&5 ¼ § ¤�/CIHI�LaI òó ®t¨ º L § 5C¿xÃ:¤¥L�¿xL�1T¨Û5 ¼ A °�82Õ º L§ /2¤ § «E¤¥/2¨ @ 5C1x5 ¼ ¨ ºE@ I ¼ «:1 § ¨ @ 5c1 @ I�ó number of transactions with Itemh in the class(es)
number of transactions in the class(es) Ü

®�ìC°�Õ º L ClassCount(Itemh, C)
¼ «:1 § ¨ @ 5C1�I @ ¿xÃ:¤ Å § 5c«:1T¨HI�¨ º L)14«:¿�36LMG�5 ¼ § ¤�/CIHI|LMI

@ 1 C
³ º:@¥§Rº�§ 5c1T¨H/ @ 1 Itemh

8



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl ¬�¬
Õ º L&GH/2¨ @ 5C1E/C¤�L¸5 ¼ ¨ º:@ I @ ¨|LM¿ ³�L @ < º ¨ @ 1:<�I § 5CGHL @ I�DrLM¿Ê5c1EI�¨|GR/[¨|LaD�/cI ¼ 5C¤¥¤�5[³¢IMó
ôC8�Õ º L�³�L @ < º ¨ @ 1:<ÍI § 5cG|L�5 ¼ Itemh

¼ 5cG § ¤�/CIHI A
¨|LM1ED:IÊ¨H5´3?L º:@ < ºÑ@ ¼ Itemh

@ I¼ G|L » «:L�1T¨ @ 1 A Üìr8�Õ º L�³�L @ < º ¨ @ 1:<ÍI § 5cG|L�5 ¼ Itemh

¼ 5cG § ¤�/CIHI A
¨|LM1ED:IÊ¨H5´3?L º:@ < ºÑ@ ¼ Itemh

@ I
@ 1 ¼ G|L » «EL�1T¨ @ 1 òó Üî 8�Õ º Lx³�L @ < º ¨ @ 1:<�I § 5cG|L�5 ¼ Itemh

¼ 5CG&/21 Å § ¤�/CIHIA¨|LM1ED:I¸¨|5�3?L º:@ < ºÍ@ ¼ Itemh
@ I

@ 1 Á 5C¤ Á LMD @ 1;/�I�¿�/C¤�¤]14«:¿�36LMG&5 ¼ § ¤¥/cI|I|LMI @ 1 C
8%òW1Òëm÷ ð�= /�I @ ¿ @ ¤�/2G @ DrLM/ § /C1Í3?L¼ 5C«:16D @ 1 ¼ LM/2¨|«:GHL&I�LM¤�L § ¨ @ 5C1 ¼ 5CGP¨HL�½4¨ § /2¨|LM<C5CG @ I|/2¨ @ 5C1q8

�g;=:<;3M�i�Ik=R Í R,F%WCO2D�F%B�W o fh@qE�R
��/cI�LaD¾5C1±¨ º L @ ¨|LM¿ ³�L @ < º ¨ @ 1:<�I § 5cG|L = /�³�L @ < º ¨ @ 1:<�I § 5cG|L @ I)/CIHI @ <c1:LMD�¨H5Â¨ º LxG|«E¤�L/21T¨|L § LMD:L�1T¨�5 ¼ LM/ §Rº Rj ∈ R

8

¶ RSsJBF%D�F%@CB?M�;2Ö^×�Ø|Ù A(Rj) Ú ×�ÛCÜ�Ø�×(ØHÝ)×�Þ Ü�ÛqØÇß�à%á�â�Ø=à%Ü¸ÛÈÜÊã�× ä
Þ Ýeô^õ�ö
Rj ∈ R

ã}Ü�ßÞ}åuä�æ æ
A ç�è Ý,à%Þ Ý�ß«×�é2ß«×}æ}×�ÛqØ=æ"Ý)Ü è æ àëê
Ûqà ì�Þ ä�ÛqØÇåîí

Rj Ú ×�Ø�×�ß�ïnà3ÛC×}æ
A ñ

Õ º L § /C¤ § «:¤¥/2¨ @ 5C1�5 ¼ Ù A(Rj)
@ IP< @�Á L�1�/CI ¼ 5c¤�¤¥5[³¢I�ó

Ù A(Rj) =
∑|Rj |

h=1

Ù A(Itemh ∈ Rj)
8

�g;3M o @Cy�R ¶ RSs�B�FHD�F%@CBX
¶ RSsJBF%D�F%@CBÌ�g;C÷Hã�Ù A(Itemh) < ε ç�è ×¾ß«× Þ Ü«ê
Ûqà�æ�×

Itemh ∈ DTR
ä�æ�äÌåîàëê�Ý�Ø=ø

è ×}àëê�Ý,Ø�× Ú à3Ø�×�ïmã}Ü�ß(Þ}å'ä�æ æ
A çpè Ý)×�ß«×

ε
à�æ(äwù�×�ß�íwæ�ï(ä�å3å�â,æ}×�ß�ø Ú ×=ìúÛ2× Ú Þ Ü¸Û)æ�Ø�ä¸ÛqØ�ä�Û Ú

0 ≤ ε ≤ 1 ñ.û ×�â,æ}×
I ′(A) = {Item′

1, Item′
2, · · · , Item′

|I′(A)|−1, Item′
|I′(A)|}

Ø�Ü
Ú ×�ÛCÜ�Ø�×.Ø3Ýq×�æ�â}üeÞ}à%×�ÛqØ�æ}×�Ø|ÜÊã�åîàëê�Ý,ØÇø è ×}àëê�Ý,Ø�× Ú à3Ø�×�ï.æúã}Ü¸ß

A ç à Ú ×}Û<Ø=à ì�× Ú à3Û
DTR ñ

¶ RSsJBF%D�F%@CBeý^;C÷Hã�änôgõ"ö
Rj ∈ R

æ�àëê¸Û<à ìpÞ ä�Û<Ø=åëí"æ�ä�ØÇà�æHìp×}æpØHÝ)×2ã}Ü¸å3åuÜ è à3Û,ê�à3Û2×�þ�âqä�åëà3Ø=í çÙ A(Rj) >
∑|I′(A)|

h=1

Ù A(Itemh ∈ I ′(A)) ç�è Ý)×�ß«×AØ3Ýq×AÞ Ü�Û<Ø=ß�à%á�â�ØÇà%Ü�ÛvÜ`ã
Rj

ã}Ü�ßnÞ}åuä�æ æ
A

à�æ�æ àëê
Ûqà ì�Þ ä�ÛqØÇåîí�ê
ß«× ä�Ø�×}ß|ØHÝ)ä¸Û�Ø3Ýq×�æ�â�ïÿÜ`ã�Ø3Ýq×�Þ Ü�Û<Ø=ß�à%á�â�ØÇà%Ü�Û)æ�ÜÊã�ä¸å3å)åîàëê�Ý,ØÇø è ×}àëê�Ý,Ø�× Úà3Ø�×�ï.æ�ã}Ü�ß�Þ}åuä�æ æ
A ç�è ×Uß«× Þ Ü«ê
Ûqà�æ�×

Rj
ä�æ1ä1Ýq× ä�ù�í�ø è ×}àëê�Ý,Ø�× Ú ß�â�åu×�ã}Ü�ß

A ñ�û ×Uâ,æ�×
R′(A) = {R′

1, R
′
2, · · · , R

′
t−1, R

′
t}

Ø�Ü Ú ×}Û2Ü�Ø�×�ØHÝ)×wæ�×}Ø�ÜÊã(æ}×�åu× Þ�Ø�× Ú Ýq× ä�ù�í�ø è ×}àëê�Ý,Ø�× Úß�â�åu×�æ�ã}Ü�ß
A ç à Ú ×�ÛqØÇà ìp× Ú à3Û

R ñ ÷�Û
R ç�è ×�ä�å è ä¸í�æAæ�×�åu× Þ}Ø"Ø3Ýq×VØ�Ü éCø�ØpÝq×�ä¸ù�í�ø è ×�àëê�Ý,Ø�× Úß�â�åu×�æ�Ø�Ü�Þ Ü�Ûqæ ØÇß�âqÞ�Ø

R′(A) ç�è Ý)×�ß«×Aà3ÛqØ�×�êh×�ß
t
à�æ�ä�â,æ�×}ß�ø Ú ×%ì�ÛC× Ú æ�ï(ä�å3åÞ Ü�Ûqæ�Ø�ä¸ÛqØ ñ

¶ RSsJBF%D�F%@CB���; û ×.ß«× Þ�Ü�ê
Ûqà�æ�×Aä¸Û�à3Ø�×�ï
Itemh ∈ DTR

ä�æAänÝ)× ä�ù�í�ø è ×}àëê�Ý,Ø�× Ú ß�â�åu×�øà3Ø�×�ïNã}Ü¸ßnÞ�åuä�æ æ
A

à ã
Itemh ∈ (∃R′

j ∈ R
′(A)) ñ�û ×.â,æ�×

I ′′(A) = {Item′′
1 , Item′′

2 ,
· · · , Item′′

|I′′(A)|−1, Item′′
|I′′(A)|}

Ø�Ü Ú ×�ÛCÜ¸Ø�×AØHÝ)×.æ�â}ü�Þ�à%×}Û<Ø�æ}×�Ø�ÜÊã�Ýq× ä�ù�í�ø è ×}àëê�Ý,Ø�× Úß�â�åu×}ø�à3Ø�×�ï.æÏã}Ü�ß
A ç à Ú ×�ÛqØÇà ìp× Ú à3Û

DTR ñ
¶ RSsJBF%D�F%@CB��g;C÷HãAävô^õ"ö

Rj ∈ R Ú Ü�×}æAÛCÜ¸Ø�Þ�Ü¸ÛqØ�ä�à3Û�ä�Û<í�à3Ø�×�ï
Item′′

h ∈ I ′′(A) çè ×�ß«× Þ Ü�ê¸Û<à�æ}×
Rj

ä�æ(ä�ÛCÜ¸à�æ í�ß�â�å'×"ã}Ü¸ßwÞ}åuä�æ æ
A ñnû ×�â,æ}×

R′′(A) = {R′′
1 , R′′

2 , · · · ,
R′′

k′−1, R
′′
k′}

Ø�Ü Ú ×�ÛCÜ�Ø�×nØHÝ)×næ�â}üeÞ}à%×�ÛqØ�æ�×}Ø"Ü`ã.Û2Ü�à�æ�íUß�â�åu×�æ�ã}Ü¸ß
A ç à Ú ×}Û<Ø=à ì�× Ú à3Û

R çè Ý)×�ß«×�à3Û<Ø�×�êS×}ß
k′ ß«×�éCß�×�æ�×�ÛqØ=æ�ØHÝ)×�æ�àuð�×nÜÊã

R′′(A) ñ
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¶ RSsJBF%D�F%@CB���; û ×(ß�×�Þ Ü�ê¸Û<à�æ�×wä�Ûjà3Ø�×�ï
Itemh ∈ DTR

ä�æ�ä�ÛCÜ¸à�æ�í�ß�â�åu×}ø�à3Ø�×�ïÿã}Ü�ßÞ}åuä�æ æ
A

à ã
Itemh ∈ (∃R′′

j ∈ R
′′(A)) ñwû ×wâ,æ�×

I ′′′(A) = {Item′′′
1 , Item′′′

2 , · · · ,
Item′′′

|I′′′(A)|−1, Item′′′
|I′′′(A)|}

Ø�Ü Ú ×}Û2Ü�Ø�×|ØHÝ)×�æ â}üeÞ�à%×}Û<Øgæ�×}ØJÜÊã�Û2Ü�à�æ�í�ß�â�åu×�ø�à3Ø�×�ï.æ�ã}Ü�ß
A ç à Ú ×�ÛqØÇà ìp× Ú à3Û

DTR.

¶ RSsJBF%D�F%@CB��g;C÷Hã(ävô^õ�ö
(Rj ∈ R) /∈ R′′(A) ç�è ×(ß«× Þ�Ü�ê
Ûqà�æ�×

Rj
ä�æVäné)Ü¸Ø�×�ÛqØÇà%ä�åæ àëê
Ûqà ì�Þ ä�ÛqØ�ß�â�åu×�ã}Ü�ßwÞ�åuä�æ æ

A ñnû ×(â,æ�×
R′′′(A) = {R′′′

1 , R′′′
2 , · · · , R′′′

k−1, R
′′′
k }

Ø�Ü
Ú ×�ÛCÜ�Ø�×�ØHÝ)×�æ â}üeÞ�à%×}Û<ØÏæ�×}ØpÜ`ãpé)Ü¸Ø�×�ÛqØÇà%ä�å2æ�àëê
Ûqà ì�Þ�ä¸ÛqØúß�â�å'×�æJã}Ü�ß�Þ}å'ä�æ æ

A ç à Ú ×�ÛqØÇà ìp× Ú à3Û
R

ä�æ
R−R′′(A) ç�è Ý)×�ß«×

k ≥ t ��� × ×
	n×=ìúÛqà3ØÇà%Ü�Û��� ñ
¶ RSsJBF%D�F%@CB��g;C÷Hã�ä�ô^õ�ö

(Rj ∈ R) ∈ R′′′(A)
æ�ä�ØÇà�æ3ì�×�æ�ØHÝ)×Jã}Ü¸å3åuÜ è à3Û,êVà3ÛC× þ�âqä�åîà3ØÇí çÙ A(Rj) >

∑|I′′′(A)|
h=1

Ù A(Item′′′
h ∈ I ′′′(A)) çgè Ý)×�ß«×�ØHÝ)×�Þ�Ü¸ÛqØÇß�à%á}â�ØÇà%Ü�ÛwÜ`ã

Rj
Ø�Ü�Þ}åuä�æ æ

A
à�æ�ê¸ß�×�ä¸Ø�×�ß�Ø3Ýqä�Û1Ø3Ýq×�æ�â�ï\ÜÊã�Ø3Ýq×�Þ Ü�ÛqØÇß�à%á�â�Ø=à%Ü¸Û)æ�Ü`ã�ä¸å3å�ÛCÜ�à�æ�ínß�â�åu×�ø�à3Ø�×�ï.æ�ã}Ü�ß�Þ}åuä�æ æ

A ç"è ×�ß«× Þ Ü«ê
Ûqà�æ�×
Rj

ä�æ�ä�æ àëê
Ûqà ì�Þ ä�ÛqØ�ß�â�åu×�ã}Ü�ß
A ñVû ×(æ�ä¸í�Ø3Ýq×}ß�×Uä¸ß«×1ä�Ø�ïVÜ�æ�Ø

k̂æ àëê
Ûqà ì�Þ ä�ÛqØ�ß�â�åu×}æ�à3Û
R ç�è Ý)×�ß«×.à3ÛqØ�×�êh×�ß

k̂
à�æ.äVæ�ïVä¸å3å^â,æ�×�ß�ø Ú ×=ìúÛC× Ú Þ Ü¸Û)æ�Ø�ä¸ÛqØ

≤ k ñ
�g;�� ~ E�@<Q�@CX�R,t�iwI�k%R�TVE�t�RSE�F=BW�lmR,f�O�P)BF=X�y
òW1 I�L § ¨ @ 5c1 ìr8 î 8mì ¦EÁ L±L�½ @ I�¨ @ 1:<×GH«:¤¥L±5cGHDrLMG @ 1:<×I�¨|GR/[¨HL�< @ LMI²³�LMG|LÃEG|LaI�LM1c¨HLMD�8 ú / §Rº
@ I�I�LMÃE/2GR/[¨HLMD @ 1T¨H5365C¨ º GH«:¤¥L²³�L @ < º ¨ @ 1:</216D;G|«:¤¥L²GHL�µ�5CGRDrL�G @ 1:<�I�¨H/C<CLaI�8`F:GH5C¿ ¨ º LÃ:G|L Á4@ 5c«EIÛI�L § ¨ @ 5C1 = /¸¤ @ I�¨]5 ¼ J Ë ©¢I R� ⊂ R º /CIÛ3?L�L�1Ê<CLM1:L�GR/[¨HLMD�¨ º /2¨Û5c1:¤ Å § 5c1EI @ I�¨HI5 ¼ ¨ º L Ç 3?LMI�¨ k̂

È&G|«:¤¥LMI ¼ 5CG¢La/ §Rº¾§ ¤�/CIHI ci ∈ C =E@ DrLM1T¨ @�¦ LMD @ 1 R 8 Ë GH«:¤¥L&G|L�µo5cGHD:L�G @ 1:<IY¨HGH/2¨|L�< Å @ I�¨ º L�1�GHL » « @ G|LaD @ 1Â¨ º L&Ã:GH5 § LMIHI�5 ¼ G|«:¤¥L)5CGRDrL�G @ 1:<E84Õ º L)G|«E¤�L)GHL�µ�5CGRDrL�G @ 1E<¿ÊL §Rº /21 @ I|¿ Ã:GH5CÃ?5cI|LMD º L�GHL @ 1 § 5C1T¨R/ @ 1EI�¨ º GHL�L�I�¨|LMÃEI�/CI ¼ 5c¤�¤¥5[³¢I�ó
ôC8
R� @ I�5CGRDrL�GHLMDÂ«EI @ 1:<Ê¨ º L&³�LM¤�¤�µ�LMI�¨H/23E¤ @ I º LMD¾J ÚrË 5CGRDrL�G @ 1:<�I�¨|GR/[¨HL�< Å Üìr8�Õ º L&5CG @ < @ 1E/2¤ R @ IP¤ @ 1E¶CLMD�/2¨P36/ § ¶²5 ¼ R� = /CI R� +R Üî 8�©�LM/cI|I @ <C1qó R ← (R� +R)

8

�g;'ý ¶ RSD�RSE�y�F%B�F%X�D�F=f o RSk=R,f¸D�@<E�X
9ÍL IH/ Å ¨ º /[¨¸/�I�L�¨ P º:@ ¨RIK/�I|L�¨ Q

5C1¾LM¤�LM¿xL�1T¨
q =:@ ¼ P ∩Q = {q} = /216D�/ ¼ /2¿ @ ¤ Å

F
5 ¼ I|L�¨HI º:@ ¨HI)/�I�L�¨ Q

5c1±L�¤¥L�¿xLM1c¨
q =�@ ¼ P ∩ Q = {q}

¼ 5CG)/[¨)¤�La/CI�¨A5C1EL
P ∈ F

8
·KL���5C1 @ I����Ï�����6ë¥ôMí ð�@ 1T¨|GH5rDr« § LaDÂ/�DrL ¦ 1 @ ¨ @ 5c1�5 ¼ / ¼ /C¿ @ ¤ Å 5 ¼ I|«:3EI|L�¨RI�5 ¼ I|L�¨ [N ] ≡
{0, 1, · · · , N − 2, N − 1}

³ ºE@¥§Rº�º:@ ¨HI�La/ §Rº I|«:3EI|L�¨¢5 ¼ [N ]
5 ¼ I @u/ L)/2¨�¿Ê5TIY¨ k

5C1�/[¨
¤�La/CI�¨

m
D @ I�¨ @ 1 § ¨�L�¤¥L�¿xL�1T¨HI = ³ º L�GHL N, k

/C1ED
m
/CG|L�ÃE/CGH/C¿xL�¨|LMGHI = N ≥ k ≥ m ≥ 1

8
Õ º L Å Ã:GH5 Á LaDÊ¨ º L)L�½ @ I�¨|L�1 § LK5 ¼ I|« §Rº / ¼ /2¿ @ ¤ Å 5 ¼ I @'/ L O((k2/(k−m + 1)) log N)

8
F:5CG § 5c1 Á L�1 @ L�1 § L]5 ¼ 5c«:G%ÃEG|LaI�LM1c¨R/[¨ @ 5c1 = ³�LÌÃ:GHL ¼ L�G%¨ º L ¼ 5C¤¥¤�5[³ @ 1:<KI|¤ @ < º ¨�¿Ê5rD @�¦6§ /[¨ @ 5C15 ¼ ¨ ºE@ I¸DrL ¦ 1 @ ¨ @ 5c1 = 5C3r¨R/ @ 1:LMD�3 Å «EI @ 1:<Â¨ º L�ÃE/2GR/2¿xL�¨HL�G r = k −m @ 1EIY¨HLM/cD¾5 ¼ ¨ º LÃE/2GR/2¿xL�¨HL�G

m
8EF:5cG @ 1T¨|LM<CLMGHI N

/21ED
k = /C1ED�/�GHLM/C¤�14«:¿ 3?L�G r

I�« §Rº ¨ º /[¨ N ≥ k ≥
r ≥ 0 = / ¼ /2¿ @ ¤ Å F 5 ¼ I�«:36I�L�¨HI�5 ¼

[N ] @ IÊ/ (N, k, r)
µ�I|L�¤¥L § ¨|5cG =�@ ¼P¼ 5CGÊ/21 Å I�«:36I�L�¨

Q ⊂ [N ]
5 ¼ I @u/ LK/[¨0¿x5TIY¨ k = ¨ º LA14«:¿ 3?L�GÌ5 ¼ /2¤¥¤EL�¤¥L�¿xLM1c¨RI q

5 ¼
Q
I�« §Rº ¨ º /2¨ F Dr54LMI1:52¨ º:@ ¨ Q

5C1
q @ I�/[¨¢¿x5cI�¨ r.

Õ º /[¨ @ I =

|{q ∈ Q : ∀P ∈ F , P ∩Q 6= {q}}| ≤ r
8



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl ¬ �
òW1õ¨|L�GH¿�I²5 ¼ ¨ º:@ IÂDrL ¦ 1 @ ¨ @ 5C1 = ·KL���5c1 @ IU���n�����¢ë¥ôMí ð I º 5[³�LMDÒ¨ º LL�½ @ IY¨HL�1 § L5 ¼ /
(N, k, r)

µWI�LM¤�L § ¨H5CG`5 ¼ I @u/ L T (N, k, r) = O((k2/(r+1)) logN).
òW1�ÃE/CG�¨ @¥§ «:¤¥/CG = ¨ º LMG|LL�½ @ I�¨HI�/ (N, k, 0)

µWI|L�¤¥L § ¨H5CGÌ5 ¼ I @'/ L O(k2 log N)
I|« §Rº / Ç I�¨|GH5C1:<2È�I|L�¤¥L § ¨|5CG º:@ ¨RI0La/ §RºI�L�¨

Q ⊂ [N ]
5 ¼ I @'/ L&/[¨¢¿x5cI�¨ k

5C1�LM/ §Rº 5 ¼ @ ¨RI�L�¤¥L�¿xLM1c¨RI�8

�g;�� ~ E�@<Q�@CX�R,t�iwP)B�t@Cy�F=X�R,t o R,k%R,f
D�@<E�X
Ë GR/21EDr5c¿ @ I|LMD k

µWI�LM¤�L § ¨H5CG F @ I�/ ¼ /2¿ @ ¤ Å 5 ¼ I|«:3EI|L�¨RIÌ5 ¼ I|L�¨ [N ] ≡ {0, 1, · · · , N −2,
N −1}

³ ºE@¥§Rº�º:@ ¨HI0LM/ §Rº LM¤�LM¿xL�1T¨ q
5 ¼ ¨ º L¸I�«E3EI�L�¨ Q ⊂ [N ]

5 ¼ I @'/ LK/2¨0¿x5cI�¨ k
³ @ ¨ º

º:@ < º ÃEG|5c3E/23 @ ¤ @ ¨ Å 8
��OR,@<E�RSy :<;��CÝq×}ß�×�×��hà�æ Ø=æ�ä�ß«ä¸Û Ú Ü¸ïAà�æ�× Ú k

ø�æ�×}åu× Þ�Ø�Ü¸ß
F

Ü`ã�æ àuð�×
O(k)

æ�âqÞ�Ý(Ø3Ýqä�Ø
FÝ,à3Ø=æA×�ähÞ�Ý�æ�×}Ø

Q ⊂ [N ]
ÜÊã�æ�àuð�×Vä�Ø�ïVÜ�æ Ø

k
Ü¸Ûv× ä
Þ ÝvÜÊã�à3Ø=æ.×}åu×�ï(×}Û<Ø%æ è à3Ø3Ý�Þ Ü�Û)æ�Ø�ä�Û<ØéCß«Ühá�ähá}à3åëà3Ø=í

p ≥ 1/8 ñ
� ß«Ü�ÜÊã ñ *qL�¨ÊLM/ §Rº L�¤¥L�¿xL�1T¨ v ∈ [N ]

³ @ ¨ º «:1 @ ¼ 5CGH¿xLMD¹Ã:GH5C36/23 @ ¤ @ ¨ Å 1/k
¨H5±3?L²¨ º LÃE/2G|¨¸5 ¼ ¨ º LxL�¤¥L�¿xL�1T¨)5 ¼ F 8g*qL�¨ H

DrLM1:52¨HL ¨ º Lx1T«E¿ 3?L�G&5 ¼ D @ Ï�L�GHL�1T¨&L�¤¥L�¿xLM1c¨RI @ 1
Q ⊂ [N ]

¨ º /[¨ º / Á L�3?L�LM1 º:@ ¨�3 Å F / ¼ ¨|LMG�GHL�Ã?LM/2¨ @ 1:<&¨ º LAIH/2¿xLKÃ:GH5 § LaDr«:GHL k
¨ @ ¿ÊLaI�8Õ º L�Ã:G|5c3E/23 @ ¤ @ ¨ Å p

¨ º /[¨ F º:@ ¨HI�La/ §Rº I�L�¨ Q
5 ¼ I @'/ L¾/2¨x¿x5TIY¨ k

5c1ÒLa/ §Rº 5 ¼ @ ¨RIL�¤¥L�¿xL�1T¨HI § 5C«:¤�D�36L&3?5C«E1EDrLMD�3 Å

p = E(H)/E(k)

= {
∑k

i=1 [(k − i + 1)/k]× k × (1/k)× (1− 1/k)k−1}/k

=
∑k

i=1{[(k − i + 1)/k2]× (1− 1/k)k−1}

>
∑k

i=1{[(k − i + 1)/k2]× (1− 1/k)k}

>
∑k

i=1{[(k − i + 1)/k2]× (1/4)}
®
?
°

= (1/4)× [(1 + k)× (k/2)/k2]
= (1/4)× [(1 + k)/(2k)]
> (1/4)× [k/(2k)]
> 1/8 =

³ º L�GHL @ 1:L » «E/2¤ @ ¨ Å ® ? ° ¼ 5C¤¥¤�5[³¢I ¼ GH5C¿ñ¨ º L ¼ / § ¨�¨ º /[¨�¨ º LI�L » «EL�1 § L (1 − 1/k)k @ I¿Ê5c1:52¨H5C1:LM¤ Å @ 1 § G|La/CI @ 1E<E8

� Ó  :ç��&ç�ÕT�%è [ é"]����þ¡ å ¡ å���� �
�K :ç�_Ûê �
ý^;=:e�.OR o D�E�P�D�R,Wq½�@<Ë|D�OR ¶ RSD�RSE�y�F=BF=X�D�F%f�dwQQ�E�@<P)f�O
Õ%5 @ DrL�1T¨ @ ¼ÆÅ ¨ º L²I @ <C1 @y¦6§ /21T¨ J Ë ©¢I @ 1 R = ³�LxÃ:GH5 Á4@ D:LÊ/�DrL�¨HL�GH¿ @ 1 @ I�¨ @�§ /2Ã:Ã:GH5c/ §Rº¨ º /2¨ÂL�¿xÃ:¤¥5 Å I²/×I @ 1:<c¤�L/CÃ:Ã:¤ @¥§ /[¨ @ 5c1ª5 ¼ / Ç I�¨|GH5C1E<[È (2n, k, 0)

µ�I|L�¤¥L § ¨|5cGM8]Õ º:@ IÂ/CÃrµÃ:G|5T/ §Rº LM1EI|«:G|LaIA¨ º /2¨)L Á LMG Å Ã?52¨HL�1T¨ @ /2¤ÌI @ <c1 @�¦6§ /C1c¨)GH«:¤�L @ 1 R ³ @ ¤¥¤]3?L ºE@ ¨�/[¨&¤¥LM/cIY¨5C1 § LC84Õ%5x/2Ã:ÃE¤ Å / ¼ /2¿ @ ¤ Å F 5 ¼ I|«:3EI|L�¨RI05 ¼ [2n]
¿xLM/216I ¦ GRI�¨�¨H5�/2GHGR/21:<cL�¨ º L)I|L�¨HI�5 ¼

F @ 1T¨H5�/&I�L » «EL�1 § L F1, F2, · · · , F|F|

8CÕ º LM1 @ 1x¨ º L i
¨ º IY¨HL�Ã = 5C1:¤ Å J Ë ©¢I @ 1 R ³ @ ¨ º



¬ Y Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ
¤¥/C36LM¤¥I @ 1 Fi

³ @ ¤¥¤`36L @ 1 Á 5c¤ Á LMD @ 1¾¨ º L�Ã:GH5 § LMDr«EG|L Ú ò K L¢òYF`ò|J Ë L)J ú µ�Õ ú Ú Õ = ³ º:@ ¤�L52¨ º L�GAJ Ë ©KI § /21�3?L @ <C1E5CGHLMD�8rÕ º «EI = ³�L º / Á L¸/C1 O(k2 log 2n)
µ § 5c¿ÊÃE¤�L�½ @ ¨ Å ¨|5 º:@ ¨LM/ §Rº 5 ¼ ¨ º L k

Ã?52¨|LM1T¨ @ /2¤0I @ <c1 @�¦6§ /C1c¨�GH«:¤¥LMI @ 1EDrLMÃ6LM1EDrLM1c¨H¤ Å /[¨�¤�La/CI�¨�5C1 § L = Dr«:L²¨|5¨ º L�ÃEG|5cÃ6LMG�¨ Å 5 ¼ ¨ º L Ç I�¨|GH5C1:<2È¸I�LM¤�L § ¨H5CGa8rò ¼ ¨ º L § «:G|GHL�1T¨�¨HLMI�¨ ¼ 5CG Fi
§ 5C1T¨|G @ 3E«r¨|LaIP¨|5

§ ¤�/CIHI A
I @ <C1 @�¦6§ /21T¨|¤ Å = ¨ º LM1Â³�L § /2¤¥¤E¨ º L ¼ «:1 § ¨ @ 5C1U*`É K µWÕ ú Ú Õ = ³ º:@�§Rº²@ I03E/cI�LaD�5C1/�3 @ 1E/2G Å I�La/2G §Rº /216D ¦ 1E/C¤�¤ Å ¦ 1ED:I�5c1:LKÃE/CG�¨ @¥§ «:¤�/2G�Ã65C¨|L�1T¨ @ /C¤�I @ <C1 @�¦6§ /C1T¨�GH«:¤�L ¼ G|5c¿

R
³ @ ¨ º ¤¥/C36LM¤¥I @ 1 Fi

8E9 @ ¨ º / Ç I�¿�/2¤¥¤¥L�G�È)¤ @ I�¨A5 ¼ G|«E¤�LaI ®ÆÃ?52¨HL�1T¨ @ /2¤`I @ <C1 @y¦6§ /21T¨KGH«:¤¥LMI/21ED�I|5C¿xL¢GHL�¤¥L Á /21T¨0Ã?52¨HL�1T¨ @ /2¤�I @ <c1 @y¦?§ /21T¨ÌGH«:¤¥LMIR° = ³�L�¨ º L�1 § 5C¿xÃ:«:¨|L¢¨ º LK³�L @ < º ¨ @ 1:<I § 5CGHLA5 ¼ La/ §Rº G|«:¤¥L = /C1ED ¦ 1E/2¤¥¤ Å § /2¨ §Rº ¨ º L Ç 36LaIY¨ k̂
Èx®t¨H5CÃrµ

k̂
I § 5CGHLa°0G|«E¤�LaI�8

ý^;3M �.OR o D�E�P�D�R,Wq½�@<Ë|D�OR�iwP)B�t@Cy�F=X�R,tÈdwQQ�E�@<Pqf�O
òW1¹¨ º:@ IÊI�L § ¨ @ 5C1 = ³�L²«EI|L�¨ º L�GH/C1EDr5c¿ @ I|LMD k

µWI�LM¤�L § ¨|5cG&¨|5´I�«:36IY¨ @ ¨H«r¨|LÂ¨ º L Ç I�¨|GH5C1:<2ÈI�LM¤�L § ¨|5cG @ 1�I|L § ¨ @ 5C1xöE8¥ôC82Õ º:@ I]GR/21ED:5C¿ @ I|LMDÊ/2ÃEÃ:G|5T/ §Rº L�1EI|«:GHLMI`¨ º /[¨ÌL Á L�G Å Ã?52¨|LM1T¨ @ /2¤I @ <C1 @�¦6§ /21T¨ÌG|«E¤�L @ 1 R ³ @ ¤¥¤E3?L º:@ ¨�/2¨Ì¤�La/CI�¨05C1 § L�³ @ ¨ º�º:@ < º Ã:GH5C36/23 @ ¤ @ ¨ Å 8cÕ%5 /CÃ:Ã:¤ Å /¼ /2¿ @ ¤ Å F 5 ¼ I�«:36I�L�¨HI]5 ¼ [2n]
¿xLa/21EI ¦ GRI�¨]¨|5�/2GHGR/21:<cL0¨ º L¢I�L�¨HI]5 ¼ F @ 1T¨|5�/)I|L » «:LM1 § L

F1, F2, · · · , F|F|
8?òW1¨ º L i

¨ º IY¨HL�Ã = LM/ §Rº L�¤¥L�¿xL�1T¨)5 ¼ [2n]
³ @ ¤¥¤`36L § 5c1c¨R/ @ 1:LMD @ 1 Fi³ @ ¨ º Ã:GH5C3E/C3 @ ¤ @ ¨ Å 1/k

/C1ED5c1:¤ Å J Ë ©¢I @ 1 R ³ @ ¨ º ¤�/23?L�¤�I @ 1 Fi

³ @ ¤¥¤Û36L @ 1 Á 5C¤ Á LaD
@ 1�¨ º L�Ã:GH5 § LMD:«:G|L Ú ò K L¢òYF`ò|J Ë L)J ú µ�Õ ú Ú Õ = ³ º:@ ¤¥L�5C¨ º LMG¸J Ë ©¢I § /C1¾36L @ <C1E5CGHLMD�8Õ º «6I = ³�L º / Á Lx/21 O(k)

µ § 5C¿xÃ:¤¥L�½ @ ¨ Å ¨|5 º:@ ¨�LM/ §Rº 5 ¼ ¨ º L k
Ã65C¨|L�1T¨ @ /C¤0I @ <C1 @y¦6§ /21T¨G|«:¤¥LMI @ 1EDrLMÃ6LM1EDrL�1T¨H¤ Å 5c1 § L�³ @ ¨ ºªº:@ < º ÃEG|5c3E/23 @ ¤ @ ¨ Å = D:«:L�¨|5Í¨ º L�Ã:GH5CÃ?L�G|¨ Å 5 ¼ ¨ º LGH/C1EDr5C¿ @ I�LaD k

µWI�LM¤�L § ¨|5cG0® I|L�L�Õ º L�5cG|LM¿üôk°�8M9 @ ¨ º /¢¤ @ IY¨`5 ¼ ¨ º L�L�½4¨|GR/ § ¨|LaD k
Ã65C¨|LM1c¨ @ /C¤I @ <C1 @�¦6§ /21T¨¸GH«:¤¥LMI = ¨ º Lx³�L @ < º ¨ @ 1:<�I § 5CGHL�5 ¼ La/ §Rº G|«:¤¥L @ I § 5C¿xÃ:«r¨HLMD�8%Õ º L Ç 3?LMI�¨ k̂

È
®t¨|5cÃrµ

k̂
I § 5cG|Lk°0GH«:¤¥LMI�/CG|LA¨ º L�I @ <C1 @�¦6§ /C1T¨PGH«:¤¥LMI @ DrL�1T¨ @y¦ LaD @ 1 R 8

ý^;��Æi�Ik=R1lmF%B�F%B�W�d�k%WC@qE�F%D�O�y
Õ º L ¼ 5C¤¥¤�5[³ @ 1:< ¼ «:1 § ¨ @ 5C1¹® x|F=W^;úM�; ° @ DrLM1T¨ @�¦ LMI¢/ÊÃ?52¨HL�1T¨ @ /2¤%I @ <C1 @�¦6§ /C1T¨�GH«:¤¥L @ 1 R 8
Ñ R,y�y�P¾:C;<÷%ã|Ø3Ýq×}ß�×�×��hà�æ�Ø%æ�Ü¸ÛqåîíVÜ�ÛC×úéqÜ�Ø�×}Û<Ø=à%ä¸åqæ�àëê
Ûqà ì�Þ�ä¸ÛqØJß�â�åu×

Rj
à3Û�ØHÝ)×�Þ�â�ß�ß«×�ÛqØØ�×}æ�Ø

Fi
ä�Û Ú Rj

à�æ�ä�å8æ�Ü.ä�æ àëê
Ûqà ì�Þ ä�ÛqØß�â�åu× ç ØHÝ)×�Û"!gâ�ÛCÞ�Ø=à%Ü¸Û$#&%('$)+*-,-./* è à3å3å�ìê
â�ß«×Ü�â�Ø
Rj ñ

� ß«Ü�ÜÊã ñ Ë §�§ 5cGHD @ 1:<K¨|5&·AL ¦ 1 @ ¨ @ 5C1xí = ³�L�¶41:5[³×¨ º /2¨ Ù A(Rj) >
∑|I′′′(A)|

h=1

Ù A(Item′′′
h

∈ I ′′′(A))
8kÕ º «EI = ¨ º L�I|«:3EI|L�¨%5 ¼ R ³ º:@¥§Rº�§ 5C1T¨H/ @ 16I Rj

@ I�/2¤¥³�/ Å I §Rº 5TI�LM1 ¼ 5cG ¼ «:G|¨ º L�G3 @ 16/2G Å ¨|LMI�¨ @ ¼ Rj
@ I�¨ º L¸5c1:¤ Å Ã65C¨|L�1T¨ @ /C¤�I @ <C1 @�¦6§ /C1T¨�GH«:¤¥L @ 1 § ¤¥«ED @ 1:< @ 1�¨ º L § «:GHG|LM1c¨¨|LMI�¨

Fi

8

Õ º L ¼ 5C¤¥¤�5[³ @ 1:<ÊÃ:GH5 § LMDr«EG|L�® x|F=W^;Ï�^; ° @ D:L�1T¨ @�¦ LMI�/C¤�¤ k̂ I @ <c1 @�¦6§ /C1c¨�GH«:¤¥LMI @ 1 R 8



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl ¬ �°1012/3 ���u� 25476-8:9<;>=@?A;CB
Fi D R E ¨fgZcQTbcV�� Fi © VYvTO i VYvÊORsgORX&ORZ[V]fgZ F ªÌS�Z4z lWOHV R ¨

\MbcVYQcbcV�� Rw © S¸Qr\MVYORZ[VYfySMsElWfg{aZcfî7Te�SMZ[VÌUYbTsgO�fgZ R ª ¨
©�¬ ªo�rOR{afgZ© ��ª Rw := null;© ��ª Temp := Fi;© Y ª �ÌvcfysgO |Temp| > 1 zC\© ��ª e|vc\[\alWO¢S�Z�S�UY�cfgVWU�S�UWnÊlWbc�TlWOHV Temp0

�ÌfmVYvxv4S�sg^q_Ûup90l0fgZ Temp VY\¸VYOHl�V ¨© }�ª fm^ ∑
∀Itemh∈Temp0 F A(Itemh) ≥

∑
∀Itemh′∈Temp−Temp0 F A(Itemh′)

© ��ª VYvcORZ Temp← Temp0

¨
© ��ª OHsylWO Temp← Temp− Temp0

¨
© ~�ª ORZTz �ÌvcfysgO
©�¬ ��ª Rw← Temp

¨
©�¬�¬ ª UYOHVYbcUYZ © Rw ª ¨
©�¬ ��ªoORZTz ° �'�C±HGq± �ÛvTO¢p1I�J��=�Ï5�dh�×âTbcZTeHVYfg\aZ
K �}� 3MLONP0 � L(?RQS8-T:Q<UVQ ¢�W T ¢ =79<;>=@?A; ¨
fgZcQTbcV�� F © (2n, k, 0) � lWORsgOReHVY\�U|�KU�S�Z4zC\aX&fglWO�z k � lWORsgOReHVY\�U�^¥\MU [2n] ª|h4lWO|V R hrSMZTz�fgZ[VYOR{aO|U k̂

¨
\MbcVYQcbcV��2VYvTOPlWO|V SR © VYvTOPlWO|V�\�^qlWfg{aZTf87Te�SMZ[VÌUYbTsgORl`ª ¨©�¬ ªo�rOR{afgZ© ��ª SR := {�};© ��ª PSR := {�};© Y ª ^¥\MU i = 1 VY\ |F| zc\© ��ª fm^�VYvTOPsyS��rORs6\�^%S&_Ûup9 Rj

fgZ Fi© }�ª VYvcORZ Rj
�Ìfgsgs?�rOPfgZ2jk\MsyjaO�z�fgZxeRbCUWUYORZ[V]VYORl�V ¨

© ��ª OHsylWO Rj
�Ìfgsgs?�rO�fg{aZc\MUYO�z�fyZÊeRbcUWUYORZ[V]VYORl�V ¨

© ��ª PSR ← PSR ∪ ��p1I�J��=�Ï5`d
� © Fi,R
ªY� ¨

© ~�ª ORZTz ^¥\MU
©�¬ ��ª SR ← e�S�VYe�vÊVYvcO�VY\aQC� k̂ UYbTsgORl Rj ∈ PSR © SMeReR\�U�zcfgZT{AVY\ F A(Rj)

ª ¨
©�¬�¬ ª UYOHVYbcUYZ © SR ª ¨
©�¬ ��ªoORZTz ° �'�C±YXq± �ÛvTOKdC�ZJ����oâ��W_Ûu��P_J5q�=�Ï5�dh�¹��UY\[eRO�zCbcUYO
��OR,@<E�RSy M�;��CÝq× � ß«Ü�Þ × Ú â�ß�×�./[\'^]^[`_&[ba
c^]da
,�)+*-,-./* è à3å3å2Þ ä�Ø�Þ�Ýwä�å3å

k̂
æ àëê
Ûqà ã øà%Þ�ä¸ÛqØ�ß�â�åu×}æ ñ� ß«Ü�ÜÊã ñ Ë §�§ 5cGHD @ 1:<Ê¨H5�¨ º L Ã:G|5cÃ6LMG�¨ @ LaIP5 ¼ ¨ º L Ç I|L�¤¥L § ¨|5cGHIYÈÊ®Æ3?52¨ º DrL�¨HL�GH¿ @ 1 @ I�¨ @�§ /21EDGH/C1EDr5C¿ @ I�LaD;I�LM¤�L § ¨|5cGHIR° = ³�L²¶41:5[³#¨ º /2¨�¨ º L�I�LM¤�L § ¨H5CG F ºE@ ¨RI /2¤¥¤ k

Ã?52¨|LM1T¨ @ /2¤�I @ <2µ1 @y¦?§ /21T¨²GH«:¤¥LMI�/[¨²¤¥LM/cIY¨�5c1 § Lc8úL¢52¨HL�¨ º /2¨Â/¹I @ <C1 @y¦6§ /21T¨�G|«E¤�L @ I²/2¤�I�5;/;Ã?52¨|LM1T¨ @ /2¤I @ <C1 @�¦6§ /21T¨¸GH«:¤¥LC8�*qLM¿x¿x/Íô�IY¨R/[¨HLMIA¨ º /2¨ @ ¼ § «:GHG|LM1T¨K¨|LaIY¨ Fi
º:@ ¨HI)5C1E¤ Å 5c1:LÊI @ <C1 @�¦ µ

§ /21T¨�G|«:¤¥L Rj
= ¨ º L�1�FE«:1 § ¨ @ 5C1 #�%('$)+*-,-./* ³ @ ¤�¤ ¦ <c«:G|LA5C«r¨ Rj

= ³ º:@�§Rº�§ 5C¿xÃ:¤¥L�¨HLMI¨ º L&Ã:GH545 ¼ 5 ¼ ¨ º L)¨ º L�5CGHL�¿�8

Ñ R,y�y�P�Mg;Cõ
(2n, k, 0)

ø�æ�×}åu× Þ�Ø�Ü¸ß"Ý)ä�æ�æ�àuð�×nä�Ø�ïVÜ�æ Ø
O(k2n) ñ� ß«Ü�ÜÊã ñ ò�¨KD @ GHL § ¨|¤ Å § 5c¿xLMI ¼ GH5C¿ ¨ º L&Ã:GH5CÃ?L�G|¨ Å 5 ¼ ¨ º L�I|L�¤¥L § ¨|5CGRIM8



¬ } Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ
��OR,@<E�RSy �g;��CÝq×�é2ß«Ü
á�åu×�ï ÜÊã�ïnà3Ûqà3Û,ê

k̂
æ�àëê¸Û<à ìpÞ ä�Û<Øúß�â�åu×}æ�à3Û

R
Þ�ä¸Û�á ×�æ�Ü�åîù�× Ú à3ÛØ=à3ï(×

O(k2n2)
à3Û¾ä Ú ×�Ø�×�ß�ïnà3Ûqà�æ�Ø=à%Þnï(ä�Û<ÛC×�ß çpè Ýq×}ß«×

k
à�æ.ØHÝ)×nÛqâ�ï(á ×}ß.Ü`ã|éqÜ�Ø�×�ÛqØÇà%ä�åæ àëê
Ûqà ì�Þ ä�ÛqØ�ß�â�åu×}æ�à3Û

R ñ
� ß«Ü�ÜÊã ñ F:«:1 § ¨ @ 5C1�*`É K µWÕ ú Ú Õ ¨H/C¶CLaI /[¨x¿x5cI�¨ log 2n

¨ @ ¿xLÂ¨H5 ¦ 1EDÒ/Ã?5C1T¨|LM1T¨ @ /2¤I @ <C1 @�¦6§ /21T¨0GH«:¤�L ¼ G|5c¿ /�I|«:3EI|L�¨�5 ¼ R 84F:GH5C¿ *qLM¿Ê¿�/ ì = ³�LK¶41:5[³Ò¨ º /2¨�/ (2n, k, 0)
µ

I�LM¤�L § ¨|5cG º /cI]¨ º L¸I @'/ LK/2¨�¿x5cI�¨ O(k2n).
J�5c1EI|L » «:L�1T¨H¤ Å = ¨ º L¸/C¿Ê5c«:1T¨05 ¼ ¨ @ ¿xL¸I�Ã?L�1T¨¨|5 ¦ <c«:G|L�5c«r¨0/[¨Ì¿x5TIY¨ k

Ã?52¨HL�1T¨ @ /2¤EI @ <C1 @�¦6§ /C1T¨ÛGH«:¤¥LMI § /21x3?L�365c«:1EDrLaDx3 Å O(k2n2).F @ 1ED @ 1:<�¨ º L ¨H5CÃrµ k̂ I @ <c1 @�¦6§ /C1c¨)GH«:¤�LaI @ 1;/[¨)¿Ê5TIY¨ O(k2n)
GH«:¤�LaI § /21±36L�I|5C¤ Á LMD @ 1¨ @ ¿ÊL O(k2n log(k2n) + k̂) = ³ º:@�§Rº�@ I O(k2n2)

Dr«EL)¨|5
k̂ ≤ k ≤ n.

��OR,@<E�RSy ý^;��CÝq×né2ß«Ü
á�åu×�ï Ü`ã�ïnà3Ûqà3Û,ê
k̂

éqÜ�Ø�×}Û<Ø=à%ä¸å�æ àëê
Ûqà ì�Þ ä�ÛqØAß�â�åu×}æ�à3Û
R

Þ ä�Ûá�×�æ�Ü¸åîù�× Ú à3ÛeØ=à3ï(×
O(kn)

à3ÛÌä�ß«ä�Û Ú Ü�ïnà�æ�× Ú ïVä¸ÛqÛC×�ß ç�è à3ØHÝ�Þ Ü�Û)æ�Ø�ä�Û<Øúé2ß«Ü
á ä
á�à3åîà3ØÇí
p ≥ 1/8 çJè Ý)×�ß«×

k
à�æ�ØHÝ)×.Ûqâ�ï(á ×}ß�ÜÊã�é)Ü¸Ø�×�ÛqØÇà%ä�å�æ�àëê
Ûqà ì�Þ�ä¸ÛqØ�ß�â�åu×}æ�à3Û

R ñ
� ß«Ü�ÜÊã ñ F:«:1 § ¨ @ 5C1w*ÛÉ K µ�Õ ú Ú Õª¨H/C¶CLMI�/[¨0¿x5TIY¨ log 2n

¨ @ ¿xL¢¨H5 ¦ 1ED�/&Ã?52¨|LM1T¨ @ /2¤�I @ <2µ1 @y¦?§ /21T¨]GH«:¤�L ¼ GH5C¿#/)I|«:3EI|L�¨]5 ¼ R 8CF:GH5C¿üÕ º L�5cG|LM¿ ô = ³�L�¶41:5[³×¨ º /2¨0/AGR/216Dr5C¿ @ I�LaD
k
µ�I|L�¤¥L § ¨|5cG º /cIA¨ º LxI @'/ L O(k)

³ @ ¨ º´º:@ < º ÃEG|5c3E/23 @ ¤ @ ¨ Å ¨|5�I|« §�§ L�LMDq8qJ�5c1EI|L » «:L�1T¨H¤ Å =¨ º L�/2¿x5c«:1T¨`5 ¼ ¨ @ ¿xLPI|Ã?L�1T¨�¨H5 ¦ <C«:GHL�5c«r¨]/[¨Û¿Ê5TIY¨ k
Ã65C¨|L�1T¨ @ /C¤4I @ <C1 @�¦6§ /C1T¨�GH«:¤�LaI § /2136Lx3?5C«:1ED:LMD3 Å

O(kn)
³ @ ¨ º;§ 5c1EI�¨H/21T¨¸Ã:G|5c3E/23 @ ¤ @ ¨ Å p ≥ 1/8.

F @ 1ED @ 1:<�¨ º L�¨|5cÃrµ k̂I @ <C1 @�¦6§ /21T¨¢G|«E¤�LaI @ 1/2¨¢¿x5cI�¨ O(k)
GH«:¤¥LMI § /21�3?L I�5c¤ Á LMD @ 1�¨ @ ¿xL O(k log(k) + k̂) =³ º:@¥§Rº�@ I O(kn)

D:«:L¸¨|5
k̂ ≤ k ≤ n.

egfih �&�q E¡«Ôü� å0æ _Ï] [ �^Õ4é�] æ Õ
òW1�¨ º:@ IAI|L § ¨ @ 5C1 = ³�L�/ @ ¿Ø¨|5ÂL Á /2¤¥«E/[¨HLCó`®Yôa°�¨ º L Ã:G|5cÃ65TI�LaD�G|«:¤¥L�³�L @ < º ¨ @ 1:<²/C1ED�G|«E¤�L5CGRDrL�G @ 1E<�I�¨|GR/[¨HL�< @ LaI)³ @ ¨ º G|LaI�Ã?L § ¨&¨|5¾¨ º LÂ/ §�§ «EGH/ § Å 5 ¼ § ¤¥/cI|I @�¦6§ /2¨ @ 5C1 = ³ º LMG|L�I @ <2µ1 @y¦?§ /21T¨PG|«E¤�LaI�/CG|LA¿ @ 1:LaD @ 1Â3?52¨ º ® @ ° Ç 5c1:L�µ�3 Å µ�5C1EL�È¢5CGPDrL�¨HL�GH¿ @ 1 @ I�¨ @�§ ¿�/21E1:L�GP/21ED® @¥@ °�GH/C1EDr5C¿ @ I�LaD´¿x/C1:1:LMG Ü /21ED¯®oìC°¸¨ º LÂÃEG|5cÃ65TI�LaDÍGH«:¤¥L²¿ @ 1 @ 1:<´/2Ã:ÃEG|5T/ §Rº ® @ 1 @ ¨HIGH/C1EDr5C¿ @ I�LaD ¼ /CI º:@ 5c16°Û³ @ ¨ º GHLMI|Ã6L § ¨Ì¨H5&¨ º LKL�Î §�@ LM1 § Å 5 ¼ § 5c¿xÃ:«r¨H/2¨ @ 5C1x3 Å § 5C¿xÃE/CG�µ
@ 1:< @ ¨¸³ @ ¨ º ¨ º L Ç 5C1:L�µo3 Å µ�5C1:L�È¸¿ @ 1 @ 1:<�/2Ã:ÃEG|5T/ §Rº 8 Ë ¤¥¤�L Á /C¤�«6/[¨ @ 5C16I¢³�L�GHL�5C3r¨R/ @ 1:LMD«EI @ 1:<�¨ º L&Õ�F ø JÖJ Ë ©¢¬ /2¤¥<C5cG @ ¨ º ¿ § 5C«:ÃE¤�LaD²³ @ ¨ º ¨ º L Ç 36LaIY¨ ¦ GRIY¨�È § /cI�L)I|/2¨ @ I ¼ / § µ¨ @ 5C1¾IY¨HGH/2¨|LM< Å = /C¤y¨ º 5C«E< º /21 Å 52¨ º L�GAJ Ë ©¢¬ § ¤�/CIHI @�¦ LMG�<CL�1EL�GR/[¨|5cG = ¼ 5c«:1EDrLaD�5c1Â¨ º LÇ 3?LMI�¨ ¦ GHI�¨YÈ�IY¨HGH/2¨|LM< Å =�§ 5C«:¤�D±L » «E/2¤¥¤ Å ³�L�¤¥¤]3?L�«EI�LaD�8 ú ½rÃ?L�G @ ¿xL�1T¨RI)³�LMG|LÊG|«E1Í5c1´/ôC8mì ï K Ô / òW1T¨|L�¤qJ�L�¤¥L�GH5C1ÂJ økj ³ @ ¨ º ìc÷ 	 ¬¾3 Å ¨|L¢5 ¼ © Ë ¬ G|«:1 @ 1:< «:1EDrLMG09 @ 1EDr5[³¢IJ�5C¿x¿�/21ED ø GH5 § LMIHI�5cGM8Õ º LL�½rÃ?L�G @ ¿xLM1c¨RI²³�L�GHL § 5c1EDr« § ¨|LMDõ«6I @ 1:<Ñ/¹GR/21E<CL¾5 ¼ D:/2¨H/cI�L�¨HIx¨R/2¶CLM1 ¼ G|5c¿¨ º L.* j J Ú µml&·¸· D @ I § G|L�¨ @ I�LaD<�k1:5cG|¿�/C¤ @ I�LaD Ë ©¢¬ñ/21EDJ Ë ©¢¬ñ·A/2¨H/(* @ 3:GR/2G Å ë¥ô�ö ð 8Õ º L §Rº 5TI�LM1 D:/2¨H/CI|L�¨RIÂ/CG|LÍ5CG @ < @ 1E/C¤�¤ Å ¨R/2¶cL�1 ¼ GH5C¿ÿ¨ º L j J�ò²¬/ §Rº:@ 1:Lv*qLM/CG|1 @ 1:<©�L�Ã?5cI @ ¨H5CG Å ë ö ð 8�Õ º LMI|LÍD:/2¨H/CI|L�¨RI º / Á L36LML�1 D @ I § GHL�¤ @ I|LMD�/C1ED�1:5cG|¿�/C¤ @ I�LaDª«EI @ 1:<¨ º Lw* j J Ú µml&·¸· ·�L I�5 ¼ ¨Y³�/CG|LMn = I|5�¨ º /2¨ D:/[¨R/¾/2GHLx¨ º LM1¹Ã:GHLMI|L�1T¨|LaD @ 1¹/�3 @ 1E/2G Å¼ 5CGH¿x/2¨K« @ ¨H/C3:¤�L ¼ 5CGK«6I�L�³ @ ¨ º J Ë ©¢¬þ/CÃ:Ã:¤ @¥§ /[¨ @ 5C16I�8:ò�¨)I º 5C«:¤�D�36L�1:52¨HLMD�¨ º /[¨¢¨ º L
3 �ÛvcO�p6iP_]d2� ��NPNþNP� fgl×S�jMSMfgsySM�csgO¯S�V¹v[VWVYQ6� �����]�]��� eRlWea� sgfgj:� S�ea� bT�h� ˜ ^�U�SMZTl`����NPN��
d2\M^�Vo�]S�UYO}�MpEi�_]d[����N�N�� NP�|�[�



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl ¬ �
D:/[¨R/CI|L�¨HIÌ³�LMG|LPGHLM/2GHGR/21:<cLMD I|5)¨ º /[¨05 §�§ «:GHL�1 § LMIÛ5 ¼ § ¤¥/cI|I|LMIÛ³�L�GHL�D @ I�¨|G @ 3:«r¨|LaDxL Á L�1:¤ Å¨ º GH5C«:< º 5C«:¨�¨ º L¸DE/[¨H/cI�L�¨HIM8rÕ º:@ I�¨ º L�1�/2¤¥¤�5[³�LMD�¨ º L&D:/2¨H/CI|L�¨RIÌ¨H5x36L)D @¥ÁT@ DrLaD @ 1 º /2¤ ¼³ @ ¨ º ¨ º L ¦ GRIY¨ º /C¤ ¼ «EI|LMDõ/CIÊ¨ º L�¨|GR/ @ 1 @ 1:<2µWD:/2¨H/CI|L�¨x/21EDÒ¨ º LI�L § 5c1ED º /2¤ ¼ /CIÊ¨ º L¨|LMI�¨�µWD:/2¨H/CI|L�¨a8 Ë ¤�¨ º 5C«:< º / Ç 3?L�¨|¨|L�G�ÈÂ/ §M§ «:GR/ § Å ¦ <C«EG|L�¿ @ < º ¨ º / Á L�3?L�LM1¹5C3r¨R/ @ 1:LMD«EI @ 1:<ÂÕ�L�1:µYJ�GH5cIHI|�Ì/2¤ @ D:/[¨ @ 5c1¹ë ìc÷ ðo=?@ ¨ @ I�¨ º L GHL�¤�/[¨ @¥Á L�/ §�§ «:GR/ § Å ¨ º /2¨ @ IK5 ¼ @ 1T¨|LMG|LaIY¨
º L�GHL&/21ED�1:52¨�¨ º L�/236I�5c¤�«r¨HL&/ §�§ «:GR/ § Å 8Õ º L ¦ GHI�¨`I|L�¨Û5 ¼ L Á /2¤¥«E/[¨ @ 5c1EI%«E1EDrL�G|¨H/C¶CLM1�«EI|LMD / § 5c1 ¦ DrLM1 § L0¨ º GHLMI º 5c¤¥D Á /C¤�«EL�5 ¼÷ ïS+ /C1ED /¸I|«:Ã:Ã?5CG|¨�¨ º G|LaI º 5C¤�D Á /2¤¥«:L�5 ¼ ô + ® /CI`«EI|LMD @ 1 ¨ º LPÃ:«E3:¤ @ I º LMD�L Á /2¤¥«E/2¨ @ 5C1EI5 ¼ J�¬ Ë ©õëmì2ù ð�= J ø Ë ©õë ÷ îkðo= Õ�F ø JÑë�ôk÷ = ôaù ð °�8MÕ º L]GHLMI|«:¤�¨HIq/CG|L]ÃEG|LaI�LM1c¨HLMD @ 1�Õ`/23E¤�L�ô³ º L�GHLKôkì ï¢§ ¤¥/cI|I @y¦?§ /[¨ @ 5c1&/ §�§ «:GR/ § Å Á /2¤¥«:LMI`/2GHLÌ¤ @ I�¨|LaD&3E/cI�LaD&5C1�ì2ö §Rº 5TI�LM1�D:/[¨R/CI|L�¨HIM8Õ º L GH5[³û¤¥/C36LM¤¥IADrLMI § G @ 3?L�¨ º L ¶cL Å §Rº /CGH/ § ¨|LMG @ I�¨ @�§ IP5 ¼ La/ §Rº D:/2¨H/cI�L�¨Mó ¼ 5CGKL�½:/2¿xÃ:¤¥L =¨ º L¾¤�/23?L�¤"���q·¸�Ç�«� oCp q�� r
sututvsuw)�yxVw¾DrL�1E52¨|LaIÊ¨ º L Ç /CD:«:¤y¨�È�D:/2¨H/cI�L�¨ = ³ º:@�§Rºª@ 1 § ¤�«ED:LMIöcù = ù2ö4ìÌGHL § 5CGRD:I @ 1 ì�Ã:GHL�µWDrL ¦ 1ELMD § ¤�/CIHI�LaI = ³ @ ¨ º /[¨�¨HG @ 3:«r¨HLMIq¨ º /2¨ ¼ 5CG�¨ º LÌL�½4Ã?L�G @ ¿ÊLM1T¨HIDrLMI § G @ 3?LMD º LMG|L º / Á L�3?L�LM1xD @ I § GHL�¨ @ I|LMD�/21EDÊ1:5cG|¿�/2¤ @ I�LaD @ 1c¨H5&íS-¢3 @ 16/2G Å § /2¨|L�<c5CG @ LaI�8
z>{}|~{\�`�+|�� �P�O� ���A�������M���}�A�&�7�����m��{��S� ��{\�����}�
�y���m�-�������m��|~�}�

k̂  ¬ k̂  ¬ � k̂  ¬ k̂  ¬ �
k ¯� k ����

SazCbTsmV�� N�~k�[� � Y �M� Y �[� _]� �a�2� �a� �M�C� �k� �M}2� �M� � ¬ � ~k� � ¬ � �a�SMZcZTO�S�sÆ� N¢���C� �P�M~a�2� _Û} ~ ¬ � �a~ �M~C� � ¬ ~ ¬ � �M~ ~a�2� �M� ~ ¬ � � ¬SMbCVY\c� N ¬ �a�2� �����k�[� _]� } ¬ � �M} } Y � � ¬ �M~2� �M� } Y � � ¬ �M�C� �a�
�cUYO�S�l�V�� N¢�M�2� ��}a~M~C� _]� �a~2� ¬�¬ �a�2� }a� �a~2� ¬�¬ ~a�2� �a� ~k�2� �M�
eR\aZcZTORe|V Y � N ¬ ��~C� �P}a�a�M�a�2� _Û� }k�[� �a� }M}C� �M� }k�[� �a� }a}2� � Y }a}C� �a�
eHnCsywÛSMZTzclR� N ¬ � Y � ��� Y �2� _]� }k�[� ~a� }M~C� }a� }a�2� ��� }k�[� Y ¬ }k�2� ���� S�UYOa� N��a~2� � ¬ �M�a~C� _Û~ � Y � Y�Y � Y � � ¬ � Y � ��~ � Y � Y�Y � Y � ��~
{asySMlWlR� N Y �C� ��� ¬ Y � _]� �M�2� �a� } Y � Y ~ �a�[� � Y } Y � Y ~ } Y � Y ~
vTO�S�UWV�� N¢�a�[� ���a�M�C� _]� �M�2� �M� ���C� �M� �M}2� ��~ }a�2� �M} �M~C� }M�
vTORQTS�VYfmVYfglR� N¢�M}2� � ¬ �M�2� _]� }a�2� �a� }M�C� �a� }a}2� ��� �a�[� �k� �a�2� �M�
vT\�UYlWO�_`\asgfgea� N��k�[� �P�a}M�C� _]� �a�[� �a� �M�2� �a� �a�2� Y � �a�2� Y � � ¬ � �M�fg\aZT\MlWQTvcOHUYOa� N ¬ �M�2� �P�a� ¬ � _]� �k�[� ¬ Y � Y � �a� ~a�2� ��~ �a�2� �a� ~a�C� ¬ YfmUYfylR� N ¬ ~C� � ¬ �M�2� _Û� ~k�[� �a� ~a�2� �a� ~k�[� �M� ~k�[� �a� ~k�2� �M�
sgO�z4�[� N�� Y � ���k�M�M�C� _ ¬ � }a�2� �a� }a�2� ~ Y }a�2� �M� }a�2� �a~ }a~C� ~ Y
sgOHVÊ9�OHeR\a{C� N ¬ �a}2� ���M�M�a�M�C� _]�M} �a�2� �M~ ��~C� Y ¬ � ¬ � ¬ ~ �M~2� �a} �a�C� ~a�
X¸bclWvcUY\[\aXx� N�~M�C� �P� ¬ � Y � _]� ~a~2� � ¬ ~M�C� Y � ~a�2� �a� ~a~2� � ¬ ~a�C� Y �
Z2bcUYlWOHUWn[� N��a�2� � ¬ �M~a}M�C� _]� �a�2� �k� ��}C� �k� �M}2� ¬ � �a�2� �M� � ¬ � ¬�¬Q4S�{aO�w`sg\[e��2lR� N Y }C� �P� Y ���C� _]� ~a�2� ~k� ~ ¬ � � Y ~a�2� ~a� ~ ¬ � � Y ~a�C� ~a�
QTfgX�SC� N��M�C� ����}a�2� _]� �M�2� ¬ � ���C� ¬ � �M�2� ¬ � �M�2� Y�Y �M�C� Y�Y
lW\�nc�rORSMZc� syS�UY{MOa� N ¬�¬ �C� �P}M�a�2� _ ¬ ~ �k�[� ~k� � ¬ � �M� �a}2� � ¬ � Y � Y } � Y � �M�
VYfge���SMe �?\[Oa� N¢�M~2� �P~k���C� _]� � ¬ � } ¬ }M�C� Y � �a�[� �M� � ¬ � ¬ ~ �M�C� ���
�]S�jkOH^¥\MUYXx� N ¬ � ¬ � �P�M�a�M�C� _Û� } ¬ � }a� ���C� ~k� �a�[� ~M} �M~2� �a� �a�2� ���
�ÌfgZTOa� N�}M�C� � ¬ �M�C� _Û� �M�2� ~a� �M�C� ¬ � � ¬ � ~ ¬ �a�2� ¬ � �k�2� �M~� \[\c� N Y �2� � ¬ � ¬ � _]� �M}2� �a� �M}C� �a� �M�2� �M� ~a�2� �a� �a}C� �M�
u?jkOHU�S�{aO �M�2� �k� �M�2� �M~ � Y � �M� �M}2� � ¬ �M}C� ��~��P�GJk%R¾:¾ôJåuä�æ�æ�à ì�Þ�ä¸Ø=à%Ü¸Û�ä
Þ Þ}â�ß�ä
Þ�í � α ���O�A "ç σ �¢¡�  F:GH5C¿ Õ`/23:¤¥L�ô @ ¨ § /21�36L&I|L�LM1Â¨ º /[¨�³ @ ¨ º /Ê÷ ïS+ § 5c1 ¦ DrLM1 § LA¨ º G|LaI º 5c¤¥D�/21ED�/21ô + I|«:Ã:Ã?5CG|¨K¨ º G|LaI º 5c¤¥D¾¨ º LÊÃ:GH5CÃ?5cI|LMD¾GH«:¤¥L ³�L @ < º ¨ @ 1:<�/C1ED¾GH«:¤¥L�5cGHDrLMG @ 1:<²¿xL §Rº /[µ1 @ I|¿�I�³�5CGH¶CLaD±GHLM/cI�5c1E/23:¤ Å ³�L�¤¥¤�8�9 º L�1 §Rº 545cI @ 1:<¾/ Á /C¤�«:LÂ5 ¼ ô²/CI�¨ º L Á /C¤�«:L ¼ 5CG



¬ � Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ

k̂
®Æ5C1E¤ Å ¨ º L±¿Ê5TIY¨�I @ <C1 @�¦6§ /21T¨|¤ Å J Ë © ¼ 5CGÂLa/ §Rº�§ ¤�/CIHI @ I²¿ @ 1:LMDE°Â/21EDõ/2ÃEÃ:¤ Å @ 1:<¨ º L Ç 5C1EL�µ�3 Å µ�5C1:L�ÈKG|«E¤�L&¿ @ 1 @ 1E<²/2Ã:Ã:GH5c/ §Rºq= ¨ º L�/ Á L�GR/2<cLA/ §�§ «EGH/ § Å 5 ¼ § ¤�/CIHI @y¦6§ /[¨ @ 5c1¨ º GH5C«:< º 5C«:¨&¨ º L�ì2öD:/[¨R/CI|L�¨RI @ IV-2÷r8mì2í + 8�9 º L�1×I|«:3EI�¨ @ ¨|«r¨ @ 1E<¾¨ º L Á /2¤¥«:L�5 ¼ ô�3 Å/ Á /2¤¥«:L&5 ¼ ô ï ®Æ¨ º L�36LaIY¨�ô ï I @ <c1 @y¦?§ /21T¨¸J Ë ©¢I ¼ 5cGKLM/ §Rº¾§ ¤�/CIHI¢/2GHL @ D:L�1T¨ @�¦ LMD6° = ¨ º L/ Á L�GR/2<cL�/ §�§ «:GH/ § Å = «EI @ 1:<¹¨ º L Ç 5C1:L�µo3 Å µ�5C1:L�È�G|«E¤�L¿ @ 1 @ 1:<Ñ/2ÃEÃ:G|5T/ §Rºq=]@ I�-[öE8 ïCîS+ 8L¢52¨HLP¨ º /2¨Ì¨ º LK/ Á LMGH/C<CL�/ §�§ «:GH/ §�@ LMIÛ/2GHL º:@ < º LMGÛ¨ º /C1x¨ º LA/ Á L�GR/2<cL�/ §�§ «EGH/ § Å 5 ¼ § ¤¥/cIYµI @�¦6§ /2¨ @ 5C1´5C3r¨R/ @ 1:LMDÍ3 Å ¨ º L�³�LM¤�¤�µ�LMI�¨H/23E¤ @ I º LMD´J Ú:Ë 5CGRDrL�G @ 1E<�/CÃ:Ã:GR/25 §Rºq= ³ º:@�§Rº´@ I- î 8 ùcì + 8qF:«:G|¨ º LMG|¿x5cG|Lx³ º LM1;D:LM/2¤ @ 1:<¾³ @ ¨ º ¨ º L�GR/216Dr5C¿ @ I�LaDÍI|L�¤¥L § ¨|5CG&36/CI|LMD´G|«E¤�L¿ @ 1 @ 1:<Â/CÃ:Ã:GH5c/ §Rº%= /C1ED §Rº 545cI @ 1:<�/ Á /C¤�«EL&5 ¼ ô /CI�¨ º L Á /2¤¥«:L ¼ 5cG k̂

/21ED�/ Á /2¤¥«:L�5 ¼÷�/cI�¨ º L Á /2¤¥«:L ¼ 5CG k
®Æ5C1E¤ Å ¨ º L&¿x5cI�¨PI @ <C1 @�¦6§ /C1T¨|¤ Å J Ë © ¼ 5CGPLM/ §Rº�§ ¤¥/cI|I @ IP¿ @ 1:LMD =3E/CI|LMDÍ5C1±¨ º L�L�½ @ I�¨H/21 § LÊ5 ¼ ÷�Ã?52¨HL�1T¨ @ /2¤ÌI @ <c1 @�¦6§ /C1c¨ J Ë ©KI ¼ 5CG)LM/ §RºÍ§ ¤¥/cI|I @ 1 R ° =¨ º L�/ Á L�GR/2<CL¸/ §M§ «:GR/ § Å ¨ º GH5C«E< º 5c«r¨P¨ º L ì2öxDE/[¨H/cI�L�¨HI § /21�36L&5c3r¨H/ @ 1ELMD�/CI"- 	 8 ù:ô + 8L¢52¨HL)¨ º /2¨ @ 1�¨ º L&GH/C1EDr5c¿ @ I|LMD�L�½rÃ6LMG @ ¿xL�1T¨�Ã:GH5 § LMIHI = ³�L&/2¤¥³�/ Å I�GH«:1¾I�L Á L�GR/2¤?¨HLMI�¨HI® @ 8 Lc8 = ù[µRô ï ¨|LaIY¨RIH° ¼ 5CG¢La/ §Rº D:/2¨H/CI|L�¨ = /216D § /[¨ §Rº ¨ º L�36LaIY¨KGHLMI|«:¤�¨M869 º L�1I|«:3EI�¨ @ ¨|«r¨|µ

@ 1:<�¨ º L Á /2¤¥«:LÊ5 ¼ ôÊ3 Å / Á /2¤¥«:LÊ5 ¼ ô ï:= /21ED¨ º L Á /2¤¥«:LÊ5 ¼ ÷Â3 Å / Á /2¤¥«:LÊ5 ¼ ÷ ï ®t¨ º L36LaIY¨Êô ï I @ <c1 @�¦6§ /C1c¨&J Ë ©¢I ¼ 5CG¸LM/ §Rº§ ¤�/CIHI¢/2GHL�¿ @ 1ELMD = 3E/cI�LaD�5C1�¨ º L�L�½ @ I�¨H/21 § L�5 ¼÷ ï Ã?52¨|LM1T¨ @ /2¤�I @ <C1 @�¦6§ /C1T¨¸J Ë ©¢I ¼ 5CG¢La/ §Rº¾§ ¤�/CIHI @ 1 R ° = ¨ º L / Á L�GR/2<cL¸/ §�§ «EGH/ § Å ³P/CI¼ 5C«:1ED�/cI"- 	 8î-[í + 8
z>{}|~{}���+| �7���������}���\�A�������£�m��{M�S� �V{}�����\�:�y���m�C�������m��|~�}�
sgOHVÊ9�OHeR\a{ k̂  ¬ k̂  ¬ h k ��M�
N ¬ �M}C� 90bTsgO 9�bcsgO �ÛfgX&O uÌeHeRbcU�S�eHn 90bTsgO 90bTsgO �ÛfgX&O u]eReRbcU�S�eHn
�P�M�a�M�a�2� ��bTXA�rOHU ��bTX¸�rO|U ��bTXA�rOHU ��bTXA�rOHU
_]��} © �rOH^¥\MUYO}ª © S�^�VYOHU«ª © lWOReR\MZ4zCl`ª ©~¤ ª © �rOH^¥\MUYO}ª © S�^¥VYOHU«ª © lWOHeR\aZTzcl`ª ©~¤ ª
¬ ¬ Y ~ ¬ }a� �2� �a�a� ��~C� Y ¬ ¬ Y ~ ¬ }M} �C� ¬ }M� �M~C� }M�
�C� �a� ¬ ~ Y � ¬ � �2� ¬�¬ � ��~C� ~ Y ¬ ~ Y � ¬�¬ �C� ¬ }M� �M~C� ~a�
�C� �M� �a~ ¬ Y ¬ � �2� �M�a� �a�2� }k� �M~ ¬ Y ¬�¬ �C� �a� ¬ �k�2� ���
�C� �a� ¬�¬�¬ � ¬�¬ Y � ¬ � �k�a� Y �C� �a} ¬�¬�¬ � ¬�¬ �a~ �C� } Y ¬ Y ¬ � ��}�C� ¬ � �M~M~k� �a� ¬ � Y � ¬ �a} Y�Y � ~k� ��~a~k� �a� ¬ } �C� �a�M� Y �2� ¬ ��C� �a~ �k�M�M� �k�M� Y Y � } ¬ � Y �2� � ¬ �a�a�M� �k���k� ¬ � ~ ¬ � Y �2� Y �
�C� �a� �a}M�a� �a}k��} }2� �a�a� Y �2� �a� �M}a�a� �a}a�a� �2� ¬ �M� Y �2� Y �
�C� �k� �a}M�a� �a}k��} }2� �a}a� Y �2� �a� �M}a�a� �a}a�M} �2� ¬ }M� Y }C� �a�
�C� �a} Y �M}a} Y �a~a� �[� }a}a~ Y }C� �M� Y �a}a} Y �M~ ¬ �2� �a� Y Y }C� Y �
�C� �k� Y �M~k� Y ~k��� �[� Y } ¬ Y �2� �M� Y �a~k� Y ~a�a� �C� �M�a� Y �2� }a�
�C� � Y �a� ¬ } �a� Y � ~2� � Y � Y �2� }k� �M� ¬ } �a� Y � �C� �a��} Y �2� ���
�C� �a� }a� Y ¬ }a�a}a� ¬ �2� �a�M~ Y �C� �a� }M� Y ¬ }a�M}k� Y � �M~M} Y �C� ��~�pP)G�k=R�MjôúÜ�ï"éCâ�Ø�ä�ØÇà%Ü�ÛCä¸å�×=ü�Þ�à%×�ÛCÞ�íi¥ ôJåuä�æ æ à ì�Þ ä�ØÇà%Ü�Û�ä
Þ Þ�â�ß«ä
Þ�í � α �¢�O�A  Õ º L×I�L § 5c1EDÖI|L�¨5 ¼ L Á /2¤¥«E/[¨ @ 5c1EI¾«:1ED:L�G|¨H/2¶cL�1 «EI|LMDû/ § 5c1 ¦ DrLM1 § L´¨ º G|LaI º 5c¤¥D

Á /C¤�«ELA5 ¼ ÷ ï,+Â= /ÊI|L�¨�5 ¼ D:L § GHLM/cI @ 1:<ÊI�«:ÃEÃ65cG�¨P¨ º G|LaI º 5c¤¥D Á /2¤¥«:LMI ¼ GH5C¿ ô + ¨H5 ï 8 ïCîS+Â=/21ED�¨ º L ¤¥L�¨|¨|LMGAGHL § 5C<C1 @ ¨ @ 5c1�DE/[¨H/cI�L�¨M8�Õ º L Ç ¤¥/CG|<cL�È&¤�L�¨�¨HL�G¸G|L § 5C<c1 @ ¨ @ 5C1¾D:/[¨R/CI|L�¨x®H�H�b¦��§�����!�¹2� o^¨�©uªS� r
w�©O©O©u©S�yxVw£ª[° =M§ 5C¿xÃ:G @ I|LMIÌì ï:= ïCïcï GHL § 5CGRD:IV« ì 	 Ã:G|L�µ�D:L ¦ 1:LaD § ¤�/CIHI�LaI�8F:5CG¢¨ º L&L�½4Ã?L�G @ ¿ÊLM1T¨�¨ º L DE/[¨H/cI�L�¨ º /CI�3?L�LM1D @ I § G|L�¨ @ I�LaD�/C1ED�1:5CGH¿�/2¤ @ I|LMD @ 1T¨H5¾ô ï
	3 @ 16/2G Å § /[¨HL�<c5CG @ LaI�84F:GH5C¿À¨ º L)L�½rÃ6LMG @ ¿xL�1T¨ @ ¨ § /21�36L&I|L�L�1�¨ º /[¨¢/ GHL�¤�/[¨ @ 5c1EI º:@ Ã�L�½4µ
@ I�¨HIK36L�¨Y³�LML�1qór¨ º L I|L�¤¥L § ¨|LMD Á /C¤�«:L 5 ¼ I�«:ÃEÃ65cG�¨¢¨ º GHLMI º 5C¤�D;® σ 5CG�&V$'»^� #�·��q��!�����° = ¨ º L1T«E¿ 3?L�G&5 ¼ <CLM1:L�GR/[¨HLMD´J Ë ©¢I�®+¬

R
¬ ° = ¨ º L�/ §M§ «:GR/ § Å 5 ¼ § ¤¥/cI|I @�¦6§ /2¨ @ 5C1Ñ® Accy

° = /C1ED



4 fyZcfgZT{�5�6&eRfgORZ[VYsmnxd2fg{aZTf87Te�SMZ[V�_`sySMlWlWf874e�S�VYfg\aZÂu�lWlW\[eRfyS�VYfy\MZ(9�bcsgORl ¬ ~
¨ º L)¨ @ ¿xL @ 1�I|L § 5C1EDEI�I�Ã?L�1T¨¢5C1�¿ @ 1 @ 1E<²I @ <C1 @�¦6§ /21T¨�GH«:¤¥LMI�® T ime

°�8EJ�¤¥LM/CG|¤ Å = ↓ σ ⇒
↑ |R| ⇒

®
↑ Accy ∧ ↑ T ime

°�8
Õ�/C3:¤�L�ìDrLM¿x5C1EI�¨|GR/[¨HL²¨ º /[¨x³ @ ¨ º /´÷ ïS+"§ 5C1 ¦ D:L�1 § LÂ¨ º G|LaI º 5C¤�D×/21EDÑ/ Á /2¤¥«:L5 ¼ ô/CIx¨ º L Á /C¤�«:L ¼ 5cG k̂

®Æ5c1:¤ Å ¨ º L¿x5cI�¨�I @ <c1 @y¦?§ /21T¨H¤ Å J Ë © ¼ 5CGÂLM/ §Rº�§ ¤¥/cI|I @ I¿ @ 1:LaD @ 1 |R| ° = ¨ º LÂÃ:G|5cÃ65TI�LaD´G|«:¤¥L²¿ @ 1 @ 1E<Í/2ÃEÃ:G|5T/ §Rº ® @ ¨HI�GH/C1EDr5c¿ @ I|LMD ¼ /CI º:@ 5C16°Ã6LMG ¼ 5cG|¿�IÊ³�LM¤�¤P³ @ ¨ º G|LaI�Ã?L § ¨�¨H5;365C¨ º / §�§ «:GH/ § Å 5 ¼ § ¤�/CIHI @�¦6§ /[¨ @ 5C1Ò/21EDÑL�Î §�@ L�1 § Å5 ¼ § 5C¿xÃ:«r¨R/[¨ @ 5c1q8Û9 º L�1�/2ÃEÃ:¤ Å @ 1:<Í¨ º L Ç 5C1:L�µo3 Å µ�5C1:L�È�GH«:¤¥L�¿ @ 1 @ 1:<¹/2Ã:Ã:GH5c/ §Rºq= /CI
σ
DrL § G|La/CI @ 1:< ¼ G|5c¿ ô + ¨H5 ï 8 ïcîS+Â= |R| ® 36L ¼ 5CGHL±¿ @ 1 @ 1E<×¨ º L Ç 36LaIY¨ k̂

ÈG|«:¤¥LMIR° @ I
@ 1 § G|La/CI|LMD ¼ G|5c¿"ôMöcí�¨|5 	E= î öEô Ü /21ED |R| ®�/ ¼ ¨|LMG¢¿ @ 1 @ 1:<²¨ º L Ç 3?LMI�¨ k̂

È&G|«:¤¥LMIK/21ED�GHL�µ
5CGRDrL�G @ 1E<Ê/C¤�¤qGH«:¤¥LMIR° @ I @ 1 § G|La/CI|LMD ¼ G|5c¿ ô 	 -&¨H5 	:= î
	 -r8EJ�5C1EI|L » «:LM1c¨H¤ Å / §�§ «:GR/ § Å º /CI36LML�1 @ 1 § GHLM/cI�LaD ¼ G|5c¿-ì2íE8 ö6ô + ¨|5²öTù:8mìCì +Â= /C1ED T ime

®t¨ º L�¨ @ ¿xL�I|Ã6LM1T¨ @ 1±¿ @ 1 @ 1:<¨ º L k̂
I @ <c1 @y¦?§ /21T¨`G|«:¤¥LMIR° º /CI�36LML�1 @ 1 § G|La/CI|LMD ¼ GH5C¿ ï 8 ï ù¢I|L § 5C1EDEIq¨|5�ôaì:8 îcî í¢I|L § 5C1ED:IM8òW1 § 5c¿ÊÃ6/2G @ I|5C1�³ º LM1Â/2ÃEÃ:¤ Å @ 1:<�¨ º LKÃEG|5cÃ65TI�LaDxGH/C1EDr5C¿ @ I�LaDxG|«E¤�LA¿ @ 1 @ 1:<x/2Ã:Ã:GH5c/ §Rº³ @ ¨ º / Á /2¤¥«:LA5 ¼ ÷ ï /CI�¨ º L Á /C¤�«EL ¼ 5cG k

®t¨ º L�GHL¸L�½ @ I�¨K÷ ï Ã65C¨|L�1T¨ @ /C¤qI @ <C1 @�¦6§ /C1T¨�GH«:¤�LaI¼ 5CG%La/ §Rº�§ ¤¥/cI|I @ 1 |R| ° = /CI σ DrL § G|La/CI @ 1:< ¼ GH5C¿ ô + ¨|5 ï 8 ïCî,+²= |R| ®Æ3?L ¼ 5cG|L0¿ @ 1 @ 1:<¢¨ º LÇ 3?LMI�¨
k̂
ÈAG|«E¤�LaIH° @ I @ 1 § GHLM/cI�LaD ¼ GH5C¿ ô�öTí&¨|5 	:= î ö6ô Ü /21ED |R| ® / ¼ ¨|LMG�¿ @ 1 @ 1:< ¨ º L Ç 3?LMI�¨

k̂
È�GH«:¤�LaIÛ/21ED�G|L�µo5cGHD:L�G @ 1:<A/2¤¥¤TGH«:¤¥LMIR° @ I @ 1 § GHLM/cI�LaD ¼ GH5C¿ ô 	h	 ¨H5 	E= îh	 ÷r82J�5C16I�L » «EL�1T¨|¤ Å/ §�§ «:GR/ § Å º /CIq36LML�1 @ 1 § GHLM/cI�LaD ¼ G|5c¿ûìCí:8 	CïS+ ¨|5¢öTù:8î-[í +²= /21ED T ime

®t¨ º LÌ¨ @ ¿xL0I|Ã?L�1T¨
@ 1�¿ @ 1 @ 1:<¢¨ º L k̂

I @ <C1 @y¦6§ /21T¨�GH«:¤¥LMIR° º /cI%3?L�LM1 @ 1 § GHLM/cI�LaD ¼ G|5c¿ ï 8¥ô 	 I|L § 5C1ED:Iq¨|5¸öE8mì2í 	I�L § 5C16D:I�8

° �'�<±PC± 9�SMZ4zC\aX&fglWO�z�dCORsgORe|VY\MU0j2lR��I�ZcOH� �2n2� \aZcOPu0QTQcUY\aSMe�v © u]eReRbCU�SMeHnSª



��� Þ`SMZ2�r\¸ßC�Tà¾S�ZT{Chrá�fgZÊ��fgZ6hcSMZTzxâcU�SMZcl0_`\[ORZTOHZ

° �'�C±Y®q± 9�SMZTzc\MX&fylWORzÊd2ORsgOReHVY\MU�j2lR��I�ZTOH� �[n2��\MZTO�u�QTQCUY\kS�e|v © 5g6&eHfyOHZTeHnSª
x|F%W;Jý;�¯ x|F=W^;k�g; DrL�¿x5c1EIY¨HGH/2¨|L²® G|LaI�Ã?L § ¨ @¥Á L�¤ Å °�¨ º /2¨K¨ º L�GHL @ IK1:5ÂI @ <c1 @�¦6§ /C1c¨D @ Ï�L�GHL�1 § L�36L�¨Y³�LML�1õ/ §�§ «:GR/ §�@ LMI 5 ¼ § ¤�/CIHI @�¦6§ /2¨ @ 5C1×5c3r¨H/ @ 1ELMD×3 Å ¨ º L Ç 5c1:L�µ�3 Å µ�5C1EL�ÈG|«:¤¥LÌ¿ @ 1 @ 1E<K/2Ã:ÃEG|5T/ §Rº /21ED¸¨ º LÌGR/21EDr5c¿ @ I|LMD)I|L�¤¥L § ¨H5CG�3E/cI�LaD)G|«E¤�LÌ¿ @ 1 @ 1:<K/2ÃEÃ:G|5T/ §Rºq=³ º L�GHLM/cI�/xI @ <c1 @y¦?§ /21T¨PD @ Ï�L�GHL�1 § L @ 1�¨ @ ¿xLMIPI|Ã6LM1c¨�5c1�¿ @ 1 @ 1E<ÊI @ <c1 @�¦6§ /C1c¨PGH«:¤�LaI § /2136L�I|L�LM1q8

°²± ç å ê�]�é�Õ4¡Yç å
Õ º:@ I §Rº /2Ãr¨HL�G @ I § 5c1 § LMG|1:LaDÂ³ @ ¨ º /C1 @ 1 Á LMI�¨ @ <c/2¨ @ 5C1�5 ¼ J Ë ©¢¬¹8 Ë 5 Á L�G Á4@ LM³¯5 ¼ L�½4µ
@ I�¨ @ 1:<;J Ë ©¢¬ /C¤�<c5CG @ ¨ º ¿�I&³P/CI�ÃEG|5 Á4@ DrLMD @ 1ÒI|L § ¨ @ 5C1Ñì¾³ º L�GHL ¦EÁ L²L�½ @ IY¨ @ 1:<ÍG|«E¤�L³�L @ < º ¨ @ 1E<)I §Rº LM¿ÊLaI]«EI|LMD @ 1²J Ë ©¢¬ /2¤¥<C5cG @ ¨ º ¿xIÛ³�L�GHLPG|L Á4@ LM³�LaD�8 Ë GH«:¤�L�³�L @ < º ¨ @ 1:<I §Rº LM¿xL±³P/CI²ÃEG|5cÃ65TI�LaD @ 1ÖI�L § ¨ @ 5C1 î ¨ º /[¨�³¢IÂ«EI|LMD¯¨|5ªD @ I�¨ @ 1:<c« @ I º ¨ º LÍI @ <C1 @�¦ µ
§ /21T¨¢J Ë ©¢I ¼ GH5C¿ ¨ º L @ 1EI @ <c1 @y¦?§ /21T¨�5C1:LaI�8:J�5C1EI|L » «:LM1T¨|¤ Å /�G|«E¤�LA5CGRDrL�G @ 1E< IY¨HGH/2¨|LM< Å³�/cI�ÃEG|5cÃ65TI�LaD = 3E/CI|LMDÂ5C1�¨ º L Ç 3?LMI�¨ ¦ GHI�¨YÈ § /CI|L&I|/2¨ @ I ¼ / § ¨ @ 5c1�/2ÃEÃ:G|5T/ §Rºq= ³ º:@�§Rº�§ /2136Lx/2Ã:ÃE¤ @ LMD±³ º L�1 § ¤¥/cI|I @ ¼ÆÅ @ 1:< Ç «:16I�LML�14È�D:/2¨H/E8?Õ º L § 5c1 § LMÃr¨A5 ¼ I|L�¤¥L § ¨H5CGRI�ë¥ôMí ð ³P/CII�«:¿x¿�/2G @ I�LaD @ 1�I|L § ¨ @ 5C1 î ¨|5C<cL�¨ º L�GP³ @ ¨ º I�5c¿xL)D @ I § «EIHI @ 5c1Â5 ¼ ¨ º L&GR/216Dr5C¿ @ I�LaDÂI|L�µ¤�L § ¨|5cGHIM8 Ë 1E5 Á L�¤�GH«:¤�L�¿ @ 1 @ 1:<¹/CÃ:Ã:GH5c/ §Rº ³P/CI�Ã:GHLMI|L�1T¨|LaD @ 1ÒI|L § ¨ @ 5C1Ñö´3E/cI�LaD×5C1¨ º L § 5C1 § L�Ã:¨HI¢5 ¼ I�LM¤�L § ¨H5CGRI ®Æ3?52¨ º DrL�¨|L�GH¿ @ 16IY¨ @¥§ /21ED�GR/21ED:5C¿ @ I|LMD6°�8EòW1¨ º LM5CG Å = ¨ º LÃ:G|5cÃ65TI�LaDÊG|«:¤¥L¢¿ @ 1 @ 1E< /2Ã:ÃEG|5T/ §RºÊ@ DrLM1T¨ @�¦ LMI�I @ <C1 @�¦6§ /21T¨PJ Ë ©KI @ 1x¨ @ ¿ÊL O(k2n2) @ 1@ ¨RI�DrL�¨HL�GH¿ @ 1 @ I�¨ @�§ ¼ /CI º:@ 5c1 = /216D O(kn) @ 1 @ ¨HI&GR/216Dr5C¿ @ I�LaD ¼ /cI º:@ 5C1%8qÕ º:@ I�¿ @ 1 @ 1:</2Ã:Ã:GH5c/ §Rº / Á 5 @ D:I ¦ 1ED @ 1:<ÂI @ <c1 @�¦6§ /C1c¨AJ Ë ©¢I�5C1¾/ Ç 5C1:L�µo3 Å µ�5C1:L�ÈK3E/CI @ I = ³ º:@�§Rº ³ @ ¤¥¤G|L » « @ GHL&/21¾L�½rÃ?5C1:LM1T¨ @ /2¤�¨ @ ¿xL O(2n)

86òW1I�L § ¨ @ 5c1¾÷ = ¨Y³�5xI|L�¨RI¢5 ¼ L Á /C¤�«6/[¨ @ 5C16I�³�LMG|LÃ:G|LaI�LM1T¨|LMDÂ¨ º /[¨¢L Á4@ DrL�1 § LCó
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ôC8�Õ º LÂÃEG|5cÃ65TI�LaDÍGH«:¤¥L²³�L @ < º ¨ @ 1:</216D;G|«:¤¥L²5cGHDrLMG @ 1:</CÃ:Ã:GH5c/ §RºY³ I)Ã?L�G ¼ 5CGH¿"³�L�¤¥¤
³ @ ¨ º G|LaI�Ã?L § ¨�¨|5Ê¨ º L�/ §�§ «:GH/ § Å 5 ¼ § ¤�/CIHI @y¦6§ /[¨ @ 5c1 Ü /21EDìr8�Õ º L�Ã:G|5cÃ65TI�LaD)GH/C1EDr5c¿ @ I|LMD&GH«:¤¥L0¿ @ 1 @ 1:<¸/2Ã:ÃEG|5T/ §Rº&@ I § 5C¿xÃE/2GR/23E¤�L]¨H5K¨ º L Ç 5c1:L�µ3 Å µ�5C1EL�È�G|«:¤¥L�¿ @ 1 @ 1:<Í/2Ã:Ã:GH5c/ §RºÍ@ 1×I @ <c1 @y¦?§ /21T¨ÊJ Ë © @ DrLM1T¨ @�¦6§ /2¨ @ 5C1¹³ @ ¨ º GHL�µI�Ã?L § ¨�¨H5�3?52¨ º ¨ º L¸/ §M§ «:GR/ § Å 5 ¼ § ¤�/CIHI @�¦6§ /2¨ @ 5C1�/216Dx¨ º LAL�Î §�@ L�1 § Å 5 ¼ § 5C¿xÃ:«r¨R/[µ¨ @ 5C1q8
F:GH5C¿ ¨ º L²L�½rÃ?L�G @ ¿xLM1c¨R/2¤ÌGHLMI|«:¤�¨HI =q@ ¨ § /C1´3?L²I|L�L�1´¨ º /[¨�¨ º LÂ/ §�§ «EGH/ § Å 5 ¼ § ¤¥/cIYµI @�¦6§ /2¨ @ 5C1�5C3r¨R/ @ 1:LMD�3 Å ¨ º L&Ã:GH5CÃ?5cI|LMD�GH/C1EDr5c¿ @ I|LMD�G|«:¤¥L&¿ @ 1 @ 1:<²/CÃ:Ã:GH5c/ §Rº�§ /C1�3?L36L�¨�¨|LMG�¨ º /21�¨ º L�/ §�§ «:GH/ § Å 5c3r¨H/ @ 1:LaDÂ3 Å ¨ º L Ç 5C1:L�µo3 Å µ�5C1:L�ÈA/2Ã:Ã:GH5c/ §Rº 8rF:«:G|¨ º L�G¢GHL�µI�La/2G §Rº@ I)I|«:<C<cLMI�¨|LaD¾¨|5 @ DrL�1T¨ @ ¼ÆÅ @ ¿xÃ:G|5 Á LMD¾GH«:¤¥L�³�L @ < º ¨ @ 1:<�I §Rº L�¿xL ¨H5 ¦ 1EDÍ¿Ê5cG|LI @ <C1 @�¦6§ /21T¨�GH«:¤¥LMI @ 1 R 8cÉK¨ º LMG�5c3 Á4@ 5C«EI�D @ G § ¨ @ 5C1 ¼ 5cG ¼ «EG�¨ º L�GÛGHLMI|LM/2G §Rº)@ 1 § ¤¥«EDrLCó ¦ 1ED4µ@ 1:<Ê52¨ º L�GPGH«:¤¥LA5cGHDrLMG @ 1:<�¿ÊL §Rº /21 @ I|¿�I0¨ º /[¨�< @�Á LA/�36L�¨�¨|LMG § ¤�/CIHI @�¦6§ /[¨ @ 5C1�/ §�§ «:GR/ § Å Ü@ 1 Á LaIY¨ @ <T/[¨ @ 1:<�5C¨ º LMG�¨|L §Rº 1 @�» «:LMI�¨|5GHL�Ã:¤�/ § Lx¨ º LÂÃ:G|5cÃ65TI�LaD;DrL�¨HL�GH¿ @ 1 @ IY¨ @¥§ /21ED<�[5CGGH/C1EDr5C¿ @ I�LaDÂI|L�¤¥L § ¨|5CGRI�¨|5x< @�Á L)/Ê3?L�¨|¨|L�GKÃ6LMG ¼ 5cG|¿�/21 § L Ü L�¨ § 8
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