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Abstract

In his seminal work, Harsanyi [19] introduced an elegant approach to study
non-cooperative games with incomplete information. In our work, we use this ap-
proach to define a new selfish routing game with incomplete information that we call
Bayesian routing game. Here, each of n selfish users wishes to assign its traffic to
one of m parallel links. However, users do not know each other’s traffic. Following
Harsanyi’s approach, we introduce, for each user, a set of possible types. In our
model, each type of a user corresponds to some traffic and the players’ uncertainty
about each other’s traffic is described by a probability distribution over all possible
type profiles.
We present a comprehensive collection of results about our Bayesian routing game.
Our main findings are as follows:

• Using a potential function, we prove that every Bayesian routing game has
a pure Bayesian Nash equilibrium. More precisely, we show this existence
for a more general class of games that we call weighted Bayesian congestion
games. For Bayesian routing games with identical links and independent type
distribution, we give a polynomial time algorithm to compute a pure Bayesian
Nash equilibrium.

• We study structural properties of fully mixed Bayesian Nash equilibria for the
case of identical links and show that they maximize Individual Cost. In general,
there is more than one fully mixed Bayesian Nash equilibrium. We characterize
fully mixed Bayesian Nash equilibria for the case of independent type distri-
bution.

• We conclude with bounds on Coordination Ratio for the case of identical links
and for three different Social Cost measures: Expected Maximum Latency, Sum
of Individual Costs and Maximum Individual Cost. For the latter two, we are
able to give (asymptotically) tight bounds using the properties of fully mixed
Bayesian Nash equilibria we proved.
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1 Introduction

1.1 Motivation and Framework

In recent years, motivated by non-cooperative systems like the Internet, combining ideas from
Game Theory and Theoretical Computer Science has become more and more attractive. In
many of these large-scale, non-cooperative systems, users have only incomplete information
about the system for several reasons. In his honored work, Harsanyi [19] introduced an elegant
approach to studying non-cooperative games with incomplete information, where the players
are uncertain about some parameters. To model such games, Harsanyi introduced the Harsanyi
transformation, which converts a (strategic) game with incomplete information to a strategic
game where players have different types. The type of a player represents its private information
that is not common knowledge to all players. In the resulting Bayesian game, each player’s
uncertainty about each other’s type is described by a probability distribution over all possible
type profiles. Using this probability distribution, players make their decisions according to
Bayesian Decision Theory [4]. In Bayesian Decision Theory probabilities are used as a measure
of the degree of belief a person has in some proposition.

In this work, we introduce a particular selfish routing game with incomplete information
that we call Bayesian routing game. Here, each of n selfish users wishes to assign its traffic
to one of m links. Each link has a certain capacity, which specifies the rate at which the link
processes traffic. In the case of identical links, all links have equal capacity. Link capacities
vary arbitrary, in the case of related links. The latency of a link is the total traffic on the link
divided by the capacity of the link. Users do not know each other’s traffic. Following Harsanyi’s
approach, we introduce for each user a set of possible types. We assume that all type sets are
finite. Each type of a user corresponds to some traffic. Furthermore, we assume that there
is a joint probability distribution p, called type distribution, over the set of all possible type
realizations. In general, p can be arbitrary; however, sometimes we assume p to be independent
– in that case, p is expressed as the product of n independent probability distributions, one for
each user type set.

In a pure strategy, a user chooses for each of its types a particular link; so, a pure strategy
is a function from the type set of a user to the set of links. In a mixed strategy, a user uses
a probability distribution over all his possible pure strategies. A strategy profile specifies a
strategy for each of the users. Users choose strategies in order to minimize their Individual
Cost, which is defined as the expected latency experienced by the user. Note that due to the
Bayesian model, the Individual Cost in a pure strategy profile is given by the expectation over
the type distribution p. For mixed strategy profiles, the expectation is taken over both the
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type distribution p and the mixed strategies of the users.

The users neither cooperate with each other nor adhere to a global objective function, the so
called Social Cost [22]. A stable state in which no user has an incentive to unilaterally change its
strategy is called a Bayesian Nash equilibrium. In our study, we distinguish between pure and
mixed Bayesian Nash equilibria. Of special interest to our work are fully mixed Bayesian Nash
equilibria, where each user assigns strictly positive probability to each of its pure strategies.

If each user has only a single type, so that users are completely informed about each other’s
traffic, then we are in the setting of the selfish routing game with complete information in-
troduced in the pioneering work of Koutsoupias and Papadimitriou [22]. We call it a complete
information routing game. In this setting, Bayesian Nash equilibria become Nash equilibria. As
in [22], we use the Coordination Ratio, or Price of Anarchy [30], as a measure of the maximum
performance degradation due to the selfish behavior of the users. The Coordination Ratio can
be defined with respect to different Social Cost measures.

As a generalization of our Bayesian routing games we also introduce weighted Bayesian
congestion games. In a weighted Bayesian congestion game, the strategy set of each player is a
subset of the power set of given resources. Weighted Bayesian congestion games provide us with
a general framework for modeling any kind of non-cooperative resource sharing problem where
the users do not know each other’s traffic. A congestion game, as introduced by Rosenthal [31],
is a weighted Bayesian congestion game where each user has only a single type of traffic one.

1.2 Contribution

Due to the new dimension that the incomplete information introduces to the routing game, the
analysis of the Bayesian routing game requires new techniques. In this paper, we introduce
such techniques and we present a comprehensive collection of results for the Bayesian routing
game. We partition our results into three major parts:

(1) Existence and computational complexity of pure Bayesian Nash equilibria:

Our existence result applies for the class of weighted Bayesian congestion games. We define
a new potential function that we use to prove that every weighted Bayesian congestion
game possesses a pure Bayesian Nash equilibrium.

For the case of Bayesian routing games, identical links and independent type distributions,
we show that a pure Bayesian Nash equilibrium can be computed in polynomial time.
This computation is based on Graham’s LPT scheduling algorithm [18]. For the case
of related links and independent type distribution, and also for the case of identical
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links and arbitrary type distribution, the complexity of computing a pure Bayesian Nash
equilibrium remains open.

(2) Properties of fully mixed Bayesian Nash equilibria:

We show that for the case of identical links, the Individual Cost of each user is maximized
in a fully mixed Bayesian Nash equilibrium. This also implies that a user has the same
Individual Cost in any fully mixed Bayesian Nash equilibrium. We define a certain fully
mixed Bayesian Nash equilibrium that always exists. We show that, in general, there
might exist more than one fully mixed Bayesian Nash equilibrium, and we study their
structural properties. Finally, we determine the dimension of the space of fully mixed
Bayesian Nash equilibria for the case of independent type distributions.

(3) Bounds on Coordination Ratio:

We conclude with bounds on the Coordination Ratio for three different Social Cost mea-
sures and for the case of identical links.

– The Expected Maximum Latency on a link is a Social Cost measure that expresses the
social welfare of the system. Here, we are able to show lower and upper bounds on
the Coordination Ratio for different special cases. The exact value of Coordination
Ratio for this Social Cost measure remains open, even for the case of identical links.

– A Social Cost measure that describes average user welfare is the Sum of Individual
Costs. In this setting, it follows that for the case of identical links, each fully mixed
Bayesian Nash equilibrium has maximum Social Cost. Using this fact, we prove an
upper bound of m+n−1

m on the Coordination Ratio for the case of identical links.
We prove that this bound is asymptotically tight, already for complete information
routing games.

– We also study Social Cost as Maximum Individual Cost. For identical links, we show
asymptotically tight upper bounds on Coordination Ratio of m+n−1

m for Bayesian
routing games and of 2− 1

m for complete information routing games.

To the best of our knowledge, this is the first time that mixed Bayesian Nash equilibria are
studied in combination with Social Cost.

1.3 Related Work

Congestion games were introduced by Rosenthal [31] and extensively studied afterwards (see,
e.g., [1, 5, 7, 8, 13, 27, 28, 32] and [16] for a recent survey). In Rosenthal’s model, each player
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has complete information and each pure strategy of it is a subset of resources. Resource cost
functions can be arbitrary, but they only depend on the number of players sharing the same
resource. Rosenthal used a potential function to show that such games always admit a pure Nash
equilibrium. Subsequent papers [28, 32] characterize games that possess a potential function
as potential games and show their relation to congestion games. The complexity of computing
pure Nash equilibria for congestion games was studied by Fabrikant et al. [7]. Milchtaich [27]
considers weighted congestion games with player-specific payoff functions; he also shows that
these games do not admit a pure Nash equilibrium in general. Fotakis et al. [13] considered
weighted congestion games and proved the existence of pure Nash equilibria for the case where
resources have linear cost functions.

Complete information routing games on parallel links, and their Nash equilibria, were stud-
ied extensively in the last few years; see, for example, [6, 9, 12, 15, 21, 22, 24] and [10] for
a survey. Graham’s LPT scheduling algorithm [18] computes a pure Nash equilibrium in this
setting [12].

Harsanyi developed in his pioneering work [19, 20] a framework for studying competitive
situations where the players have incomplete information. For an introduction to these so-called
Bayesian games, we refer to [25, 29]. Facchini et al. [8] considered Bayesian congestion models
with players of identical weight, which have incomplete information about each other’s prefer-
ences. Beier et al. [2] focus on a service provider congestion game with incomplete information.

The Fully Mixed Nash Equilibrium Conjecture, states that for complete information routing
games the fully mixed Nash equilibrium has worst Social Cost among all Nash equilibria; it
was motivated by some results in [26], explicitly formulated in [15] and further studied in [24].
For Social Cost defined as the Sum of Individual Costs, the conjecture holds [14, 23]; it was
recently disproved for Social Cost defined as the Expected Maximum Latency [11].

The Coordination Ratio, also known as Price of Anarchy [30], was first introduced and
studied by Koutsoupias and Papadimitriou [22]. For complete information routing games and
Social Cost defined as the Expected Maximum Latency, there exist tight bounds of Θ

(
log m

log log m

)
for identical links [6, 21] and Θ

(
log m

log log log m

)
[6] for related links. For complete information

routing games and Social Cost defined as the Sum of Individual Costs, Berenbrink et al. [3]
give a lower bound of n

5 on the Coordination Ratio. Restricting to pure Nash equilibria, they
also show an upper bound that solely depends on the user traffics.

Subsequently to our work Georgiou et al. [17] introduced a routing game with incomplete
information where the players have complete information about each other’s traffic but only
incomplete information about the latency functions in the network.
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1.4 Road Map

Section 2 introduces Bayesian routing games. Pure Bayesian Nash equilibria are studied in
Section 3. Fully mixed Bayesian Nash equilibria are treated in Section 4. Section 5 studies the
Coordination Ratio. We conclude, in Section 6, with a summary of our results and some open
problems.

2 Model

Throughout, denote for each positive integer k, [k] = {1, . . . , k}; take that [0] = ∅.

2.1 Bayesian Routing Games

A Bayesian routing game is a tuple Γ = (n, m, c, T,p). Each of n users 1, 2, . . . , n wishes to
assign a particular amount of traffic to one of m links 1, 2, . . . ,m. Throughout, we assume that
n ≥ 2 and m ≥ 2. Denote c = (c1, . . . , cm), where cj > 0 is the capacity of link j ∈ [m]. In
the case of identical links, all capacities equal 1. In this case, we write Γ = (n, m,1, T,p). Link
capacities vary arbitrarily in the case of related links. For each user i ∈ [n], there is a finite set
of possible types Ti; for each type t ∈ Ti, denote by w(t) the traffic of type t, w(t) ≥ 0. Denote
T = T1× . . .×Tn, the set of all possible type profiles. For each user i ∈ [n] define τi = |Ti| as the
number of types of user i. Define τ =

∑
i∈[n] τi as the total number of types of the users. For

simplicity we assume that the traffics (w(ti))ti∈Ti,i∈[n] are encoded in T , so we do not include
them in the game tuple. We use the term type agent (i, t) to refer to the type t ∈ Ti of user
i ∈ [n].

There is a joint probability distribution p = (p(t1, . . . , tn))(t1,...,tn)∈T , called type distribution,
over the set of type profiles T ; thus, p is a function p : T → [0, 1] and

∑
(t1,...,tn)∈T p(t1, . . . , tn) =

1. Denote by p(i, t) the probability that user i is of type t; so,

p(i, t) =
∑

(t1,...,tn)∈T :ti=t

p(t1, . . . , tn).

We say that p is independent if

p(t1, . . . , tn) =
∏
i∈[n]

p(i, ti) for all (t1, . . . , tn) ∈ T,

otherwise, p is correlated. By the definition of conditional probability,

p(t1, . . . , tk−1, tk+1, . . . , tn|tk = t) =
p(t1, . . . , tk−1, t, tk+1, . . . , tn)

p(k, t)
;
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that is, the probability of a type profile (t1, . . . , tn) given that tk = t is the probability of type
profile (t1, . . . , tn) divided by the probability that user k is of type t. Throughout this paper
we only consider instances where p(k, t) > 0 for all users k ∈ [n] and all types t ∈ Tk. Denote
by W (i) the expected traffic of user i ∈ [n]; clearly,

W (i) =
∑

(t1,...,tn)∈T

p(t1, . . . , tn) · w(ti)

=
∑
t∈Ti

p(i, t) · w(t).

Furthermore, define the expected total traffic as

W =
∑
i∈[n]

W (i).

For any pair of users i, s ∈ [n] and for any type t ∈ Ti, define W (s|ti = t) as the conditional
expected traffic of user s, given that user i has type t; so,

W (s|ti = t) =
∑

(t1,...,tn)∈T :

ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t)w(ts).

For the case of independent type distribution we have W (s|ti = t) = W (s) for all types t ∈ Ti

of user i.

A special instance of our Bayesian routing game in which each user has only a single type
is a complete information routing game. For such a game, we write ΓCI = (n, m, c, T, 1). Here,
the set T contains only one type vector t that is used with probability 1.

2.2 Strategies and Strategy Profiles

A pure strategy σi for user i ∈ [n] is a mapping of the set of possible types Ti to the set of links
[m]; so σi is a function σi : Ti → [m]. Denote as Σi the set of all possible pure strategies for
user i ∈ [n]; denote Σ = Σ1 × . . .× Σn. A mixed strategy Qi = (q(i, σi))σi∈Σi for user i ∈ [n] is
a probability distribution over Σi; here, q(i, σi) denotes the probability that user i chooses the
pure strategy σi.

The support of a mixed strategy Qi for user i ∈ [n], denoted supportQi
(i), is the set of links

to which user i assigns at least one type t ∈ Ti with positive probability, that is,

supportQi
(i) = {j ∈ [m] | ∃σi ∈ Σi,∃t ∈ Ti with q(i, σi) > 0 and σi(t) = j}.
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Similarly, the support of any type t ∈ Ti of user i ∈ [n] is defined by

supportQi
(t) = {j ∈ [m] | ∃σi ∈ Σi with q(i, σi) > 0 and σi(t) = j}.

Note that

supportQi
(i) =

⋃
t∈Ti

supportQi
(t).

A pure strategy profile σ is an n-tuple (σ1, . . . , σn) ∈ Σ. Call σ normal if σi(t) = σi(t′) for all
types t, t′ ∈ Ti and for all users i ∈ [n]. So, each user i ∈ [n] does not distinguish among its
types in a normal pure strategy profile.

A mixed strategy profile Q = (Q1, . . . , Qn) is an n-tuple of mixed strategies. Call a mixed
strategy profile F = (F1, . . . , Fn) fully mixed if each user assigns strictly positive probability to
each of its pure strategies; that is, q(i, σi) > 0 for all users i ∈ [n] and all strategies σi ∈ Σi.
Notice that supportFi

(i) = [m] for all users i ∈ [n] and supportFi
(t) = [m] for all users i ∈ [n]

and types t ∈ Ti.

2.3 Individual Costs

2.3.1 Pure Strategy Profiles

Fix any type distribution p and a pure strategy profile σ = (σ1, . . . , σn). The expected load on
link j ∈ [m], denoted δj(σ,p), is defined by

δj(σ,p) =
∑

(t1,...,tn)∈T

p(t1, . . . , tn)
∑
i∈[n]:

σi(ti)=j

w(ti).

In the same way, denote as δ−k
j (σ, (p|tk = t)) the conditional expected load of all users i ∈ [n]

other than k on link j ∈ [m] given that tk = t; so,

δ−k
j (σ, (p|tk = t)) =

∑
(t1,...,tn)∈T :

tk=t

p(t1, . . . , tk−1, tk+1, . . . , tn|tk = t)
∑

i∈[n]\{k}:
σi(ti)=j

w(ti).

Denote as λj
(i,t)(σ,p) the Individual Cost of type agent (i, t) when its traffic is assigned to link

j ∈ [m]; so,

λj
(i,t)(σ,p) =

δ−i
j (σ, (p|ti = t)) + w(t)

cj
.
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Denote as v(i,t)(σ,p) the Conditional Individual Cost of user i ∈ [n], given that user i is of type
t; this is also the Individual Cost of type agent (i, t); so

v(i,t)(σ,p) = λ
σi(t)
(i,t) (σ,p).

Note that v(i,t)(σ,p) does not depend on the other types t′ ∈ Ti \ {t} of user i.

Finally, denote as ui(σ,p) the Individual Cost of user i; clearly,

ui(σ,p) =
∑
t∈Ti

p(i, t) · v(i,t)(σ,p).

2.3.2 Mixed Strategy Profiles

Fix any type distribution p and a mixed strategy profile Q. The expected load on link j ∈ [m],
denoted δj(Q,p), is defined by

δj(Q,p) =
∑
σ∈Σ

∏
i∈[n]

q(i, σi) · δj(σ,p)

In the same way, denote as δ−k
j (Q, (p|tk = t)) the conditional expected load of all users i ∈ [n]

other than k on link j ∈ [m] given that tk = t; so,

δ−k
j (Q, (p|tk = t)) =

∑
σ∈Σ

∏
i∈[n]

q(i, σi) · δ−k
j (σ, (p|tk = t)).

For the case of an independent type distribution p, we get that for all types t, t′ ∈ Tk,
δ−k
j (Q, (p|tk = t)) = δ−k

j (Q, (p|tk = t′)). Therefore, to simplify notation, we write in this
case δ−k

j (Q,p).

Denote as λj
(i,t)(Q,p) the Individual Cost of type agent (i, t) when its traffic is assigned to

link j ∈ [m]; so,

λj
(i,t)(Q,p) =

δ−i
j (Q, (p|ti = t)) + w(t)

cj
.

Denote as v(i,t)(Q,p) the Conditional Individual Cost of user i ∈ [n], given that user i is of type
t; this is also the Individual Cost of type agent (i, t); so,

v(i,t)(Q,p) =
∑

σi∈Σi

q(i, σi) · λσi(t)
(i,t) (Q,p).

Note that v(i,t)(Q,p) does not depend on the other types t′ ∈ Ti \ {t} of user i.

Finally, denote as ui(Q,p) the Individual Cost of user i; clearly,

ui(Q,p) =
∑
t∈Ti

p(i, t) · v(i,t)(Q,p).
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2.4 Bayesian Nash Equilibria

A strategy profile Q is a Bayesian Nash equilibrium, if in Q no user has an incentive to deviate
from its (mixed) strategy; that is, no user can possibly decrease its Individual Cost when other
users are sticking to their strategies. Formally, the mixed strategy profile Q = (Q1, . . . , Qn) is
a Bayesian Nash equilibrium if

ui(Q,p) ≤ ui(Q′,p)

for all mixed strategy profiles Q′ = (Q1, . . . , Q
′
i, . . . , Qn) and for all users i ∈ [n]. Moreover,

since v(i,t)(Q,p) does not depend on the other types t′ ∈ Ti \ {t} of user i, the above condition
is equivalent to

v(i,t)(Q,p) ≤ v(i,t)(Q
′,p)

for all mixed strategy profiles Q′ = (Q1, . . . , Q
′
i, . . . , Qn) and for all users i ∈ [n] and types

t ∈ Ti. Note that Q is a Bayesian Nash equilibrium if and only if for all users i ∈ [n] and types
t ∈ Ti,

v(i,t)(Q,p) = λj
(i,t)(Q,p), for j ∈ supportQi

(t), and

v(i,t)(Q,p) ≤ λj
(i,t)(Q,p), for j 6∈ supportQi

(t).

We refer to these conditions as the Bayesian Nash equilibrium conditions.

2.5 Social Cost and Coordination Ratio

Associated with a Bayesian routing game Γ = (n, m, c, T,p) and a mixed strategy profile Q is
the Social Cost as a measure of social welfare. We consider three different measures for Social
Cost:

• the Expected Maximum Latency, which is the expectation over all user choices and type
profiles, of the maximum latency on a link; so

SCMSP(Q,Γ) =
∑

(σ1,...,σn)∈Σ

∏
i∈[n]

q(i, σi)
∑

(t1,...,tn)∈T

p(t1, . . . , tn) · max
j∈[m]


1
cj

∑
i∈[n],

σi(ti)=j

w(ti)


=

∑
(t1,...,tn)∈T

p(t1, . . . , tn)
∑

(σ1,...,σn)∈Σ

∏
i∈[n]

q(i, σi) · max
j∈[m]


1
cj

∑
i∈[n],

σi(ti)=j

w(ti)

 ;

• the Sum of Individual Costs,

SCSUM(Q,Γ) =
∑
i∈[n]

ui(Q,p);
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• the Maximum Individual Cost,

SCMAX(Q,Γ) = max
i∈[n]

ui(Q,p).

Let ∗ ∈ {MSP,SUM,MAX}. Denote the corresponding Optimum Social Cost by OPT∗(Γ) =
minQ SC∗(Q,Γ). The Coordination Ratio CR∗ is the supremum, over all instances Γ and
Bayesian Nash equilibria Q, of the ratio SC∗(Q,Γ)

OPT∗(Γ) ; that is,

CR∗ = sup
Γ,Q

SC∗(Q,Γ)
OPT∗(Γ)

.

2.6 Weighted Bayesian Congestion Games

A generalization of the Bayesian routing game considered in this paper is the weighted Bayesian
congestion game with linear cost functions. In a congestion game [31], each user i ∈ [n] can
assign its traffic to a subset si of the resources out of a given set Si ⊆ 2[m] of subsets of
resources. The cost function of resource e ∈ [m] is given by an arbitrary, non-decreasing linear
cost function ge(x) = aex + be. For a Bayesian congestion game, a pure strategy profile σ is
defined by σ = (σ1, . . . , σn) with σi : Ti → Si for all i ∈ [n]. Thus a pure strategy of a user can
consist of many resources whereas in a Bayesian routing game a pure strategy is one link.

For a pure strategy profile σ, the conditional expected load of all users i ∈ [n] other than k,
on resource e ∈ [m] given that tk = t is then

δ−k
e (σ, (p|tk = t)) =

∑
(t1,...,tn)∈T :

tk=t

p(t1, . . . , tk−1, tk+1, . . . , tn|tk = t)
∑

i∈[n]\{k}:
e∈σi(ti)

w(ti);

whereas the Conditional Individual Cost of user i, given that user i is of type t ∈ Ti is then
defined by

v(i,t)(σ,p) =
∑

e∈σi(t)

ge(δ−i
e (σ, (p|ti = t)) + w(t)).

3 Pure Bayesian Nash Equilibria

In this section, we study pure Bayesian Nash equilibria.

3.1 Existence

We prove:
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Theorem 3.1 Every weighted Bayesian congestion game Γ with linear cost functions has a
pure Bayesian Nash equilibrium.

Proof: Given a pure strategy profile σ = (σ1, . . . , σn), define the function

Φ(σ) =
∑
i∈[n]

∑
t∈Ti

∑
e∈σi(t)

p(i, t) · w(t) ·
[
ge(δ−i

e (σ, (p|ti = t)) + w(t)) + ge(w(t))
]
.

We will prove that any unilateral strategy change of a type agent that decreases its Individual
Cost also decreases the value of the function Φ.

Given a pure strategy profile σ, define for every user r ∈ [n] and type t ∈ Tr,

Φ(r,t)(σ) =
∑

e∈σr(t)

p(r, t) · w(t) ·
[
ge(δ−r

e (σ, (p|tr = t)) + w(t)) + ge(w(t))
]
;

and for every resource e ∈ [m] and user r ∈ [n],

Φ−r
e (σ) =

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t) ·
[
ge(δ−i

e (σ, (p|ti = t)) + w(t)) + ge(w(t))
]
.

Observe first that∑
t∈Tr

Φ(r,t)(σ) +
∑

e∈[m]

Φ−r
e (σ)

=
∑
t∈Tr

∑
e∈σr(t)

p(r, t) · w(t) ·
[
ge(δ−r

e (σ, (p|tr = t)) + w(t)) + ge(w(t))
]

+
∑

e∈[m]

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t) ·
[
ge(δ−i

e (σ, (p|ti = t)) + w(t)) + ge(w(t))
]

=
∑
t∈Tr

∑
e∈σr(t)

p(r, t) · w(t) ·
[
ge(δ−r

e (σ, (p|tr = t)) + w(t)) + ge(w(t))
]

+
∑

i∈[n]\{r}

∑
t∈Ti

∑
e∈σi(t)

p(i, t) · w(t) ·
[
ge(δ−i

e (σ, (p|ti = t)) + w(t)) + ge(w(t))
]

=
∑
i∈[n]

∑
t∈Ti

∑
e∈σi(t)

p(i, t) · w(t) ·
[
ge(δ−i

e (σ, (p|ti = t)) + w(t)) + ge(w(t))
]

= Φ(σ).

Consider a unilateral strategy change of type agent (r, t̂) from the set of resources σr(t̂) ∈ Sr

to the set of resources σ′r(t̂) ∈ Sr. Set σ′r(t) = σr(t) for all t ∈ Tr \ {t̂} and define σ′ =
(σ1, . . . , σr−1, σ

′
r, σr+1, . . . σn) as the pure strategy profile resulting from σ after this strategy
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change. Assume that v(r,t̂)(σ
′,p) < v(r,t̂)(σ,p), that is, the Individual Cost of type agent (r, t̂)

decreases. Thus,

v(r,t̂)(σ
′,p)− v(r,t̂)(σ,p)

=
∑

e∈σ′r(t̂)

ge

(
δ−r
e (σ′, (p|tr = t̂)) + w(t̂)

)
−
∑

e∈σr(t̂)

ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
< 0.

Moreover,

• Φ(r,t)(σ) = Φ(r,t)(σ′) for all type agents (r, t) where t ∈ Tr \ {t̂}, and

• Φ−r
e (σ) = Φ−r

e (σ′) for all resources e that are neither in σr(t̂) nor in σ′r(t̂) or that are in
both σr(t̂) as well as in σ′r(t̂), that is, e ∈

(
[m] \ (σr(t̂)∪σ′r(t̂))

)
∪
(
σr(t̂)∩σ′r(t̂)

)
. Observe

that these are the resources where the load does not change.

Now, consider the change ∆(Φ) to the function Φ due to this strategy change of type agent
(r, t̂). Clearly,

∆(Φ)

= Φ(σ′)− Φ(σ)

=
∑
t∈Tr

(
Φ(r,t)(σ

′)− Φ(r,t)(σ))
)

+
∑

e∈[m]

(
Φ−r

e (σ′)− Φ−r
e (σ)

)
=

(
Φ(r,t̂)(σ

′)− Φ(r,t̂)(σ))
)

+
∑

e∈σ′r(t̂)\σr(t̂)

(
Φ−r

e (σ′)− Φ−r
e (σ)

)
+

∑
e∈σr(t̂)\σ′r(t̂)

(
Φ−r

e (σ′)− Φ−r
e (σ)

)
= ∆1(Φ) + ∆2(Φ) + ∆3(Φ),

where:

∆1(Φ) = Φ(r,t̂)(σ
′)− Φ(r,t̂)(σ);

∆2(Φ) =
∑

e∈σ′r(t̂)\σr(t̂)

(
Φ−r

e (σ′)− Φ−r
e (σ)

)
;

∆3(Φ) =
∑

e∈σr(t̂)\σ′r(t̂)

(
Φ−r

e (σ′)− Φ−r
e (σ)

)
.
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Clearly,

∆1(Φ) = p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)

[
ge

(
δ−r
e (σ′, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂))

]

−
∑

e∈σr(t̂)

[
ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂))

]
= p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)\σr(t̂)

[
ge

(
δ−r
e (σ′, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂))

]

−
∑

e∈σr(t̂)\σ′r(t̂)

[
ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂))

] .

= p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)\σr(t̂)

[
ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂))

]

−
∑

e∈σr(t̂)\σ′r(t̂)

[
ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂))

] .

Furthermore, due to the arrival of type agent (r, t̂) on the resources e ∈ σ′r(t̂) \ σr(t̂),

∆2(Φ)

=
∑

e∈σ′r(t̂)\σr(t̂)

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t) ·
(
ge(δ−i

e (σ′, (p|ti = t)) + w(t)) + ge(w(t))

− ge(δ−i
e (σ, (p|ti = t)) + w(t))− ge(w(t))

)
=

∑
e∈σ′r(t̂)\σr(t̂)

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t) ·
(
ge(δ−i

e (σ′, (p|ti = t)))− ge(δ−i
e (σ, (p|ti = t)))

)

=
∑

e∈σ′r(t̂)\σr(t̂)

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t) · ae

(
δ−i
e (σ′, (p|ti = t))− δ−i

e (σ, (p|ti = t))
)

=
∑

e∈σ′r(t̂)\σr(t̂)

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t) · ae

·
∑

(t1,...,tn)∈T :

ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t) ·

 ∑
s∈[n]\{i}:
e∈σ′s(ts)

w(ts)−
∑

s∈[n]\{i}:
e∈σs(ts)

w(ts)

 .
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Note that

∑
s∈[n]\{i}:
e∈σ′s(ts)

w(ts)−
∑

s∈[n]\{i}:
e∈σs(ts)

w(ts) =

{
w(t̂), for all (t1, . . . , tn) ∈ T where tr = t̂,

0, else.

Hence,

∆2(Φ)

=
∑

e∈σ′r(t̂)\σr(t̂)

ae

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

p(i, t) · w(t)
∑

(t1,...,tn)∈T :

ti=t,tr=t̂

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t) · w(t̂)

= w(t̂)
∑

e∈σ′r(t̂)\σr(t̂)

ae

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

w(t)
∑

(t1,...,tn)∈T :

ti=t,tr=t̂

p(t1, . . . , tn)

= w(t̂)
∑

e∈σ′r(t̂)\σr(t̂)

ae

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

∑
(t1,...,tn)∈T :

ti=t,tr=t̂

p(t1, . . . , tn) · w(t)

= p(r, t̂) · w(t̂)
∑

e∈σ′r(t̂)\σr(t̂)

ae

∑
i∈[n]\{r}

∑
t∈Ti:

e∈σi(t)

∑
(t1,...,tn)∈T :

ti=t,tr=t̂

p(t1, . . . , tr−1, tr+1, . . . , tn|tr = t̂) · w(t)

= p(r, t̂) · w(t̂)
∑

e∈σ′r(t̂)\σr(t̂)

ae

∑
i∈[n]\{r}

∑
(t1,...,tn)∈T :

e∈σi(ti),tr=t̂

p(t1, . . . , tr−1, tr+1, . . . , tn|tr = t̂) · w(ti)

= p(r, t̂) · w(t̂)
∑

e∈σ′r(t̂)\σr(t̂)

ae

∑
(t1,...,tn)∈T :

tr=t̂

p(t1, . . . , tr−1, tr+1, . . . , tn|tr = t̂)
∑

i∈[n]\{r}:
e∈σi(ti)

w(ti)

= p(r, t̂) · w(t̂) ·
∑

e∈σ′r(t̂)\σr(t̂)

ae · δ−r
e (σ, (p|tr = t̂)).

Similarly, since type agent (r, t̂) left the resources e ∈ σr(t̂) \ σ′r(t̂), we obtain that

∆3(Φ) = −p(r, t̂) · w(t̂) ·
∑

e∈σr(t̂)\σ′r(t̂)

ae · δ−r
e (σ, (p|tr = t̂)).
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Hence,

∆(Φ)

= ∆1(Φ) + ∆2(Φ) + ∆3(Φ)

= p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)\σr(t̂)

[
ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂)) + ae · δ−r

e (σ, (p|tr = t̂))
]

−
∑

e∈σr(t̂)\σ′r(t̂)

[
ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
+ ge(w(t̂)) + ae · δ−r

e (σ, (p|tr = t̂))
]

= 2 · p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)\σr(t̂)

ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)

−
∑

e∈σr(t̂)\σ′r(t̂)

ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
= 2 · p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)

ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)

−
∑

e∈σr(t̂)

ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
= 2 · p(r, t̂) · w(t̂) ·

 ∑
e∈σ′r(t̂)

ge

(
δ−r
e (σ′, (p|tr = t̂)) + w(t̂)

)

−
∑

e∈σr(t̂)

ge

(
δ−r
e (σ, (p|tr = t̂)) + w(t̂)

)
= 2 · p(r, t̂) · w(t̂) ·

(
v(r,t̂)(σ

′,p)− v(r,t̂)(σ,p)
)

< 0 .

Thus, any unilateral strategy change of a type agent that decreases its Individual Cost also
decreases the value of the function Φ. Since the number of possible strategy profiles in Γ is
finite, it follows that that there is a pure strategy profile that minimizes Φ. In this strategy
profile, no type agent can decrease its Individual Cost by unilaterally changing its strategy.
Hence, Γ has a pure Bayesian Nash equilibrium, as needed.

This generalizes a result of Fotakis et al. [13, Theorem 1] to the Bayesian setting. In particular
our function Φ reduces to their potential function if each user has only a single type.
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3.2 Computation

We now turn to the model of identical links and show how a pure Bayesian Nash equilibrium
can be computed in polynomial time if the type distribution is independent.

Theorem 3.2 Let Γ = (n, m,1, T,p) be a Bayesian routing game on identical links with in-
dependent type distribution. Then, a (normal) pure Bayesian Nash equilibrium for Γ can be
computed in time polynomial in the size of Γ even if p is represented in a compact form by a
set of probabilities p(i, t) for i ∈ [n] and t ∈ Ti.

Proof: Given Γ compute a pure strategy profile σ = (σ1, . . . , σn) as follows:

• Calculate for each user i ∈ [n] its expected traffic W (i).

• Construct a complete information routing game ΓCI = (n, m,1, {(t′1, ..., t′n)}, 1) where
w(t′i) = W (i) for all i ∈ [n].

• Compute a pure Nash equilibrium α : [n] → [m] for ΓCI in polynomial time with the LPT
scheduling algorithm which assigns the users in order of non-increasing user traffics to
minimum load links (see [12, 18]).

• Set σi(t) = α(i) for all users i ∈ [n] and types t ∈ Ti.

We now show that σ = (σ1, . . . , σn) is a pure Bayesian Nash equilibrium for Γ. Recall that for
an independent type distribution p we have that W (k) = W (k|ti = t̂) for all users k, i ∈ [n]
and all types t̂ ∈ Ti of user i ∈ [n]. (This is the point in this proof where the independence
is crucial. The rest of the used arguments also works for correlated type distributions.) With
W (k) = W (k|ti = t̂) we get for any link j ∈ [m],

δ−i
j (α, 1) =

∑
k∈[n]\{i},

α(k)=j

W (k)

=
∑

k∈[n]\{i},
α(k)=j

W (k|ti = t̂)

=
∑

k∈[n]\{i},
α(k)=j

∑
(t1,...tn)∈T :

ti=t̂

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t̂)w(tk)

=
∑

(t1,...tn)∈T :

ti=t̂

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t̂)
∑

k∈[n]\{i},
σk(tk)=j

w(tk)

= δ−i
j (σ, (p|ti = t̂)).
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Assume, by way of contradiction, that σ is not a pure Bayesian Nash equilibrium for Γ. Then
there exists a type agent (i, t̂) for some user i ∈ [n] and type t̂ ∈ Ti that can improve by moving
from σi(t̂) = α(i) to another link l 6= σi(t̂); thus

λ
σi(t̂)

(i,t̂)
(σ,p) = δ−i

σi(t̂)
(σ, (p|ti = t̂)) + w(t̂)

> δ−i
l (σ, (p|ti = t̂)) + w(t̂)

= λl
(i,t̂)

(σ,p).

It follows that

δ−i
σi(t̂)

(σ, (p|ti = t̂)) > δ−i
l (σ, (p|ti = t̂)).

This implies,

v(i,t′i)
(α,p) = δ−i

α(i)(α, 1) + w(t′i)

= δ−i
σi(t̂)

(σ, (p|ti = t̂)) + w(t′i)

> δ−i
l (σ, (p|ti = t̂)) + w(t′i)

= δ−i
l (α, 1) + w(t′i).

Therefore, in ΓCI, user i can decrease its Individual Cost by switching from link α(i) to link l.
Hence, α is not a Nash equilibrium for ΓCI. A contradiction.

The algorithm used in the proof of Theorem 3.2 cannot be used to compute pure Bayesian
Nash equilibria for the more general classes of Bayesian routing games either on related links
or with correlated type distribution. The reason is that it always computes a normal Bayesian
Nash equilibrium, while the following counter-examples show that a normal Bayesian Nash
equilibrium does not exist in general.

Proposition 3.3 There is a Bayesian routing game Γ on related links with independent type
distribution that does not have a normal Bayesian Nash equilibrium.

Proof: Consider the Bayesian routing game Γ = (2, 2, c, T1×T2,p) with two links of capacity
c1 = 1 and c2 = 5. The two users have type sets T1 = {t1, t′1} and T2 = {t2}, where w(t1) = 1,
w(t′1) = 5, w(t2) = 10, and p(1, t1) = p(1, t′1) = 1

2 . We will now study the structure of pure
Bayesian Nash equilibria for Γ and finally recognize that it has no normal pure Bayesian Nash
equilibrium.
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Let σ be an arbitrary pure Bayesian Nash equilibrium. Then,

λ1
(2,t2)(σ,p) =

δ−2
1 (σ,p) + w(t2)

c1
≥ w(t2)

c1
= 10

while

λ2
(2,t2)(σ,p) =

δ−2
2 (σ,p) + w(t2)

c2
≤

1
2 · w(t1) + 1

2 · w(t′1) + w(t2)
c2

=
13
5

< 10.

Thus, σ assigns t2 to link 2, so σ2(t2) = 2. Consider now the types of user 1. We have

λ1
(1,t1)(σ,p) =

w(t1)
c1

= 1 and λ2
(1,t1)(σ,p) =

w(t2) + w(t1)
c2

=
11
5

,

λ1
(1,t′1)(σ,p) =

w(t′1)
c1

= 5 and λ2
(1,t′1)(σ,p) =

w(t2) + w(t′1)
c2

= 3.

So σ assigns t1 to link 1 and t′1 to link 2. It follows that σ is the unique pure Bayesian Nash
equilibrium. However, σ is not a normal pure Bayesian Nash equilibrium. The claim follows.

Proposition 3.4 There is a Bayesian routing game Γ on identical links with correlated type
distribution that does not have a normal Bayesian Nash equilibrium.

Proof: Consider the Bayesian routing game Γ = (3, 2,1, T1 × T2 × T3,p) with 2 identical
links and 3 users where the type sets are T1 = {t1, t′1}, T2 = {t2, t′2} and T3 = {t3, t′3}. The
types are of traffic w(t1) = w(t′2) = w(t3) = w(t′3) = 1 and w(t′1) = w(t2) = 2. The correlated
distribution p is given by p(t1, t2, t3) = p(t′1, t

′
2, t

′
3) = 1

2 .

Assume, by way of contradiction, that a normal pure Bayesian Nash equilibrium σ exists;
so, σ1(t1) = σ1(t′1), σ2(t2) = σ2(t′2), and σ3(t3) = σ3(t′3). Let j and k be the two links. Without
loss of generality, set σ1(t1) = σ1(t′1) = j. Then, clearly

λj
(2,t′2)

(σ,p) ≥ w(t′1) + w(t′2) = 3 while λk
(2,t′2)(σ,p) ≤ w(t′3) + w(t′2) = 2.

Thus, σ2(t′2) = k; hence, σ2(t2) = σ2(t′2) = k for all normal pure Bayesian Nash equilibria σ.
For the types of user 3, note that

λj
(3,t3)(σ,p) = w(t1) + w(t3) = 2 while λk

(3,t3)(σ,p) = w(t2) + w(t3) = 3, and

λj
(3,t′3)

(σ,p) = w(t′1) + w(t′3) = 3 while λk
(3,t′3)(σ,p) = w(t′2) + w(t′3) = 2.

Since σ is a Bayesian Nash equilibrium, σ3(t3) = j and σ3(t′3) = k. Hence, σ is not normal. A
contradiction.
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4 Fully Mixed Bayesian Nash Equilibria

In this section, we study fully mixed Bayesian Nash equilibria for the case of identical links.
We start by proving a technical lemma that will be handy later on.

Lemma 4.1 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links and an
associated mixed strategy profile Q. Then, for each user i ∈ [n],∑

j∈[m]

δ−i
j (Q, (p|ti = t)) =

∑
s∈[n] {i}

W (s|ti = t).

Proof: Clearly,∑
j∈[m]

δ−i
j (Q, (p|ti = t))

=
∑

j∈[m]

∑
σ∈Σ

∏
s∈[n]

q(s, σs) · δ−i
j (σ, (p|ti = t))

=
∑

j∈[m]

∑
σ∈Σ

∏
s∈[n]

q(s, σs) ·
∑

(t1,...,tn)∈T :

ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t)
∑

s∈[n]\{i}:
σs(ts)=j

w(ts)

=
∑
σ∈Σ

∏
s∈[n]

q(s, σs) ·
∑

(t1,...,tn)∈T :

ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t)
∑

s∈[n]\{i}

w(ts)

=
∑

(t1,...,tn)∈T :

ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t)
∑

s∈[n]\{i}

w(ts)

=
∑

s∈[n]\{i}

∑
(t1,...,tn)∈T :

ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t)w(ts)

=
∑

s∈[n]\{i}

W (s|ti = t),

as needed.

We continue to prove a simple expression for the Individual Cost for each user in a fully mixed
Bayesian Nash equilibrium.

Proposition 4.2 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links and
an associated fully mixed Bayesian Nash equilibrium F. Then for each user i ∈ [n],

ui(F,p) =
W

m
+

m− 1
m

W (i).
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Proof: Fix any user i ∈ [n]. Clearly, for any link k ∈ supportFi
(i) = [m], and by Lemma 4.1,

ui(F,p) =
∑
t∈Ti

p(i, t) · v(i,t)(F,p)

=
∑
t∈Ti

p(i, t) ·
(
w(t) + δ−i

k (F, (p|ti = t))
)

=
∑
t∈Ti

p(i, t) · w(t) +
∑
t∈Ti

p(i, t) · δ−i
k (F, (p|ti = t))

= W (i) +
∑
t∈Ti

p(i, t) · 1
m
·
∑

j∈[m]

δ−i
j (F, (p|ti = t))

= W (i) +
1
m

∑
t∈Ti

p(i, t)
∑

s∈[n]\{i}

W (s|ti = t) (1)

= W (i) +
1
m

∑
s∈[n]\{i}

∑
t∈Ti

p(i, t) ·W (s|ti = t)

= W (i) +
1
m

∑
s∈[n]\{i}

W (s)

=
W

m
+

m− 1
m

W (i),

as needed.

We now prove that the Individual Cost of each user is maximized in a fully mixed Bayesian
Nash equilibrium. For the special case of complete information routing games this result is
already known [15].

Proposition 4.3 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links and
an associated fully mixed Bayesian Nash equilibrium F and Bayesian Nash equilibrium Q. Then
for each user i ∈ [n],

ui(Q,p) ≤ ui(F,p).

Proof: Fix any user i ∈ [n]. Then, for any link j ∈ [m],

ui(Q,p) =
∑
t∈Ti

p(i, t) · v(i,t)(Q,p)

≤
∑
t∈Ti

p(i, t) ·
(
w(t) + δ−i

j (Q, (p|ti = t))
)

,

22



since Q is a Bayesian Nash equilibrium. In particular,

ui(Q,p) ≤
∑
t∈Ti

p(i, t)
(

w(t) + min
j∈[m]

{
δ−i
j (Q, (p|ti = t))

})

≤
∑
t∈Ti

p(i, t)

w(t) +
1
m

∑
j∈[m]

δ−i
j (Q, (p|ti = t))


=

∑
t∈Ti

p(i, t)

w(t) +
1
m

∑
s∈[n]\{i}

W (s|ti = t)


= W (i) +

1
m

∑
t∈Ti

p(i, t)
∑

s∈[n]\{i}

W (s|ti = t)

= ui(F,p),

by Equation (1), as needed.

We proceed to define a particular fully mixed strategy profile F.

Definition 4.1 The standard fully mixed strategy profile F is the fully mixed strategy profile
that assigns every type agent to every link with probability 1

m .

It is easy to see that for any Bayesian routing game Γ on identical links, the standard fully mixed
strategy profile is a Bayesian Nash equilibrium. For the special case of complete information
routing games, this fact was first stated in [26].

In general, there exists more than one fully mixed Bayesian Nash equilibrium. In the
remainder of this section, we study the structure of fully mixed Bayesian Nash equilibria for
Bayesian routing games on identical links with independent type distribution. We start with
an exact characterization of fully mixed Bayesian Nash equilibria in type agent representation.

Proposition 4.4 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links with
independent type distribution and an associated fully mixed strategy profile F. Then, F is a
fully mixed Bayesian Nash equilibrium if and only if

1
m
·W (i) =

∑
σi∈Σi

f(i, σi)
∑
t∈Ti:

σi(t)=j

p(i, t) · w(t)

for all users i ∈ [n] and links j ∈ [m].
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Proof: For any user i ∈ [n] and link j ∈ [m], set

µ(F, i, j) =
∑

σi∈Σi

f(i, σi)
∑
t∈Ti:

σi(t)=j

p(i, t) · w(t).

Observe that for any user i ∈ [n] and link j ∈ [m],

δ−i
j (F,p) =

∑
σ∈Σ

∏
s∈[n]

f(s, σs)
∑

(t1,...,tn)∈T

p(t1, . . . , tn)
∑

k∈[n]\{i}:
σk(tk)=j

w(tk)

=
∑
σ∈Σ

∏
s∈[n]

f(s, σs)
∑

k∈[n]\{i}

∑
tk∈Tk:

σk(tk)=j

p(k, tk) · w(tk)

=
∑

k∈[n]\{i}

∑
σ∈Σ

∏
s∈[n]

f(s, σs)
∑

tk∈Tk:

σk(tk)=j

p(k, tk) · w(tk)

=
∑

k∈[n]\{i}

∑
σ′k∈Σk

f(k, σ′k)
∑
σ∈Σ:

σk=σ′k

∏
s∈[n]\{k}

f(s, σs)
∑

tk∈Tk:

σk(tk)=j

p(k, tk) · w(tk)

=
∑

k∈[n]\{i}

∑
σ′k∈Σk

f(k, σ′k)
∑

tk∈Tk:

σk(tk)=j

p(k, tk) · w(tk)

=
∑

k∈[n]\{i}

µ(F, k, j) .

Consider first an arbitrary fully mixed strategy profile F that satisfies µ(F, i, j) = 1
m ·W (i) for

all users i ∈ [n] and links j ∈ [m]. Then, for all users i ∈ [n], types t ∈ Ti, and links j ∈ [m],

λj
(i,t)(F,p) = δ−i

j (F, (p|ti = t)) + w(t)

= δ−i
j (F,p) + w(t)

=
∑

k∈[n]\{i}

µ(F, k, j) + w(t)

=
∑

k∈[n]\{i}

1
m
·W (k) + w(t).

Hence we get for the Individual Cost of type agent (i, t),

v(i,t)(F,p) =
∑

σi∈Σi

f(i, σi) · λσi(t)
(i,t) (F,p)

=
∑

k∈[n]\{i}

1
m
·W (k) + w(t).
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So, v(i,t)(F,p) = λj
(i,t)(F,p) for all users i ∈ [n], types t ∈ Ti, and links j ∈ [m]. Thus, F is a

fully mixed Bayesian Nash equilibrium.

Assume now that F is a fully mixed Bayesian Nash Equilibrium. So, supportQi
(t) = [m] for

all users i ∈ [n] and types t ∈ Ti. Since F is a fully mixed Bayesian Nash Equilibrium and p is
independent, it follows that for all links j ∈ supportQi

(t) = [m],

v(i,t)(F,p) = λj
(i,t)(F,p)

= δ−i
j (F, (p|ti = t)) + w(t)

= δ−i
j (F,p) + w(t).

So, for all users i ∈ [n] and pair of links j, l ∈ [m],

δ−i
j (F,p) = δ−i

l (F,p).

Since δ−i
j (F,p) =

∑
k∈[n]\{i} µ(F, k, j) for any user i and link j, it follows that for an arbitrary

pair of users i1, i2 ∈ [n] with i1 6= i2 and an arbitrary pair of links j1, j2 ∈ [m] with j1 6= j2,∑
k∈[n]\{i1}

µ(F, k, j1) =
∑

k∈[n]\{i1}

µ(F, k, j2) (2)

and ∑
k∈[n]\{i2}

µ(F, k, j1) =
∑

k∈[n]\{i2}

µ(F, k, j2). (3)

Subtracting (3) from (2) yields that

µ(F, i2, j1)− µ(F, i1, j1) = µ(F, i2, j2)− µ(F, i1, j2),

or equivalently
0 = µ(F, i2, j1)− µ(F, i2, j2) + µ(F, i1, j2)− µ(F, i1, j1).

Summing up over all users i2 ∈ [n] \ {i1} yields that

0 =
∑

i2∈[n]\{i1}

µ(F, i2, j1)−
∑

i2∈[n]\{i1}

µ(F, i2, j2) +
∑

i2∈[n]\{i1}

µ(F, i1, j2)−
∑

i2∈[n]\{i1}

µ(F, i1, j1)

= δ−i1
j1

(F,p)− δ−i1
j2

(F,p) + (n− 1) · µ(F, i1, j2)− (n− 1) · µ(F, i1, j1)

= (n− 1) · (µ(F, i1, j2)− µ(F, i1, j1)) .

It follows that for all users i1 ∈ [n] and pair of links j1, j2 ∈ [m],

µ(F, i1, j1) = µ(F, i1, j2).
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Clearly, for any user i ∈ [n],

W (i) =
∑
t∈Ti

p(i, t) · w(t)

=
∑

σi∈Σi

f(i, σi)
∑
t∈Ti

p(i, t) · w(t)

=
∑

σi∈Σi

f(i, σi)
∑

j∈[m]

∑
t∈Ti:

σi(t)=j

p(i, t) · w(t)

=
∑

j∈[m]

∑
σi∈Σi

f(i, σi)
∑
t∈Ti:

σi(t)=j

p(i, t) · w(t)

=
∑

j∈[m]

µ(F, i, j)

= m · µ(F, i, j),

for any link j ∈ [m]. This implies that for all users i ∈ [n] and links j ∈ [m],

µ(F, i, j) =
1
m
·W (i)

or
1
m
·W (i) =

∑
σi∈Σi

f(i, σi)
∑
t∈Ti:

σi(t)=j

p(i, t) · w(t),

as needed.

We finally determine a lower bound on the dimension of the space of fully mixed Bayesian Nash
equilibria.

Theorem 4.5 Consider a Bayesian routing game Γ on identical links with independent type
distribution. Then, the dimension of the space of fully mixed Bayesian Nash equilibria for Γ is
at least

∑
i∈[n] m

τi − nm.

Proof: Let F be a fully mixed Bayesian Nash equilibrium. By Proposition 4.4, this is equiv-
alent to F being a fully mixed strategy profile and∑

σi∈Σi

f(i, σi)
∑

t∈Ti:σi(t)=j

p(i, t) · w(t) =
1
m
·W (i)
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for all users i ∈ [n] and links j ∈ [m]. So, F is a solution to the system of linear equations and
inequalities:

(1) f(i, σi) > 0 ∀i ∈ [n],∀σi ∈ Σi

(2)
∑

σi∈Σi

f(i, σi) = 1 ∀i ∈ [n]

(3)
∑

σi∈Σi

f(i, σi)
∑

t∈Ti:σi(t)=j

p(i, t) · w(t) =
1
m
·W (i) ∀i ∈ [n],∀j ∈ [m]

The dimension of the solution space of this system is the number of variables minus the number
of independent equations. For each user i ∈ [n] we have mτi variables. Thus, the total number of
variables is

∑
i∈[n] m

τi . We now show an upper bound on the number of independent equations.
Fix any user i ∈ [n]. Summing up the equations (3) for all links j ∈ [m] yields∑

j∈[m]

∑
σi∈Σi

f(i, σi)
∑

t∈Ti:σi(t)=j

p(i, t) · w(t) =
∑

j∈[m]

1
m
·W (i)

⇔
∑

σi∈Σi

f(i, σi)
∑
t∈Ti

p(i, t) · w(t) = W (i)

⇔
∑

σi∈Σi

f(i, σi) ·W (i) = W (i)

⇔
∑

σi∈Σi

f(i, σi) = 1

It follows that all equations (2) are implied by a linear combination of equations in (3). There-
fore, nm is an upper bound on the number of independent equations. The claim follows.

5 Social Cost and Coordination Ratio

In this section, we present bounds on the Coordination Ratio for three different Social Cost
measures. All these results are for the case of identical links.

5.1 Social Cost as Expected Maximum Latency

In this section, we study Social Cost as the Expected Maximum Latency. For the special case
of complete information routing games this Social Cost measure was introduced in [22] and
asymptotic tight bounds on Coordination Ratio were given in [6, 21]. Their techniques use
Chernoff bounds to show that for identical links the quotient between the expected maximum
load and the maximum expected load on a link is at most O( log m

log log m). We prove that previous
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techniques cannot be applied to prove an upper bound on Coordination Ratio which is better
than O(m).

Proposition 5.1 For any ε > 0, there is a Bayesian routing game Γ = (n, m,1, T,p) on iden-
tical links with independent type distribution and an associated pure Bayesian Nash equilibrium
σ with SCMSP(σ,Γ) = OPTMSP(Γ), such that for each link j ∈ [m],

SCMSP(σ,Γ)
δj(σ,p)

≥ m

1 + ε
.

Proof: Set n = m; for each user i ∈ [n], set Ti = {ti, t′i} with w(ti) = 0 and w(t′i) = a; set
also for each user i ∈ [n], p(i, ti) = 1 − 1

a and p(i, t′i) = 1
a . Let σ be the pure Bayesian Nash

equilibrium that maps both types of user i to link i, where i ∈ [n]. Since each user is assigned to
a different link, we have OPTMSP(Γ) = SCMSP(σ,Γ). Clearly, δj(σ,p) = 1 for all links j ∈ [m].
On the other hand,

SCMSP(σ,Γ) =
(

1−
(

1− 1
a

)m)
a.

Note that

lim
a→∞

((
1−

(
1− 1

a

)m)
a

)
= lim

a→∞

((
1−

m∑
i=0

(
m

i

)(
−1

a

)i
)

a

)

= lim
a→∞

((
1− 1−

m∑
i=1

(
m

i

)
(−1)i

(
1
a

)i
)

a

)

= lim
a→∞

(
m∑

i=1

(
m

i

)
(−1)i−1

(
1
a

)i−1
)

= lim
a→∞

(
m +

m∑
i=2

(
m

i

)
(−1)i−1

(
1
a

)i−1
)

= m.

The claim follows.

We now turn our attention to the standard fully mixed Bayesian Nash equilibrium on
identical links. We prove:

Theorem 5.2 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links and an
associated standard fully mixed Bayesian Nash equilibrium F. Then,

SCMSP(F,Γ)
OPTMSP(Γ)

= O
(

log m

log log m

)
.
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Proof: Consider an arbitrary type profile t = (t1, ..., tn) ∈ T . Given t, we define the game
ΓCI(t) = (n, m,1, {(t1, ..., tn)}, 1). Recall that for this complete information routing game ΓCI(t),
the unique fully mixed Nash equilibrium Q(t) assigns each user to each link with probability
1/m (see [26, Lemma 15]). By [21, Theorem 4.4] or [6, Theorem 1.1], it holds that

SCMSP(Q,ΓCI(t))
OPTMSP(ΓCI(t))

= O
(

log m

log log m

)
.

Recall that F assigns every type agent to every link with probability 1
m . Thus,

SCMSP(F,Γ) =
∑
t∈T

p(t) ·
∑

(σ1(t1),...,σn(tn))∈[m]n

(
1
m

)n

· max
j∈[m]


∑
i∈[n]:

σi(ti)=j

w(ti)


=

∑
t∈T

p(t) · SCMSP(Q(t),ΓCI(t))

=
∑
t∈T

p(t) · OPTMSP(ΓCI(t)) · O
(

log m

log log m

)
= OPTMSP(Γ) · O

(
log m

log log m

)
,

as needed.

Theorem 5.2 implies that for the standard fully mixed Nash equilibrium, incomplete information
has no impact on the Coordination Ratio when Social Cost is taken as Expected Maximum
Latency.

Since, in general, there is more than one fully mixed Bayesian Nash equilibrium, the natural
question arises whether they have all the same Expected Maximum Latency. As we see now,
this is not the case.

Proposition 5.3 There exists a Bayesian routing game Γ on identical links and an associated
fully mixed Bayesian Nash equilibrium F such that

SCMSP(F,Γ) > SCMSP(F,Γ).

Proof: Consider the Bayesian routing game Γ = (n, m,1, T,p) with n = 2,m = 3 and
Ti = {ti, t′i} with w(ti) = 2, w(t′i) = 1 for all users i ∈ {1, 2}; set p(i, ti) = p(i, t′i) = 1

2 for all
users i ∈ {1, 2}. Consider the standard fully mixed Bayesian Nash equilibrium F and some
other fully mixed Bayesian Nash equilibrium F which we define below:
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• F assigns each type to each link with a probability of 1
3 . Thus, the two users are assigned

to the same link with a probability of 1
3 . In this case, the maximum latency can be 2,

3, or 4. With a probability of 2
3 , the users are assigned to different links. In this case

the maximum latency can be 1 or 2. Hence, the Social Cost of the standard fully mixed
Bayesian Nash equilibrium F is

SCMSP(F,Γ) =
1
3
·
(

1
4
· 2 +

1
2
· 3 +

1
4
· 4
)

+
2
3
·
(

1
4
· 1 +

3
4
· 2
)

=
13
6

.

• The fully mixed strategy profile F assigns each type of traffic 1 to link 1 with a probability
of 1

2 , to link 2 with a probability of 1
4 and to link 3 with a probability of 1

4 . Each type
of traffic 2 is assigned to link 1 with a probability of 1

4 , to link 2 with a probability of
3
8 and to link 3 with a probability of 3

8 . Observe that for all i ∈ {1, 2} we get δ−i
1 (F) =

1
2 ·

1
2 · 1 + 1

2 ·
1
4 · 2 = 1

2 and δ−i
2 (F) = δ−i

3 (F) = 1
2 ·

1
4 · 1 + 1

2 ·
3
8 · 2 = 1

2 . Thus, F is a Bayesian
Nash equilibrium.

With probability 1
4 both users are of traffic 1. In this case they use the same link with

probability (1
2)2 + 2 · (1

4)2 = 3
8 . With probability 1

2 , exactly one of the two users is of
traffic 1. In this case, the users use the same link with probability 1

2 ·
1
4 + 2 · 1

4 ·
3
8 = 5

16 .
With the remaining probability 1

4 , both users are of traffic 2. In this case, the users use
the same link with probability (1

4)2 + 2 · (3
8)2 = 11

32 . Hence we get that the Social Cost of
F is

SCMSP(F,Γ) =
1
4
·
(

3
8
· 2 +

5
8
· 1
)

+
1
2
·
(

5
16

· 3 +
11
16

· 2
)

+
1
4
·
(

11
32

· 4 +
21
32

· 2
)

=
139
64

.

Observe that SCMSP(F,Γ) = 139
64 = 417

192 > 416
192 = 13

6 = SCMSP(F,Γ).

It is known (see [25, Section 8.E]) that mixed Nash equilibria in games with complete
information are related to pure Bayesian Nash equilibria in a Bayesian game, where for each
user all its types are identical. The following definition and theorem applies this to Bayesian
routing games.

Definition 5.1 A CI-like game is a Bayesian routing game with an independent type distribu-
tion such that w(t) = w(t′) for all types t, t′ ∈ Ti, where i ∈ [n].

We call these games CI-like games (where CI stands for complete information) since they are
similar to complete information routing games in the sense that the traffic of a user does not
depend on its type. For complete information routing games, there exist asymptotically tight
upper bounds on the Coordination Ratio for the cases of identical links [6, 21] and related links
[6]. We use these bounds to prove:
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Theorem 5.4 Let Γ = (n, m, c, T,p) be a CI-like game with an associated pure Bayesian Nash
equilibrium σ. Then

(a) SCMSP(σ,Γ)
OPTMSP(Γ) = O

(
log m

log log m

)
, for the case of identical links,

(b) SCMSP(σ,Γ)
OPTMSP(Γ) = O

(
log m

log log log m

)
, for the case of related links,

and there are CI-like games for which both bounds are asymptotically tight.

Proof: The proof is structured as follows: We first define a construction that maps any CI-
like game Γ with an associated pure strategy profile σ to a complete information routing ΓCI

with associated (mixed) strategy profile Q. For this construction, we show that SCMSP(σ,Γ) =
SCMSP(Q,ΓCI), OPTMSP(Γ) = OPTMSP(ΓCI), and that Q is a Nash equilibrium if σ is a Bayesian
Nash equilibrium. From these properties of our construction, we derive that the corresponding
upper bounds on the Coordination Ratio [6, 21] for complete information routing games also
hold for CI-like games. To prove tightness, we show that for every complete information routing
game ΓCI with associated (mixed) Nash equilibrium Q, we can define a CI-like game Γ with
associated pure Bayesian Nash equilibrium σ, such that our construction maps Γ and σ to ΓCI

and Q, respectively. This implies that also the lower bounds on the Coordination Ratio can be
carried over to the CI-like games.

We start by defining our construction.

Construction Γ 7→ ΓCI: Let Γ = (n, m, c, T,p) be a CI-like game. For each i ∈ [n], denote
by wi = w(t) the traffic of all types t ∈ Ti. Define a complete information routing game
ΓCI = (n, m, c, T ′, 1) where T ′ = {(t′1, . . . , t′n)} and w(t′i) = wi for all i ∈ [n].

Let σ = (σ1, . . . , σn) be a pure strategy profile for the CI-like game Γ. Denote by Σ′ the set
of all pure strategy profiles for ΓCI; thus, Σ′ = Σ′

1 × . . . × Σ′
n, where for each user i ∈ [n], the

set Σ′
i consists of all possible pure strategies σ′i : {t′i} → [m] for user i.

Define a mixed strategy profile Q for ΓCI, where for each user i ∈ [n] and all pure strategies
σ′i ∈ Σ′

i the probability q(i, σ′i) is given by q(i, σ′i) =
∑

t∈Ti:σi(t)=σ′i(t
′
i)

p(i, t).

We proceed by showing properties of our construction.

• SCMSP(σ,Γ) = SCMSP(Q,ΓCI): To show that the strategy profiles σ for Γ and Q for ΓCI
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are of the same Social Cost observe that

SCMSP(σ,Γ) =
∑

(t1,...,tn)∈T

p(t1, . . . , tn) · max
j∈[m]


1
cj

∑
i∈[n],

σi(ti)=j

w(ti)


=

∑
(t1,...,tn)∈T

∏
i∈[n]

p(i, ti) · max
j∈[m]


1
cj

∑
i∈[n],

σi(ti)=j

wi


=

∑
(σ′1,...,σ′n)∈Σ′

 ∑
(t1,...,tn)∈T :

σi(ti)=σ′i(t
′
i)∀i∈[n]

∏
i∈[n]

p(i, ti)

 · max
j∈[m]


1
cj

∑
i∈[n],

σ′i(t
′
i)=j

wi


=

∑
(σ′1,...,σ′n)∈Σ′

∏
i∈[n]

∑
t∈Ti:

σi(t)=σ′i(t
′
i)

p(i, t)

 · max
j∈[m]


1
cj

∑
i∈[n],

σ′i(t
′
i)=j

wi


=

∑
(σ′1,...,σ′n)∈Σ′

∏
i∈[n]

q(i, σ′i) · max
j∈[m]


1
cj

∑
i∈[n],

σ′i(t
′
i)=j

wi


= SCMSP(Q,ΓCI).

• OPTMSP(Γ) = OPTMSP(ΓCI): To show OPTMSP(Γ) ≥ OPTMSP(ΓCI) observe that our con-
struction maps a pure strategy profile for Γ of optimum Social Cost to a strategy profile
for ΓCI that has the same Social Cost.

For the other direction OPTMSP(Γ) ≤ OPTMSP(ΓCI), observe that there always exists a
pure strategy profile σ̂′ for ΓCI of optimum Social Cost, i.e. SCMSP(σ̂′,ΓCI) = OPTMSP(ΓCI).
Consider the normal pure strategy profile σ̂ for Γ that assigns for each i ∈ [n] all types
of user i to the link to that σ̂′ assigns user i, so σ̂i(t) = σ̂i

′(t′i) for all users i ∈ [n] and all
types t ∈ Ti. Notice that our construction transforms Γ and σ̂ back to ΓCI and σ̂′. Thus
SCMSP(σ̂, Γ) = SCMSP(σ̂′,ΓCI). We get that

OPTMSP(Γ) ≤ SCMSP(σ̂, Γ)

= SCMSP(σ̂′,ΓCI)

= OPTMSP(ΓCI).
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• Mapping of Equilibria: Clearly, for all users i ∈ [n], types t ∈ Ti, and links j ∈ [m],

λj
(i,t)(σ,p) =

1
cj
·
(
w(t) + δ−i

j (σ,p)
)

=
1
cj
·

w(t) +
∑

(t1,...,tn)∈T

p(t1, . . . , tn) ·
∑

s∈[n]\{i}:
σs(ts)=j

w(ts)



=
1
cj
·

wi +
∑

(t1,...,tn)∈T

∏
s∈[n]

p(s, ts) ·
∑

s∈[n]\{i}:
σs(ts)=j

ws



=
1
cj
·

wi +
∑

(σ′1,...,σ′n)∈Σ′

 ∑
(t1,...,tn)∈T :

σs(ts)=σ′s(t
′
s)∀s∈[n]

∏
s∈[n]

p(s, ts)

 ·
∑

s∈[n]\{i}:
σ′s(t

′
s)=j

ws



=
1
cj
·

wi +
∑

(σ′1,...,σ′n)∈Σ′

∏
s∈[n]

∑
ts∈Ts:

σs(ts)=σ′s(t
′
s)

p(s, ts)

 ·
∑

s∈[n]\{i}:
σ′s(t

′
s)=j

ws



=
1
cj
·

w(t′i) +
∑

(σ′1,...,σ′n)∈Σ′

∏
s∈[n]

q(s, σ′s) ·
∑

s∈[n]\{i}:
σ′s(t

′
s)=j

w(t′s)


=

1
cj
·
(
w(t′i) + δ−i

j (Q, 1)
)

= λj
(i,t′i)

(Q, 1).

We now use this property to show that Q is a Nash equilibrium for ΓCI if σ is a pure
Bayesian Nash equilibrium for Γ. So, let σ be a pure Bayesian Nash equilibrium for Γ.
Fix an arbitrary user i ∈ [n]. Remember that in Γ all types of user i have the same traffic.
Thus,

v(i,t)(σ,p) = v(i,t̂)(σ,p)

for all pairs of types t, t̂ ∈ Ti. Since σ is a pure Bayesian Nash equilibrium for Γ, this
implies that for all types t ∈ Ti,

v(i,t)(σ,p) = λj
(i,t)(σ,p) for all j ∈ supportσi

(i) and

v(i,t)(σ,p) ≤ λj
(i,t)(σ,p) for all j 6∈ supportσi

(i).
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By definition of Q,

supportσi
(i) = supportQi

(t′i).

It follows that

v(i,t′i)
(Q, 1) = λj

(i,t′i)
(Q, 1) for all j ∈ supportQi

(t′i) and

v(i,t′i)
(Q, 1) ≤ λj

(i,t′i)
(Q, 1) for all j 6∈ supportQi

(t′i),

so that Q is a Nash equilibrium.

Upper bounds on Coordination Ratio: Recall that by our construction, we have that SCMSP(σ,Γ) =
SCMSP(Q,ΓCI) and OPTMSP(Γ) = OPTMSP(ΓCI). Thus, resorting to the corresponding upper
bounds on Coordination Ratio from [21] and [6], we get

SCMSP(σ,Γ)
OPTMSP(Γ)

=
SCMSP(Q,ΓCI)
OPTMSP(ΓCI)

=

 O
(

log m
log log m

)
, for the case of identical links,

O
(

log m
log log log m

)
, for the case of related links.

This completes the proof of the upper bounds.

Tightness of the upper bounds: From [21] and [6], there exist complete information routing games
ΓCI with an associated mixed Nash equilibrium Q such that

SCMSP(Q,ΓCI)
OPTMSP(ΓCI)

=

 Ω
(

log m
log log m

)
, for the case of identical links,

Ω
(

log m
log log log m

)
, for the case of related links.

Let ΓCI = (n, m, c, T ′, 1), T ′ = {(t′1, . . . , t′n)}, be such a complete information routing game
with an associated mixed Nash equilibrium Q. With a slight abuse of notation, we denote
Q = (q(i, j))i∈[n],j∈[m] where q(i, j) is the probability that type t′i ∈ T ′

i is assigned to link
j ∈ [m].

We define a CI-like game Γ = (n, m, c, T,p) and an associated pure strategy profile σ as
follows:

For each user i ∈ [n], Ti consists of |supportQi
(i)| types, where we have a type tji for

every link j ∈ supportQi
(i). For all users i ∈ [n] and links j ∈ supportQi

(i), define
p(i, tji ) = q(i, j) and σi(t

j
i ) = j.

Notice that our construction Γ 7→ ΓCI transforms the CI-like game Γ with associated pure
strategy profile σ back to the complete information routing game ΓCI with associated (mixed)
Nash equilibrium Q. It follows that SCMSP(σ,Γ) = SCMSP(Q,ΓCI), OPTMSP(Γ) = OPTMSP(ΓCI)
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and λl
(i,tji )

(σ,p) = λl
(i,t′i)

(Q, 1) for all users i ∈ [n], for all links l ∈ [m], and for all j ∈
supportQi

(i). Since Q is a Nash equilibrium we have

v(i,t′i)
(Q, 1) = λj

(i,t′i)
(Q, 1) for all j ∈ supportQi

(t′i) and

v(i,t′i)
(Q, 1) ≤ λj

(i,t′i)
(Q, 1) for all j 6∈ supportQi

(t′i).

Furthermore supportσi
(i) = supportQi

(i) for all i ∈ [n], and λl
(i,tji )

(σ,p) = λl
(i,t′i)

(Q, 1) for all

users i ∈ [n], for all links l ∈ [m], and for all j ∈ supportQi
(i). It follows that σ is a pure

Bayesian Nash equilibrium with

SCMSP(σ,Γ)
OPTMSP(Γ)

=
SCMSP(Q,ΓCI)
OPTMSP(ΓCI)

=

 Ω
(

log m
log log m

)
, for the case of identical links,

Ω
(

log m
log log log m

)
, for the case of related links.

This completes the proof.

We conclude with a lower bound on Coordination Ratio as Expected Maximum Latency for
normal pure Bayesian Nash equilibria.

Theorem 5.5 There exists a Bayesian routing game Γ = (n, m,1, T,p) on identical links and
an associated normal pure Bayesian Nash equilibrium σ such that

SCMSP(σ,Γ)
OPTMSP(Γ)

= Ω
(

log m

log log m

)
.

Proof: Let m ∈ N be a perfect square. Consider a Bayesian routing game Γ = (n, m,1, T,p)
on identical links with independent type distribution p. There are two classes of users, U1 and
U2:

• The class U1 consists of m users with type set Ti = {ti, t′i}, where w(ti) = 1, w(t′i) =
0, p(i, ti) = 1√

m
and p(i, t′i) = 1− 1√

m
for all users i ∈ U1.

• The class U2 consists of (
√

m− 1)m users with type set Ti = {ti}, where w(ti) = 1√
m

and
p(i, ti) = 1 all users i ∈ U2.

Consider the pure strategy profile σ′ that assigns to each link one user from U1 and
√

m − 1
users from U2. By analyzing the Social Cost of σ′, we get

SCMSP(σ′,Γ) ≤ 1 + (
√

m− 1) · 1√
m

< 2.
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Now consider the normal pure strategy profile σ where
√

m users from U1 are assigned to
each link j ∈ [

√
m] and

√
m users from U2 to each of the remaining m−

√
m links. Clearly, σ

is a normal pure Bayesian Nash equilibrium.

To show a lower bound on SCMSP(σ,Γ) we consider any link j ∈ [
√

m]. The actual load, say
Xj , on link j ∈ [

√
m] is a random variable which is a sum of

√
m independent random variables

with E(Xj) = 1. Let 1 ≤ k ≤
√

m, k ∈ N; the precise choice of k will be made later. Clearly,

Pr(Xj ≥ k) ≥ Pr(Xj = k)

=
(√

m

k

)
·
(

1√
m

)k

·
(

1− 1√
m

)√m−k

≥
(√

m

k

)
·
(

1√
m

)k

· 1
e

(since k ≥ 1)

=
√

m · . . . · (
√

m− k + 1)
√

m
k

· 1
k!
· 1
e
.

Now, observe that
√

m·...·(
√

m−k+1)
√

m
k is monotonically increasing in

√
m and

√
m ≥ k. Thus,

√
m · . . . · (

√
m− k + 1)

√
m

k
≥ k!

kk
.

It follows that

Pr(Xj ≥ k) ≥ k!
kk

· 1
k!
· 1
e

=
1

e · kk
,

so that
Pr(Xj < k) ≤ 1− 1

e · kk
.

Now, since the actual loads X1, . . . , X√
m are independent of each other, we have

Pr((X1 < k) ∧ ... ∧ (X√
m < k)) =

∏
j∈[

√
m]

Pr(Xj < k)

≤
(

1− 1
e · kk

)√m

≤ e
− 1

e·kk ·
√

m
.

Define now α > 0 so that
(

α
e

)α = m. Then, clearly, α = Θ
(

log m
log log m

)
. Choose k = α

e . Then
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kk = m
1
e which implies

Pr((X1 < k) ∧ ... ∧ (X√
m < k)) ≤ e

− 1

e·kk ·
√

m

= e−
1
e
·m

1
2−

1
e

≤ 1
m

,

for suitably large m. This implies that

SCMSP(σ,Γ) ≥ Pr((X1 ≥ k) ∨ ... ∨ (X√
m ≥ k)) · k

=
(
1− Pr((X1 < k) ∧ ... ∧ (X√

m < k))
)
· k

≥
(

1− 1
m

)
· α

e

= Θ
(

log m

log log m

)
.

Thus,
SCMSP(σ,Γ)
OPTMSP(Γ)

≥ SCMSP(σ,Γ)
SCMSP(σ′,Γ)

= Ω
(

log m

log log m

)
,

as needed.

5.2 Social Cost as Sum of Individual Costs

In this section, we study the Coordination Ratio for Social Cost as the Sum of Individual Costs.

Proposition 4.3 implies that fully mixed Bayesian Nash equilibria have worst Social Cost as
Sum of Individual Costs. Hence, we obtain:

Theorem 5.6 Consider a Bayesian routing game Γ on identical links and an associated fully
mixed Bayesian Nash equilibrium F and a Bayesian Nash equilibrium Q. Then,

SCSUM(Q,Γ) ≤ SCSUM(F,Γ).

We now use Theorem 5.6 to prove an asymptotically tight bound on Coordination Ratio for
the case of identical links (and Social Cost as Sum of Individual Costs).

Theorem 5.7 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links and an
associated Bayesian Nash equilibrium Q. Then,

SCSUM(Q,Γ)
OPTSUM(Γ)

≤ m + n− 1
m

,

and this bound is tight up to a factor of (1+ε) for any ε > 0, even if Γ is a complete information
routing game.
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Proof: By Theorem 5.6, it suffices to prove the upper bound for a fully mixed Bayesian Nash
equilibrium F. Clearly,

SCSUM(F,Γ) =
∑
i∈[n]

ui(F,p)

=
∑
i∈[n]

(
W

m
+

m− 1
m

W (i)
)

(by Proposition 4.2)

=
nW

m
+

m− 1
m

W

=
m + n− 1

m
W.

On the other hand, ui(Q,p) ≥ W (i) for any user i ∈ [s] and any strategy profile Q; hence,

OPTSUM(Γ) ≥
∑
i∈[n]

W (i) = W.

The upper bound follows.

We now prove that this upper bound is tight even for complete information routing games.
To do so, we will prove that for any ε > 0, there is a complete information routing game
ΓCI = (n, m,1, T, 1) such that OPTSUM(ΓCI) ≤ (1 + ε) ·W . We proceed by case analysis on the
relation between n and m.

• Assume first that n ≤ m. Let ΓCI be an arbitrary complete information routing game with
n ≤ m. Then we can assign each user to a separate link which yields OPTSUM(ΓCI) = W .

• Assume now that n > m. Define the complete information routing game ΓCI as follows:

There are two sets of users U1, and U2. The set U1 consists of n−m + 1 users
with w(ti) = 1 for all i ∈ U1, and U2 consists of m− 1 users with w(ti) = k for
all i ∈ U2 where k ∈ N is a constant to be determined later.

For the (expected) total traffic, we get

W = n−m + 1 + (m− 1)k.

Let σ be the pure strategy profile that assigns all users from U1 to link m and each of the
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m− 1 users from U2 separately to a link from [m− 1]. Thus,

OPTSUM(ΓCI) ≤ SCSUM(σ,ΓCI)

= (n−m + 1)2 + (m− 1)k

=
(n−m + 1)2 + (m− 1)k
n−m + 1 + (m− 1)k

·W

=
(n−m + 1) · (n−m) + (n−m + 1) + (m− 1) · k

n + (m− 1)(k − 1)
·W

=
(

1 +
(n−m)(n−m + 1)
n + (m− 1)(k − 1)

)
·W.

Clearly, for any ε > 0, there is a k ∈ N such that (n−m)(n−m+1)
n+(m−1)(k−1) ≤ ε. Hence, for any ε > 0,

there is a complete information routing game ΓCI such that OPTSUM(ΓCI) ≤ (1 + ε) ·W .
This completes the proof for the case n > m.

In all cases, there is a complete information routing game ΓCI such that OPTSUM(ΓCI) ≤ (1 +
ε) ·W . Since SCSUM(F,ΓCI) = m+n−1

m W , it follows that

SCSUM(F,ΓCI)
OPTSUM(ΓCI)

≥ 1
1 + ε

· m + n− 1
m

,

as needed.

Berenbrink et al. [3] showed that the Coordination Ratio for complete information routing games
and Social Cost as Sum of Individual Costs grows at least linearly with the number of users.
In particular they proved that n

5 is a lower bound on the Coordination Ratio. Theorem 5.7
implies that the Coordination Ratio increases at most linear with n and also shows the impact
of the number of links.

Another interesting insight of Theorem 5.7 is that the Coordination Ratio does not increase
if we allow incomplete information. This is not the case if Social Cost is defined as the Maximum
Individual Cost, as we will see next.

5.3 Social Cost as Maximum Individual Cost

In this section, we study the Coordination Ratio for Social Cost as the Maximum Individual
Cost.

Proposition 4.3 implies that fully mixed Bayesian Nash equilibria have worst Social Cost as
Maximum Individual Cost. Hence, we obtain:
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Theorem 5.8 Consider a Bayesian routing game Γ on identical links and an associated fully
mixed Bayesian Nash equilibrium F and a Bayesian Nash equilibrium Q. Then,

SCMAX(Q,Γ) ≤ SCMAX(F,Γ).

We now use Theorem 5.8 to prove asymptotically tight bounds on Coordination Ratio for
the case of identical links.

Theorem 5.9 Consider a Bayesian routing game Γ = (n, m,1, T,p) on identical links and an
associated Bayesian Nash equilibrium Q. Then,

(a)
SCMAX(Q,Γ)
OPTMAX(Γ)

≤ m + n− 1
m

, and

(b)
SCMAX(Q,Γ)
OPTMAX(Γ)

≤ 2− 1
m

, if Γ is a complete information routing game.

The bound from (a) is tight up to a factor of (1 + ε) for any ε > 0 and the bound from (b) is
tight.

Proof: Let F be a fully mixed Bayesian Nash equilibrium for Γ. Propositions 4.2 and 4.3
imply together that

ui(Q,p) ≤ ui(F,p) =
W

m
+

m− 1
m

W (i), (4)

for each user i ∈ [n]. We consider the two cases from the theorem.

Case (a):
Upper bound: Clearly, for any strategy profile Q′ and for any user i ∈ [n], ui(Q′,p) ≥ W (i);
hence,

∑
i∈[n] ui(Q′,p) ≥ W . This implies that

OPTMAX(Γ) ≥ W

n
. (5)

Clearly, OPTMAX(Γ) ≥ W (i) for all i ∈ [n]. Fix any user i ∈ [n]. By (4) and (5),

ui(Q,p) ≤ W

m
+

m− 1
m

· OPTMAX(Γ)

≤ n

m
· OPTMAX(Γ) +

m− 1
m

· OPTMAX(Γ)

=
m + n− 1

m
· OPTMAX(Γ).

and the upper bound follows.

Lower bound: Fix any arbitrary k, a, r ∈ N, which will be determined later. Consider the
Bayesian routing game Γk,a,r = (n, m,1, T,p) with independent type distribution and n =
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k · (m− 1) users. Each user i ∈ [n] has type set Ti = {ti, t′i} with traffics w(ti) = 1, w(t′i) = a · r
and probabilities p(i, ti) = 1− 1

a , p(i, t′i) = 1
a . Clearly, for user i ∈ [n], W (i) = r + 1− 1

a .

Define a pure strategy profile σ that assigns all types t′i, i ∈ [n], of traffic 1 to link m. The
types ti, i ∈ [n], are evenly distributed among the links in [m − 1]; so, σ assigns exactly k of
these types to each link in [m− 1]. Now for each user i ∈ [n],

ui(σ,p) =
(

1− 1
a

)
·
(

1 + (k − 1) ·
(

1− 1
a

))
+

1
a
· ((n− 1)r + r · a)

=
(

1− 1
a

)
·
(

1
a

+ k ·
(

1− 1
a

))
+ r ·

(
(n− 1)

a
+ 1
)

;

so, for any ε′ > 0, there is a sufficiently large a such that for each user i ∈ [n],

ui(σ,p) ≤ (k + r)(1 + ε′).

Hence, OPTMAX(Γk,a,r) ≤ (k + r)(1 + ε′). Fix now any fully mixed Bayesian Nash equilibrium
F. Proposition 4.2 implies that for each user i ∈ [n],

ui(F,p) =
(

1 +
n− 1

m

)
·W (i)

=
m + n− 1

m
·
(

r + 1− 1
a

)
.

Thus SCMAX(F,Γk,a,r) = m+n−1
m ·

(
r + 1− 1

a

)
and we can conclude that

SCMAX(F,Γk,a,r)
OPTMAX(Γk,a,r)

≥
(r + 1− 1

a)
(k + r)(1 + ε′)

· m + n− 1
m

;

so, for any ε > ε′, there is a sufficiently large r such that

SCMAX(F,Γk,a,r)
OPTMAX(Γk,a,r)

≥ m + n− 1
m

· 1
1 + ε

.

This proves that the upper bound shown before is tight up to a factor of (1 + ε).

Case (b):
Upper bound: Consider the complete information routing game ΓCI = (n, m,1, {(t1, . . . , tn)}, 1).
Here, W (i) = w(ti) for all i ∈ [n]. Clearly, OPTMAX(ΓCI) ≥ W (i) for all i ∈ [n] and
OPTMAX(ΓCI) ≥ W

m . By Equation (4),

ui(Q,p) ≤ W

m
+

m− 1
m

W (i)

≤ OPTMAX(ΓCI) +
m− 1

m
OPTMAX(ΓCI)

=
(

2− 1
m

)
OPTMAX(ΓCI),
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so that

SCMAX(Q,Γ)
OPTMAX(Γ)

≤ 2− 1
m

as needed. The upper bound follows.

Lower bound: Consider the complete information routing game ΓCI = (n, m,1, {(t1, . . . , tn)}, 1)
with n = m and w(t1) = . . . = w(tn) = 1. Clearly, W (i) = w(ti) = 1 for all i ∈ [n], W = m

and OPTMAX(ΓCI) = 1. Now, for the fully mixed Nash equilibrium F and any user i ∈ [n], by
Equation (4),

ui(F,p) =
W

m
+

m− 1
m

W (i)

= (2− 1
m

) · OPTMAX(ΓCI),

so that

SCMAX(F,Γ)
OPTMAX(Γ)

= 2− 1
m

,

as needed.

6 Conclusions and Discussion

We have introduced the dimension of incomplete information into the class of routing games
on parallel links. In this setting, we have studied the existence and computational complexity
of pure Bayesian Nash equilibria, structural properties of fully mixed Bayesian Nash equilibria
and the Coordination Ratio for different Social Cost measures.

Our work leaves open several interesting problems. On the most concrete level, we would
like to ask:

• Can pure Bayesian Nash equilibria be computed in polynomial time?

• What is the exact value of Coordination Ratio for identical links if Social Cost is defined
as Expected Maximum Latency?

• What is the Coordination Ratio for all three considered Social Cost measures in the case
of related links?
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