
_ȩʕȘƇŏɾǞȩȘɯ ȩǀ +ȩȒɔʕɾƚɟ ëżǞƚȘżƚ
+ȩȒɔߥߜߝ

ĆȘǞʲƚɟɯǞɾʿ ȩǀ �ǞʲƚɟɔȩȩȀ
$ȩɟǞɯ �ȩȘƚʲ
ǺȩȘƚʲॅȀǞʲƚɟɔȩȩȀࡏŏżࡏʕǺ
­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή



vȘɾɟȩƇʕżɾǞȩȘ
+ȩȒɔߥߜߝ _ȩʕȘƇŏɾǞȩȘɯ ȩǀ +ȩȒɔʕɾƚɟ ëżǞƚȘżƚ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߝ ࡕ ߥߞ



vȘǀȩɟȒŏɾǞȩȘ

�ƚżɾʕɟƚɟ

Úɟȩǀ $ȩɟǞɯ �ȩȘƚʲ
°ǀ˙żƚࡇ ߡߝࡏߝ �ɯǕɾȩȘ ųʕǞȀƇǞȘǃ
CȒŏǞȀࡇ ǺȩȘƚʲॅȀǞʲƚɟɔȩȩȀࡏŏżࡏʕǺ
+ȩʕɟɯƚ ʶƚų ɔŏǃƚࡇ
­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϓϟд¿ÐÉ�úϟ�HAT΁΀Ή

ߜߟ∽ Ȁƚżɾʕɟƚɯ ࣹ ߞ żȀŏɯɯ ɾƚɯɾɯ ࣹ ߝߝ ɾʕɾȩɟǞŏȀɯ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߞ ࡕ ߥߞ



�ȩƇʕȀƚ ŏǞȒɯ

÷ȩ ǞȘɾɟȩƇʕżƚ ɾǕƚ ȘȩɾŏɾǞȩȘࡈ ɾƚɟȒǞȘȩȀȩǃ ʿࡈ ŏȘƇ ɾƚżǕȘǞɛʕƚɯ ʕȘƇƚɟɔǞȘȘǞȘǃ
ɾǕƚ ƇǞɯżǞɔȀǞȘƚ ȩǀ ÷ǕƚȩɟƚɾǞżŏȀ +ȩȒɔʕɾƚɟ ëżǞƚȘżƚࡏ
÷ȩ ɔɟȩʲǞƇƚ ɾǕƚ ȒŏɾǕƚȒŏɾǞżŏȀ ǀȩʕȘƇŏɾǞȩȘ Șƚżƚɯɯŏɟʿ ǀȩɟ ʕȘƇƚɟɯɾŏȘƇǞȘǃ
Ƈŏɾŏɾʿɔƚɯ ŏɯ ɾǕƚʿ ŏɟǞɯƚ ǞȘ +ȩȒɔʕɾƚɟ ëżǞƚȘżƚ ŏȘƇ ǀȩɟ ʕȘƇƚɟɯɾŏȘƇǞȘǃ
żȩȒɔʕɾŏɾǞȩȘࡏ
÷ȩ ǞȘɾɟȩƇʕżƚ ɾǕƚ ųŏɯǞż ɔɟȩȩǀ ɾƚżǕȘǞɛʕƚɯ ʶǕǞżǕ ŏɟƚ ʕɯƚƇ ǀȩɟ ɟƚŏɯȩȘǞȘǃ
ŏųȩʕɾ Ƈŏɾŏ ŏȘƇ żȩȒɔʕɾŏɾǞȩȘࡏ
÷ȩ ǞȘɾɟȩƇʕżƚ ɾǕƚ ųŏɯǞż ȒŏɾǕƚȒŏɾǞżŏȀ ɾȩȩȀɯ ȘƚƚƇƚƇ ǀȩɟ ɯɔƚżǞǀʿǞȘǃ
ɟƚɛʕǞɟƚȒƚȘɾɯ ŏȘƇ ɔɟȩǃɟŏȒɯ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߟ ࡕ ߥߞ



�ȩƇʕȀƚ ȩʕɾżȩȒƚɯ

�ɾ ɾǕƚ ƚȘƇ ȩǀ ɾǕǞɯ ȒȩƇʕȀƚ ɯɾʕƇƚȘɾɯ ɯǕȩʕȀƇ ųƚ ŏųȀƚ ɾȩࡇ

ĆȘƇƚɟɯɾŏȘƇ Ǖȩʶ ŏ żȩȒɔʕɾƚɟ ɟƚɔɟƚɯƚȘɾɯ ɯǞȒɔȀƚ ȘʕȒƚɟǞż Ƈŏɾŏ ɾʿɔƚɯࡔ
ɟƚŏɯȩȘ ŏųȩʕɾ ɯǞȒɔȀƚ Ƈŏɾŏ ɾʿɔƚɯ ʕɯǞȘǃ ųŏɯǞż ɔɟȩȩǀ ɾƚżǕȘǞɛʕƚɯࡔ
vȘɾƚɟɔɟƚɾ ɯƚɾ ɾǕƚȩɟʿ ȘȩɾŏɾǞȩȘࡈ ɔƚɟǀȩɟȒ ȩɔƚɟŏɾǞȩȘɯ ȩȘ ɯƚɾɯࡈ ŏȘƇ ɟƚŏɯȩȘ
ŏųȩʕɾ ɯƚɾɯࡔ
ĆȘƇƚɟɯɾŏȘƇࡈ ȒŏȘǞɔʕȀŏɾƚ ŏȘƇ ɟƚŏɯȩȘ ŏųȩʕɾ ʕȘŏɟʿ ɟƚȀŏɾǞȩȘɯࡈ ųǞȘŏɟʿ
ɟƚȀŏɾǞȩȘɯࡈ ŏȘƇ ǀʕȘżɾǞȩȘɯࡔ
�ɔɔȀʿ ȀȩǃǞż ɾȩ ɟƚɔɟƚɯƚȘɾ ȒŏɾǕƚȒŏɾǞżŏȀ ɯɾŏɾƚȒƚȘɾ ŏȘƇ ƇǞǃǞɾŏȀ żǞɟżʕǞɾࡈ
ŏȘƇ ɾȩ ɟƚżȩǃȘǞɯƚࡈ ʕȘƇƚɟɯɾŏȘƇࡈ ŏȘƇ ɟƚŏɯȩȘ ŏųȩʕɾ ǀȩɟȒʕȀŏɯ ǞȘ
ɔɟȩɔȩɯǞɾǞȩȘŏȀ ŏȘƇ ɔɟƚƇǞżŏɾƚ ȀȩǃǞżࡔ
�ɔɔȀʿ ųŏɯǞż żȩʕȘɾǞȘǃ ŏȘƇ ƚȘʕȒƚɟŏɾǞȩȘ ȒƚɾǕȩƇɯ ŏɯ ɾǕƚɯƚ ŏɟǞɯƚ ǞȘ
ŏȘŏȀʿɯǞȘǃ ɔƚɟȒʕɾŏɾǞȩȘɯ ŏȘƇ żȩȒųǞȘŏɾǞȩȘɯࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߠ ࡕ ߥߞ



�ɯɯƚɯɯȒƚȘɾ

CʾŏȒࡇ ࣷߜߤ
�ʕȀɾǞɔȀƚࡷżǕȩǞżƚ ɾƚɯɾ

+ȩȘɾǞȘʕȩʕɯ �ɯɯƚɯɯȒƚȘɾࡇ ࣷߜߞ
�ɯɯƚɯɯȒƚȘɾ ࡏߝ +ȩʲƚɟɯ Úŏɟɾɯ ߠࡷߝ

+Ȁŏɯɯ ɾƚɯɾ
÷ʕɾȩɟǞŏȀ żȩȘɾɟǞųʕɾǞȩȘ

�ɯɯƚɯɯȒƚȘɾ ࡏߞ +ȩʲƚɟɯ Úŏɟɾɯ ߣࡷߡ
+Ȁŏɯɯ ɾƚɯɾ
÷ʕɾȩɟǞŏȀ żȩȘɾɟǞųʕɾǞȩȘ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߡ ࡕ ߥߞ



�ƚżɾʕɟƚɯ

Ħƚ ʶǞȀȀ Ǖŏʲƚ ɾǕɟƚƚ Ȁƚżɾʕɟƚɯ ɔƚɟ ʶƚƚǺࡏ
ĥȧʑɛ ɔƚɟɯȩȘŏȀ ɾǞȒƚɾŏųȀƚ Ǟɯ ȩȘ �ǝʮƙɛɑȧȧǿ �ǝƿƙࡏ

áƚŏƇ ɾǕƚ ɯȀǞƇƚɯ ųƚǀȩɟƚ ŏȘƇ࡫ ŏǀɾƚɟ࡬ ɾǕƚ Ȁƚżɾʕɟƚࡏ
÷ŏǺƚ Șȩɾƚɯࡏ ĆȘǞʲƚɟɯǞɾʿ࡫ Ǟɯ ŏ Ȁȩɾ ƇǞǀǀƚɟƚȘɾ ǀɟȩȒ ɯżǕȩȩȀ࡬ࡏ
v ʶǞȀȀ ʶɟǞɾƚ ȩȘ ɾǕƚ ɯȀǞƇƚɯࡏ
�ȩɾƚɯ ȩǀɾƚȘ ȒŏǺƚ ȘȩࡕȀǞɾɾȀƚ ɯƚȘɯƚ

Ú4_ɯ ʶǞȀȀ ŏɔɔƚŏɟ ȩȘ
­êêÜϓϟϟ�¨°ϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή

÷Ǖƚɯƚ Șȩɾƚɯ ŏɟƚ Șȩɾ ŏ ɟƚɔȀŏżƚȒƚȘɾ ǀȩɟ ʿȩʕɟ ȩʶȘ Șȩɾƚɯࡋ

ÚȀƚŏɯƚ ɯɾʕƇʿ ŏɯ ʿȩʕ ǃȩ ŏȀȩȘǃࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߢ ࡕ ߥߞ

unless with added writing .



÷ʕɾȩɟǞŏȀɯ

÷Ǖƚ żȀŏɯɯ ʶǞȀȀ ųƚ ƇǞʲǞƇƚƇ ǞȘɾȩ ɾʕɾȩɟǞŏȀ ǃɟȩʕɔɯࡏ Įȩʕ ʶǞȀȀ ųƚ ŏųȀƚ ɾȩ ˙ȘƇ
ȩʕɾ ʶǕǞżǕ ǃɟȩʕɔ ʿȩʕ ŏɟƚ ǞȘ ǀɟȩȒ ʿȩʕɟ ɔƚɟɯȩȘŏȀ ɾǞȒƚɾŏųȀƚࡏ
CŏżǕ ɾʕɾȩɟǞŏȀ ǃɟȩʕɔ Ȓƚƚɾɯ ȩȘżƚ ŏ ʶƚƚǺࡏ
ÚɟȩųȀƚȒ ɯǕƚƚɾɯ ʶǞȀȀ ųƚżȩȒƚ ŏʲŏǞȀŏųȀƚ ȩȘ ɾǕƚ ȒȩƇʕȀƚ ʶƚų ɔŏǃƚ
ࡏ࡬­êêÜãϓϟϟ°Éêß�É�êϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή࡫
÷ɟʿ ɾȩ ɯȩȀʲƚ ɾǕƚ ɔɟȩųȀƚȒɯ ųƚǀȩɟƚ ʿȩʕɟ ɾʕɾȩɟǞŏȀࡏ Úŏɟɾ ȩǀ ʿȩʕɟ żȩȘɾǞȘʕȩʕɯ
ŏɯɯƚɯɯȒƚȘɾ ȒŏɟǺ ʶǞȀȀ ųƚ ųŏɯƚƇ ȩȘ ʿȩʕɟ żȩȘɾɟǞųʕɾǞȩȘ ƇʕɟǞȘǃ ɾʕɾȩɟǞŏȀɯࡈ
ǞȘżȀʕƇǞȘǃ
ࡏߝ ȒŏǺǞȘǃ ɟƚŏɯȩȘŏųȀƚ ŏɾɾƚȒɔɾɯ ɾȩ ɯȩȀʲƚ ɾǕƚ ɔɟȩųȀƚȒɯࡈ ŏȘƇ ųɟǞȘǃǞȘǃ ɾǕƚɯƚ
ǞȘ࡫ ʶɟǞɾǞȘǃ࡬ ɾȩ ɾʕɾȩɟǞŏȀɯࡈ ŏȘƇ

ࡏߞ ʿȩʕɟ żȩȘɾɟǞųʕɾǞȩȘ ɾȩ ǃɟȩʕɔ ƇǞɯżʕɯɯǞȩȘɯ ǞȘ ɾǕƚ ɾʕɾȩɟǞŏȀ ǃɟȩʕɔࡏ
Įȩʕ ʶǞȀȀ ǕŏȘƇ ʿȩʕɟ ʶȩɟǺ ǞȘ ŏɾ ɾǕƚ ƚȘƇ ȩǀ ƚŏżǕ ɾʕɾȩɟǞŏȀ ŏȘƇ ǃƚɾ ŏ
ǀƚƚƇųŏżǺ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ʶƚƚǺࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߣ ࡕ ߥߞ



CʾɾƚȘʕŏɾǞȘǃ żǞɟżʕȒɯɾŏȘżƚɯ

vǀ ʿȩʕ żŏȘȘȩɾ ŏɾɾƚȘƇ ŏ ɾʕɾȩɟǞŏȀ ࡕ ɾƚɯɾ ࡕ ƚʾŏȒ ǀȩɟ ŏ ǃȩȩƇ ɟƚŏɯȩȘ

�ȩɾǞǀʿ ɾǕƚ ƇƚɔŏɟɾȒƚȘɾ ɯƚƚ࡫ ɾǕƚ ǕŏȘƇųȩȩǺ࡬
�ǞɯɯƚƇ ɾʕɾȩɟǞŏȀࡇ ǕŏȘƇ ǞȘ ʿȩʕɟ ųƚɯɾ ŏɾɾƚȒɔɾ ŏɾ ʿȩʕɟ ƚŏɟȀǞƚɯɾ ȩɔɔȩɟɾʕȘǞɾ ʿࡏ
�ǞɯɯƚƇ żȀŏɯɯ ɾƚɯɾࡇ Ƈƚɔɾࡏ ƇƚżǞƇƚɯ ƚǞɾǕƚɟ ɟƚɯǞɾ ȩɟ ȒȩƇʕȀƚ ȒŏɟǺ Ǟɯ ųŏɯƚƇ
ȩȘ ȩɾǕƚɟ ŏɯɯƚɯɯȒƚȘɾࡏ
�ǞɯɯƚƇ ƚʾŏȒࡇ ˙ɟɯɾ ŏɾɾƚȒɔɾ ɯɾʕɾʕɯ ǞȘ ɟƚɯǞɾɯࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߤ ࡕ ߥߞ



+ȩɟƚ ɾƚʾɾųȩȩǺ

ࡏ� áȩɯƚȘࡏ 4Ǟɯżɟƚɾƚ �ŏɾǕƚȒŏɾǞżɯ ŏȘƇ vɾɯ �ɔɔȀǞżŏɾǞȩȘɯࡈ �żbɟŏʶࡷmǞȀȀࡏ ɾǕߣ
ƚƇǞɾǞȩȘࡈ ࡏߞߝߜߞ

ŏȘʿ࡫ ƚƇǞɾǞȩȘࡈ ǞȘżȀʕƇǞȘǃ ɾǕƚ Ćë ƚƇǞɾǞȩȘࡈ Ǟɯ ࡬�°

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߥ ࡕ ߥߞ



áƚżȩȒȒƚȘƇƚƇ ųȩȩǺɯ

ëࡏ Cɔɔࡏ 4Ǟɯżɟƚɾƚ �ŏɾǕƚȒŏɾǞżɯ ʶǞɾǕ �ɔɔȀǞżŏɾǞȩȘɯࡈ +ƚȘǃŏǃƚ �ƚŏɟȘǞȘǃࡏ ɾǕߠ
ƚƇǞɾǞȩȘࡈ ࡏߝߝߜߞ
Cࡏ �ƚǕȒŏȘࡈ ࡏ_ ࡏ÷ �ƚǞǃǕɾȩȘ ŏȘƇ ࡏ� áࡏ �ƚʿƚɟ �ŏɾǕƚȒŏɾǞżɯ ǀȩɟ +ȩȒɔʕɾƚɟ
ëżǞƚȘżƚࡏ _ɟƚƚ ųȩȩǺ
Cࡏ $ȀȩżǕࡏ Úɟȩȩǀɯ ŏȘƇ _ʕȘƇŏȒƚȘɾŏȀɯࡈ ëɔɟǞȘǃƚɟࡏ ȘƇߞ ƚƇǞɾǞȩȘࡈ ߝߝߜߞ
ࡏ� mȩʕɯɾȩȘࡏ mȩʶ ɾȩ ÷ǕǞȘǺ �ǞǺƚ ŏ �ŏɾǕƚȒŏɾǞżǞŏȘࡈ +ŏȒųɟǞƇǃƚ ĆȘǞʲƚɟɯǞɾʿ
Úɟƚɯɯࡏ ߥߜߜߞ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߜߝ ࡕ ߥߞ

-



+ȩʕɟɯƚ żȩȘɾƚȘɾɯ

Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ
Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ
Úŏɟɾ ࡏߟ _ʕȘżɾǞȩȘɯ
Úŏɟɾ ࡏߠ áƚȀŏɾǞȩȘɯ
Úŏɟɾ ࡏߡ ÚɟȩɔȩɯǞɾǞȩȘŏȀ �ȩǃǞż ॆ 4ǞǃǞɾŏȀ +ǞɟżʕǞɾɯ
Úŏɟɾ ࡏߢ +ȩȒųǞȘŏɾȩɟǞżɯ ॆ ÚɟȩųŏųǞȀǞɾʿ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߝߝ ࡕ ߥߞ



ëȩࡈ ɾǕǞɯ Ǟɯ ȒŏɾǕɯࡊ

÷Ǖƚ ȒȩƇʕȀƚ Ƈȩƚɯ Șȩɾ ƇƚɔƚȘƇ ʕɔȩȘ ȀƚʲƚȀࡷ� ȒŏɾǕɯࡏ
Įȩʕ żŏȘ ǃƚɾ ŏ ˙ɟɯɾ ǞȘ ɾǕǞɯ ȒȩƇʕȀƚ ƚʲƚȘ Ǟǀ ʿȩʕ ƇǞƇ ųŏƇȀʿ ŏɾ b+ëC ȒŏɾǕɯࡏ
÷ȩ Ƈȩ ʶƚȀȀ ǞȘ ɾǕǞɯ ȒȩƇʕȀƚࡈ ʿȩʕ Ǖŏʲƚ ɾȩ ʶȩɟǺ ǕŏɟƇࡏ

$ʕɾ ĦǕȩ �ƚƚƇɯ �ŏɾǕɯࡐ
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Įȩʕ Ƈȩࡋ

+ȩȒɔࡈߤߜߝ +ȩȒɔ ࡈߞߜߞ +ȩȒɔࡈߢߞߞ +ȩȒɔࡈߠߜߟ +ȩȒɔࡈߡߜߟ +ȩȒɔࡏࡏࡏࡈߥߜߟ
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4ŏɾŏɾʿɔƚɯ

� Ƈŏɾŏɾʿɔƚ ǞȘ ŏ ɔɟȩǃɟŏȒȒǞȘǃ ȀŏȘǃʕŏǃƚ Ǟɯ ŏ ɯƚɾ ȩǀ ʲŏȀʕƚɯ ŏȘƇ ɾǕƚ
ȩɔƚɟŏɾǞȩȘɯ ȩȘ ɾǕȩɯƚ ʲŏȀʕƚɯࡏ ÷Ǖƚ Ƈŏɾŏɾʿɔƚ ɯɾŏɾƚɯ

ɾǕƚ ɔȩɯɯǞųȀƚ ʲŏȀʕƚɯ ǀȩɟ ɾǕƚ Ƈŏɾŏɾʿɔƚ
ɾǕƚ ȩɔƚɟŏɾǞȩȘɯ ɾǕŏɾ żŏȘ ųƚ ɔƚɟǀȩɟȒƚƇ ȩȘ ɾǕƚ ʲŏȀʕƚɯ
ɾǕƚ ʶŏʿ ɾǕŏɾ ʲŏȀʕƚɯ ŏɟƚ ɯɾȩɟƚƇࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߠߝ ࡕ ߥߞ



�ʕȒųƚɟ ɯʿɯɾƚȒɯ ŏȘƇ Ƈŏɾŏɾʿɔƚɯ

÷Ǖƚ Ȓȩɯɾ ųŏɯǞż Ƈŏɾŏɾʿɔƚɯ
�ŏɾʕɟŏȀ �ʕȒųƚɟɯ
vȘɾƚǃƚɟɯ
áŏɾǞȩȘŏȀɯ
áƚŏȀ �ʕȒųƚɟɯ
ÚɟǞȒƚ �ʕȒųƚɟɯ
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�ʕȒųƚɟ ɯʿɯɾƚȒɯ ŏȘƇ ɔɟȩȩǀ ɾƚżǕȘǞɛʕƚɯ

Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ
_ǞȘƇǞȘǃ ŏ żȩʕȘɾƚɟࡷƚʾŏȒɔȀƚ
Úɟȩȩǀ ųʿ żȩȘɾɟŏƇǞżɾǞȩȘ
Úɟȩȩǀ ųʿ vȘƇʕżɾǞȩȘ

÷Ǖƚɯƚ ŏɟƚ ʕɯƚƇࡈ ǀȩɟ ƚʾŏȒɔȀƚࡈ ɾȩ ɟƚŏɯȩȘ ŏųȩʕɾ Ƈŏɾŏ ɾʿɔƚɯ ŏȘƇ ɾȩ ɟƚŏɯȩȘ
ŏųȩʕɾ ŏȀǃȩɟǞɾǕȒɯࡏ

Ħƚ ʕɯƚ ɔɟȩȩǀ ɾƚżǕȘǞɛʕƚɯࡈ ųȩɾǕ ɾȩ ɯǕȩʶ ɾǕŏɾ ŏȘ ŏȀǃȩɟǞɾǕȒ Ǟɯ żȩɟɟƚżɾ ŏȘƇ ɾȩ
ɯǕȩʶ ɾǕŏɾ Ǟɾ Ǟɯ ƚǀ˙żǞƚȘɾࡏ
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4ŏɾŏ żȩȀȀƚżɾǞȩȘɯ

�ȩɯɾ ŏɔɔȀǞżŏɾǞȩȘɯ ʶȩɟǺ ʶǞɾǕ żȩȀȀƚżɾǞȩȘɯ ȩǀ Ƈŏɾŏ ǞɾƚȒɯ

ÚɟǞżƚ ȀǞɯɾ
ÚǕȩȘƚųȩȩǺ
+ȀǞȒŏɾƚ żǕŏȘǃƚ Ƈŏɾŏ
ëɾȩżǺ ƚʾżǕŏȘǃƚ Ƈŏɾŏ
ࡊ
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ëƚɾɯ

� ɯƚɾ Ǟɯ ŏ ʶƚȀȀࡷƇƚ˙ȘƚƇ żȩȀȀƚżɾǞȩȘ ȩǀ ȩųǲƚżɾɯࡏ ÷Ǖƚ ȩųǲƚżɾɯ ǞȘ ɾǕƚ ɯƚɾ ŏɟƚ
żŏȀȀƚƇ ɾǕƚ ƚȀƚȒƚȘɾɯ ȩɟ ȒƚȒųƚɟɯ ȩǀ ɾǕƚ ɯƚɾࡏ

÷Ǖƚ ɯƚɾ żȩȘɾŏǞȘǞȘǃ ɾǕƚ ȘʕȒųƚɟɯ ࡈߝ ࡈߞ ࡈߟ ߠ ŏȘƇ ߡ Ǟɯ ʶɟǞɾɾƚȘ ,ߝ} ,ߞ ,ߟ ,ߠ ࡏ{ߡ
÷Ǖƚ ȘʕȒųƚɟ ߟ Ǟɯ ŏȘ ƚȀƚȒƚȘɾ ȩǀ ɾǕƚ ɯƚɾࡈ ɾǕŏɾ Ǟɯࡈ ߟ ∈ ,ߝ} ,ߞ ,ߟ ,ߠ ࡏ{ߡ
÷Ǖƚ ȘʕȒųƚɟ ߢ Ǟɯ Șȩɾ ŏȘ ƚȀƚȒƚȘɾ ȩǀ ɾǕƚ ɯƚɾࡈ ɾǕŏɾ Ǟɯࡈ ߢ ! ,ߝ} ,ߞ ,ߟ ,ߠ ࡏ{ߡ
÷Ǖƚ ɯƚɾ {Ƈȩǃࡈ żŏɾࡈ Ȓȩʕɯƚ} Ǟɯ ŏ ɯƚɾ ʶǞɾǕ ɾǕɟƚƚ ƚȀƚȒƚȘɾɯࡇ Ƈȩǃࡈ żŏɾ ŏȘƇ
Ȓȩʕɯƚࡏ

ĥȧʑȗǂ ȑŏȗࡌ ǝȗ ȑŏɺǔƙȑŏɺǝżɫ ʻȧʑ Ɔȧȗࢊɺ ʑȗƆƙɛɫɺŏȗƆ ɺǔǝȗǂɫࡒ ĥȧʑ Ǳʑɫɺ
ǂƙɺ ʑɫƙƆ ɺȧ ɺǔƙȑࡒ �ȩǕȘࡧ ʲȩȘ �ƚʕȒŏȘȘࡨ
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ëȩȒƚ ǞȒɔȩɟɾŏȘɾ ɯƚɾɯ

N = ,ߜ} ,ߝ ,ߞ ,ߟ . . .} ɾǕƚ࡫ ȘŏɾʕɟŏȀ ȘʕȒųƚɟɯ࡬
Z = {. . . , ,ߞ− ,ߝ− ,ߜ ,ߝ ,ߞ . . .} ɾǕƚ࡫ ǞȘɾƚǃƚɟɯ࡬
Q = {ɑ/ɗ | ɑ �M/ ɗ �`2 BMi2;2`b,ɗ " {ߜ ɾǕƚ࡫ ɟŏɾǞȩȘŏȀɯ࡬
Rࡇ ɟƚŏȀ࡫ ȘʕȒųƚɟɯ࡬
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_ʕȘżɾǞȩȘɯ

� ǀʕȘżɾǞȩȘ Ǟɯ ǲʕɯɾ ŏ Ȓŏɔ ǀɟȩȒ ŏ ɯƚɾ ȩǀ ǞȘɔʕɾɯ ɾȩ ŏ ɯƚɾ ȩǀ ȩʕɾɔʕɾɯࡏ
÷ǕǞɯ Ǟɯ ƚʾŏżɾȀʿ ʶǕŏɾ ŏȘ ŏȀǃȩɟǞɾǕȒ żȩȒɔʕɾƚɯࡏ

_ʕȘżɾǞȩȘɯ żŏȘ ŏȀɯȩ ųƚ ʕɯƚƇ ɾȩ ƇƚɾƚɟȒǞȘƚ Ǖȩʶ ȀȩȘǃ ŏȀǃȩɟǞɾǕȒɯ ɾŏǺƚ ɾȩ
ɟʕȘࡏ

20 Chapter 1 Speaking Mathematically

function machine

Input
x

f (x) Output

Figure 1.3.1

Example 1.3.6 Functions Defined by Formulas

The squaring function f from R to R is defined by the formula f (x) = x2 for all real
numbers x . This means that no matter what real number input is substituted for x , the
output of f will be the square of that number. This idea can be represented by writing
f (!) = !2. In other words, f sends each real number x to x2, or, symbolically,
f : x → x2. Note that the variable x is a dummy variable; any other symbol could replace
it, as long as the replacement is made everywhere the x appears.

The successor function g from Z to Z is defined by the formula g (n ) = n + 1. Thus,
no matter what integer is substituted for n , the output of g will be that number plus
one: g (!) = !+ 1. In other words, g sends each integer n to n + 1, or, symbolically,
g : n → n + 1.

An example of a constant function is the function h from Q to Z defined by the
formula h (r) = 2 for all rational numbers r . This function sends each rational number
r to 2. In other words, no matter what the input, the output is always 2: h (!) = 2 or
h : r → 2.

The functions f, g , and h are represented by the function machines in Figure 1.3.2.

squaring
function

x

f (x) = x2

(a)

successor
function

n

g (n) = n + 1

(b)

constant
function

r

h (r) = 2

(c)

Figure 1.3.2 ■

A function is an entity in its own right. It can be thought of as a certain relationship
between sets or as an input/output machine that operates according to a certain rule. This
is the reason why a function is generally denoted by a single symbol or string of symbols,
such as f, G, of log, or sin.

A relation is a subset of a Cartesian product and a function is a special kind of relation.
Specifically, if f and g are functions from a set A to a set B, then

f = {(x, y) ∈ A × B | y = f (x)} and g = {(x, y) ∈ A × B | y = g (x)}.
It follows that

f equals g , written f = g , if, and only if, f (x ) = g (x ) for all x in A.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
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CʾŏȒɔȀƚɯࡇ
ʻ = ߞʺ

ʻ = sin(ʺ)
˙ɟɯɾ Ȁƚɾɾƚɟ ȩǀ ʿȩʕɟ ȘŏȒƚ
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_ŏȒǞȀʿ ɟƚȀŏɾǞȩȘɯ

_ɟƚƇ ŏȘƇ �ŏʲǞɯ

�ȀǞżƚ �ƚȘ ŏȘƇ

�ŏȘƚ _ǞȩȘŏ �ȀŏȘ

�ȩǕȘ ŏȘƇ �ŏɟʿ

ëʕƚ �ǞǺƚ ÚƚȘȘʿ

ĦɟǞɾƚ ƇȩʶȘ

Ú = {(ʺ, ʻ) | ʺ Ǟɯ ŏ ǃɟŏȘƇǀŏɾǕƚɟ ȩǀ ʻ ࡔ{

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߝߞ ࡕ ߥߞ
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áƚȀŏɾǞȩȘɯ ŏȘƇ Ƈŏɾŏųŏɯƚɯ

2ŏɺŏųŏɫƙɫࡇ �ȩɯɾ Ƈŏɾŏųŏɯƚɯ ɯɾȩɟƚ ǞȘǀȩɟȒŏɾǞȩȘ ŏɯ ɛƙǿŏɺǝȧȗɫ ȩʲƚɟ ɫƙɺɫࡏ Ħƚ
ȘƚƚƇ ɔɟƚżǞɯƚ ȘȩɾŏɾǞȩȘ ŏȘƇ ɾƚɟȒǞȘȩȀȩǃʿ ǀȩɟ ɯƚɾɯ ŏȘƇ ɟƚȀŏɾǞȩȘɯ ǞȘ ȩɟƇƚɟ ɾȩ
ɾŏȀǺ ŏųȩʕɾ Ƈŏɾŏųŏɯƚɯࡏ $ŏɯǞż ȒŏɾǕƚȒŏɾǞżŏȀ ǀŏżɾɯ ŏųȩʕɾ ɟƚȀŏɾǞȩȘɯ ŏȘƇ ɯƚɾɯ
ŏɟƚ ɟƚɛʕǞɟƚƇ ɾȩ ʕȘƇƚɟɯɾŏȘƇ Ǖȩʶ ŏ Ƈŏɾŏųŏɯƚ Ǟɯ ƇƚɯǞǃȘƚƇ ŏȘƇ ǞȒɔȀƚȒƚȘɾƚƇࡏ
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�ȩǃǞż ŏȘƇ ɯɔƚżǞ˙żŏɾǞȩȘ ȀŏȘǃʕŏǃƚɯ

mȩʶ żŏȘ ʶƚ ɯɔƚżǞǀʿ ʶǕŏɾ ŏ ɔɟȩǃɟŏȒ ɯǕȩʕȀƇ Ƈȩࡐ �ŏɾʕɟŏȀ ȀŏȘǃʕŏǃƚɯ żŏȘ ųƚ
ȀȩȘǃࡷʶǞȘƇƚƇ ŏȘƇ ŏȒųǞǃʕȩʕɯ ŏȘƇ ŏɟƚ Șȩɾ ŏɔɔɟȩɔɟǞŏɾƚ ǀȩɟ ǞȘɾɟǞżŏɾƚ
ɔɟȩųȀƚȒɯࡏ

� ǀȩɟȒŏȀ ȀŏȘǃʕŏǃƚ ʶǞɾǕȩʕɾ ŏȒųǞǃʕȩʕɯ ɯɾŏɾƚȒƚȘɾɯ Ǟɯ ɟƚɛʕǞɟƚƇࡏ

Óɛȧɑȧɫǝɺǝȧȗŏǿ ŏȗƆ ÓɛƙƆǝżŏɺƙ �ȧǂǝż ŏɟƚ ɾǕƚ Ȓȩɯɾ ǞȒɔȩɟɾŏȘɾ ǀȩɟȒŏȀ
ȀŏȘǃʕŏǃƚɯ ǀȩɟ ɯɔƚżǞǀʿǞȘǃ ɔɟȩǃɟŏȒɯࡏ
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ÚɟȩɔȩɯǞɾǞȩȘŏȀ ȀȩǃǞż ŏȘƇ ƇǞǃǞɾŏȀ żǞɟżʕǞɾɯ

ëʿȘɾŏʾࡇ ǀȩɟȒʕȀŏɯ ŏȘƇ ǀȩɟȒŏȀ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ
ëƚȒŏȘɾǞżɯࡇ ǞȘɾƚɟɔɟƚɾŏɾǞȩȘɯ ŏȘƇ ɾɟʕɾǕ ɾŏųȀƚɯ
�ȩǃǞż ŏȘƇ ƇǞǃǞɾŏȀ żǞɟżʕǞɾɯ
+ȩȒɔʕɾƚɟ ŏɟǞɾǕȒƚɾǞż
�ȩǃǞżŏȀ ƚɛʕǞʲŏȀƚȘżƚ

82 Chapter 2 The Logic of Compound Statements

Circuits for Computer Addition
Consider the question of designing a circuit to produce the sum of two binary digits P
and Q. Both P and Q can be either 0 or 1. And the following facts are known:

12 + 12 = 102,

12 + 02 = 12 = 012,

02 + 12 = 12 = 012,

02 + 02 = 02 = 002.

It follows that the circuit to be designed must have two outputs—one for the left
binary digit (this is called the carry) and one for the right binary digit (this is called
the sum). The carry output is 1 if both P and Q are 1; it is 0 otherwise. Thus the carry
can be produced using the AND-gate circuit that corresponds to the Boolean expression
P ∧ Q. The sum output is 1 if either P or Q, but not both, is 1. The sum can, therefore,
be produced using a circuit that corresponds to the Boolean expression for exclusive or:
(P ∨ Q)∧ ∼(P ∧ Q). (See Example 2.4.3(a).) Hence, a circuit to add two binary digits
P and Q can be constructed as in Figure 2.5.1. This circuit is called a half-adder.

HALF-ADDER

Circuit Input/Output Table

P

Q
NOT

AND

AND

OR
Sum

Carry

P Q Carry Sum

1 1 1 0

1 0 0 1

0 1 0 1

0 0 0 0

Figure 2.5.1 Circuit to Add P + Q, Where P and Q Are Binary Digits

Now consider the question of how to construct a circuit to add two binary integers,
each with more than one digit. Because the addition of two binary digits may result in
a carry to the next column to the left, it may be necessary to add three binary digits at
certain points. In the following example, the sum in the right column is the sum of two
binary digits, and, because of the carry, the sum in the left column is the sum of three
binary digits.

1 ← carry row

1 12
+ 1 12

1 1 02

Thus, in order to construct a circuit that will add multidigit binary numbers, it is
necessary to incorporate a circuit that will compute the sum of three binary digits. Such a
circuit is called a full-adder. Consider a general addition of three binary digits P, Q, and
R that results in a carry (or left-most digit) C and a sum (or right-most digit) S.

P
+ Q
+ R

C S

The operation of the full-adder is based on the fact that addition is a binary operation:
Only two numbers can be added at one time. Thus P is first added to Q and then the
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+ȩȒųǞȘŏɾȩɟǞżɯ

+ȩȒųǞȘŏɾȩɟǞżɯ ǞȘżȀʕƇƚɯ ɾǕƚ ɯɾʕƇʿ ȩǀ żȩʕȘɾǞȘǃ ŏȘƇ ŏȀɯȩ ɾǕƚ ɯɾʕƇʿ ȩǀ
ƇǞɯżɟƚɾƚ ɯɾɟʕżɾʕɟƚɯ ɯʕżǕ ŏɯ ǃɟŏɔǕɯࡏ vɾ Ǟɯ ƚɯɯƚȘɾǞŏȀ ǀȩɟ ŏȘŏȀʿɯǞȘǃ ɾǕƚ
ƚǀ˙żǞƚȘżʿ ȩǀ ŏȀǃȩɟǞɾǕȒɯࡏ
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+ȩȒųǞȘŏɾȩɟǞżɯ

�ȩɾŏɾǞȩȘ ǀȩɟ ɯʕȒɯ ŏȘƇ ɔɟȩƇʕżɾɯࡈ ǞȘżȀʕƇǞȘǃ ɾǕƚ ǀŏżɾȩɟǞŏȀ ǀʕȘżɾǞȩȘࡏ
ÚɟǞȘżǞɔȀƚɯ ǀȩɟ żȩʕȘɾǞȘǃ ɔƚɟȒʕɾŏɾǞȩȘɯ ŏȘƇ żȩȒųǞȘŏɾǞȩȘɯࡈ ǀȩɟ ƚʾŏȒɔȀƚࡈ
ɾȩ ƚȘŏųȀƚ ʿȩʕ ɾȩ ɯȩȀʲƚ ɾǕƚ ɔɟȩųȀƚȒ ȩȘ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɯȀǞƇƚࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߢߞ ࡕ ߥߞ



�ɔɔȀǞżŏɾǞȩȘɯ ɾȩ ƇǞɯżɟƚɾƚ ɔɟȩųŏųǞȀǞɾʿ

÷Ǖƚ Ƈɟŏʶ ɯƚȀƚżɾɯ ŏ ɯƚɾ ȩǀ ɯǞʾ ƇǞǀǀƚɟƚȘɾ ȘʕȒųƚɟɯ ǀɟȩȒ ,ߝ ,ߞ . . . , ࡏߥߠ CŏżǕ
żǕȩǞżƚ Ǟɯ ƚɛʕŏȀȀʿ ȀǞǺƚȀ ʿࡏ

Įȩʕ żǕȩȩɯƚ ŏ ɯƚɾ ȩǀ ɯǞʾ ȘʕȒųƚɟɯ ǞȘ ŏƇʲŏȘżƚࡏ vǀ ʿȩʕɟ ȘʕȒųƚɟɯ żȩȒƚ ʕɔࡈ ʿȩʕ
ʶǞȘ ɾǕƚ ǲŏżǺɔȩɾࡏ ĦǕŏɾ Ǟɯ ɾǕƚ ɔɟȩųŏųǞȀǞɾʿ ȩǀ ɾǕǞɯ ƚʲƚȘɾࡐ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߣߞ ࡕ ߥߞ



áƚŏƇǞȘǃ ȒŏɾǕƚȒŏɾǞżɯߝ

áƚŏƇ ʶǞɾǕ ŏ ɔʕɟɔȩɯƚ
+Ǖȩȩɯƚ ŏ ųȩȩǺ ŏɾ ɾǕƚ ɟǞǃǕɾ ȀƚʲƚȀ
áƚŏƇ ʶǞɾǕ ɔƚȘ ŏȘƇ ɔŏɔƚɟ ŏɾ ǕŏȘƇ
4ȩȘ࢈ɾ ɟƚŏƇ Ǟɾ ȀǞǺƚ ŏ ȘȩʲƚȀ
vƇƚȘɾǞǀʿ ʶǕŏɾ Ǟɯ ǞȒɔȩɟɾŏȘɾ
ëɾȩɔ ɔƚɟǞȩƇǞżŏȀȀʿ ɾȩ ɟƚʲǞƚʶ
áƚŏƇ ɯɾŏɾƚȒƚȘɾɯ ˙ɟɯɾࡴɔɟȩȩǀɯ Ȁŏɾƚɟ
4ȩ ɾǕƚ ƚʾƚɟżǞɯƚɯ ŏȘƇ ɔɟȩųȀƚȒɯ
áƚ˚ƚżɾ
ĦɟǞɾƚ ŏ ɯʕȒȒŏɟʿ

kȧʲߝ ɺȧ ɺǔǝȗǹ ǿǝǹƙ ŏ ȑŏɺǔƙȑŏɺǝżǝŏȗ ųʿ ࡏ� mȩʕɯɾȩȘࡏ

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߤߞ ࡕ ߥߞ

.

←

÷
-



�ɔɔƚȘƇǞʾࡇ bɟƚƚǺ Ȁƚɾɾƚɟɯ

�ȀɔǕŏ α � vȩɾŏ ι s ëǞǃȒŏ σ Σ

$ƚɾŏ β $ �ŏɔɔŏ κ � ÷ŏʕ τ î
bŏȒȒŏ γ Γ �ŏȒųƇŏ λ Λ ĆɔɯǞȀȩȘ υ Υ

4ƚȀɾŏ δ ∆ �ʕ µ � ÚǕǞ φ Φ

CɔɯǞȀȩȘ ϵ A �ʕ ν � +ǕǞ χ Ĥ
Ļƚɾŏ ζ Ĳ °ȒǞżɟȩȘ ȧ ª ÚɯǞ ψ Ψ

Cɾŏ η A ÚǞ π Π °Ȓƚǃŏ ω Ω

÷Ǖƚɾŏ θ Θ áǕȩ ρ Ú

­êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HAT΁΀Ή vȘɾɟȩƇʕżɾǞȩȘ ߥߞ ࡕ ߥߞ


