
�ŏɾǕƚȒŏɾǞżŏȀ ǞȘƇʕżɾǞȩȘ

�ŏɾǕƚȒŏɾǞżŏȀ ǞȘƇʕżɾǞȩȘ Ǟɯ ȩȘƚ ȩǀ ɾǕƚ Ȓȩɟƚ ɛƙżƙȗɺǿʻ ƇƚʲƚȀȩɔƚƇ
ɾƚżǕȘǞɛʕƚɯ ȩǀ ɔɟȩȩǀ ǞȘ ɾǕƚ ǕǞɯɾȩɟʿ ȩǀ ȒŏɾǕƚȒŏɾǞżɯࡏ
vɾ Ǟɯ ʕɯƚƇ ɾȩ żǕƚżǺ żȩȘǲƚżɾʕɟƚɯ ŏųȩʕɾ ɾǕƚ ȩʕɾżȩȒƚɯ ȩǀ ɔɟȩżƚɯɯƚɯ ɾǕŏɾ
ȩżżʕɟ ɟƚɔƚŏɾƚƇȀʿ ŏȘƇ ŏżżȩɟƇǞȘǃ ɾȩ Ƈƚ˙ȘǞɾƚ ɔŏɾɾƚɟȘɯࡏ
vȘ ǃƚȘƚɟŏȀࡈ ȒŏɾǕƚȒŏɾǞżŏȀ ǞȘƇʕżɾǞȩȘ Ǟɯ ŏ ȒƚɾǕȩƇ ǀȩɟ ɔɟȩʲǞȘǃ ɾǕŏɾ ŏ
ɔɟȩɔƚɟɾʿ Ƈƚ˙ȘƚƇ ǀȩɟ ǞȘɾƚǃƚɟɯ ȗ Ǟɯ ɾɟʕƚ ǀȩɟ ŏȀȀ ʲŏȀʕƚɯ ȩǀ ȗ ɾǕŏɾ ŏɟƚ
ǃɟƚŏɾƚɟ ɾǕŏȘ ȩɟ ƚɛʕŏȀ ɾȩ ɯȩȒƚ ǞȘǞɾǞŏȀ ǞȘɾƚǃƚɟ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߤߠ ࡕ ߞߣ



CʾŏȒɔȀƚࡇ 4ȩȒǞȘȩ ƚǀǀƚżɾ

°Șƚ ƇȩȒǞȘȩ ǀȩɟ ƚŏżǕ ȘŏɾʕɟŏȀ ȘʕȒųƚɟࡈ ŏɟɟŏȘǃƚƇ ǞȘ ȩɟƇƚɟࡏ

v ʶǞȀȀ ɔʕɯǕ ƇȩȒǞȘȩ ߜ ɾǕƚ ȩȘƚ ŏɾ ɾǕƚ ǀɟȩȘɾ ȩǀ ɾǕƚ ɔǞżɾʕɟƚ ɾȩʶŏɟƇɯ ɾǕƚ
ȩɾǕƚɟɯࡏ
_ȩɟ ƚʲƚɟʿ ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ȑࡈ Ǟǀ ɾǕƚ ȑ࢈ɾǕ ƇȩȒǞȘȩ ǀŏȀȀɯࡈ ɾǕƚȘ ɾǕƚ
(ȑ+ ɯɾ(ߝ ƇȩȒǞȘȩ ʶǞȀȀ ǀŏȀȀࡏ

+ȩȘżȀʕƇƚࡇ �ȀȀ ȩǀ ɾǕƚ 4ȩȒǞȘȩƚɯ ʶǞȀȀ ǀŏȀȀࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߥߠ ࡕ ߞߣ



ÚɟȩʲǞȘǃ ųʿ ǞȘƇʕżɾǞȩȘ ɾǕŏɾ ŏ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ƚʲƚɟʿ ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ȗ

Úɟȩʲƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ɾǕƚ ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ȗ = ࡏߜ
Úɟȩʲƚ ɾǕŏɾ Ǟǀ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ȑ ǀȩɟ ŏȘʿ ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ȑ
ɾǕƚȘ Ǟɾ ǕȩȀƇɯ ǀȩɟ ȗ = ȑ+ ࡏߝ

÷Ǖƚ ʲŏȀǞƇǞɾʿ ȩǀ ɔɟȩȩǀ ųʿ ȒŏɾǕƚȒŏɾǞżŏȀ ǞȘƇʕżɾǞȩȘ Ǟɯ ǃƚȘƚɟŏȀȀʿ ɾŏǺƚȘ ŏɯ ŏȘ
ŏʾǞȩȒࡏ ÷Ǖŏɾ Ǟɯ ʶǕʿ Ǟɾ Ǟɯ ɟƚǀƚɟɟƚƇ ɾȩ ŏɯ ɾǕƚ ɔɟǞȘżǞɔȀƚ ȩǀ ȒŏɾǕƚȒŏɾǞżŏȀ
ǞȘƇʕżɾǞȩȘ ɟŏɾǕƚɟ ɾǕŏȘ ŏɯ ŏ ɾǕƚȩɟƚȒࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߜߡ ࡕ ߞߣ
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� ɔɟȩȩǀ ȩǀ ŏ ɔɟȩɔƚɟɾʿ ųʿ ǞȘƇʕżɾǞȩȘ ȀȩȩǺɯ ȀǞǺƚ ɾǕǞɯ

$ŏɯƚ +ŏɯƚࡇ ëǕȩʶ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ࡏߜ

vȘƇʕżɾǞʲƚ ëɾƚɔࡇ �ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ȑࡏ ëǕȩʶ ɾǕŏɾ Ǟɾ
ǕȩȀƇɯ ǀȩɟ ȗ = ȑ+ ࡏߝ

+ȩȘżȀʕɯǞȩȘࡇ Įȩʕ żŏȘ Șȩʶ żȩȘżȀʕƇƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ƚʲƚɟʿ
ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ȗࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߝߡ ࡕ ߞߣ
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We prove This statement by mathematical reduction
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LHS -0

RH :S= 0*+4=0 ( HS= RHS and we are done
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Assume that the statement holds

the for n=m . We need to show that it holds

for n= MH
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By the pvnopk of mathematical inductor
,

for every natural n we have
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CʾŏȒɔȀƚࡇ Úɟȩȩǀ ųʿ ǞȘƇʕżɾǞȩȘ

_ȩɟ ƚʲƚɟʿ ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ȗࡈ

+ߜ +ߝ · · · + ȗ =
ȗ(ȗ+ (ߝ

ߞ .

$ŏɯƚ +ŏɯƚࡇ ÷ŏǺƚ ȗ = ࡏߜ ÷Ǖƚ ȀƚǀɾࡷǕŏȘƇࡷɯǞƇƚ ŏȘƇ ɾǕƚ ɟǞǃǕɾࡷǕŏȘƇࡷɯǞƇƚ ŏɟƚ
ųȩɾǕ ߜ ɯȩ ɾǕƚʿ ŏɟƚ ƚɛʕŏȀࡏ

vȘƇʕżɾǞʲƚ ëɾƚɔࡇ �ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ȑࡈ ɯȩ

+ߜ +ߝ · · · +ȑ =
ȑ(ȑ+ (ߝ

ߞ .

�ȩʶ żȩȘɯǞƇƚɟ ȗ = ȑ+ ࡏߝ Ħƚ Ȓʕɯɾ ɯǕȩʶ ɾǕŏɾ

+ߜ +ߝ · · · +ȑ+ (ȑ+ (ߝ = (ȑ+ +ȑ)(ߝ (ߞ
ߞ .

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߞߡ ࡕ ߞߣ



Úɟȩȩǀ żȩȘɾǞȘʕƚƇ

ëǞȘżƚ
+ߜ +ߝ · · · +ȑ =

ȑ(ȑ+ (ߝ
ߞ .

+ߜ +ߝ · · · +ȑ+ (ȑ+ (ߝ = ȑ(ȑ+ (ߝ
ߞ +ȑ+ ߝ

=
ȑ(ȑ+ (ߝ + +ȑ)ߞ (ߝ

ߞ
=

(ȑ+ +ȑ)(ߝ (ߞ
ߞ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߟߡ ࡕ ߞߣ



K he Iktl for some K

0 1 1 = 12

1 It ] 4 = 22:Dthis:⇒: ::
4 It 3+5+7+9 25 = 52

K¥1 The sum of ofd numbers

1+3+51
.

e @ktD = ( Kel )£
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Diff We pave this statement by mathematical inductor
,

Bases Keo Le @¥D2= I
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suppose peat the property holds for k= Mi

That  is tt3t .
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M£+2 melt Lm +2+1

= M2t4m+4= ( MTI )2



°ɾǕƚɟ ɯɾŏɟɾǞȘǃ ʲŏȀʕƚɯ

ëʕɔɔȩɯƚ ʿȩʕ ʶŏȘɾ ɾȩ ɔɟȩʲƚ ŏ ɯɾŏɾƚȒƚȘɾ Șȩɾ ǀȩɟ ŏȀȀ ȘŏɾʕɟŏȀ ȘʕȒųƚɟɯࡈ ųʕɾ
ǀȩɟ ŏȀȀ ǞȘɾƚǃƚɟɯ ǃɟƚŏɾƚɟ ɾǕŏȘ ȩɟ ƚɛʕŏȀ ɾȩ ɯȩȒƚ ɔŏɟɾǞżʕȀŏɟ ȘŏɾʕɟŏȀ ȘʕȒųƚɟ ų

$ŏɯƚ +ŏɯƚࡇ ëǕȩʶ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ųࡏ

vȘƇʕżɾǞʲƚ ëɾƚɔࡇ �ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ȑ ǀȩɟ ŏȘʿ ȑ ≥ ųࡏ
ëǕȩʶ ɾǕŏɾ Ǟɾ ǕȩȀƇɯ ǀȩɟ ȗ = ȑ+ ࡏߝ

+ȩȘżȀʕɯǞȩȘࡇ Įȩʕ żŏȘ Șȩʶ żȩȘżȀʕƇƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ƚʲƚɟʿ
ǞȘɾƚǃƚɟ ȗ ≥ ųࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߠߡ ࡕ ߞߣ



CʾŏȒɔȀƚࡇ Úɟȩȩǀ ųʿ ǞȘƇʕżɾǞȩȘ

_ȩɟ ŏȀȀ ǞȘɾƚǃƚɟɯ ȗ ≥ ࡈߤ ȗż żŏȘ ųƚ ȩųɾŏǞȘƚƇ ʕɯǞȘǃ żߟ ŏȘƇ żߡ żȩǞȘɯࡏ

$ŏɯƚ +ŏɯƚࡇ _ȩɟ ȗ = ࡈߤ żߤ = +żߟ ࡏżߡ

vȘƇʕżɾǞʲƚ ëɾƚɔࡇ ëʕɔɔȩɯƚ ɾǕŏɾ ȑż żŏȘ ųƚ ȩųɾŏǞȘƚƇ ʕɯǞȘǃ żߟ ŏȘƇ żߡ żȩǞȘɯ
ǀȩɟ ŏȘʿ ȑ ≥ ࡏߤ Ħƚ Ȓʕɯɾ ɯǕȩʶ ɾǕŏɾ (ȑ+ ż(ߝ żŏȘ ųƚ ȩųɾŏǞȘƚƇ ʕɯǞȘǃ żߟ ŏȘƇ
żߡ żȩǞȘɯࡏ

+ȩȘɯǞƇƚɟ żŏɯƚɯ

÷Ǖƚɟƚ Ǟɯ ŏ żߡ żȩǞȘ ŏȒȩȘǃ ɾǕȩɯƚ ʕɯƚƇ ɾȩ ȒŏǺƚ ʕɔ ɾǕƚ ȑżࡏ
áƚɔȀŏżƚ ɾǕƚ żߡ żȩǞȘ ʶǞɾǕ ɾʶȩ żߟ żȩǞȘɯࡏ Ħƚ ȩųɾŏǞȘ (ȑ+ ࡏż(ߝ

÷Ǖƚɟƚ Ǟɯ Șȩ żߡ żȩǞȘ ŏȒȩȘǃ ɾǕȩɯƚ ʕɯƚƇ ɾȩ ȒŏǺƚ ʕɔ ɾǕƚ ȑżࡏ
÷Ǖƚɟƚ ŏɟƚ ɾǕɟƚƚ żߟ żȩǞȘɯ ȑ ≥ ࡏߤ

áƚɔȀŏżƚ ɾǕƚ ɾǕɟƚƚ żߟ żȩǞȘɯ ʶǞɾǕ ɾʶȩ żߡ żȩǞȘɯ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߝ �ʕȒųƚɟ ëʿɯɾƚȒɯ ŏȘƇ Úɟȩȩǀ ÷ƚżǕȘǞɛʕƚɯ ߡߡ ࡕ ߞߣ
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