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ëʕɔɔȩɯƚ ɾǕŏɾ ࡈ� $ ŏȘƇ ý ŏɟƚ ɯƚɾɯ ʶǞɾǕ � ⊆ ý ŏȘƇ $ ⊆ ýࡏ

+ȩȒȒʕɾŏɾǞʲƚ Ȁŏʶɯࡇ

� ∪ $ = $ ∪ �, � ∩ $ = $ ∩ �;

� $
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ÚɟȩʲǞȘǃ ɾǕƚ żȩȒȒʕɾŏɾǞʲƚ Ȁŏʶ � ∪ $ = $ ∪ �

4ƚ˙ȘǞɾǞȩȘࡇ � ∪ $ = {ʺ | ʺ ∈ � ȩɟ ʺ ∈ $} $ ∪ � = {ʺ | ʺ ∈ $ ȩɟ ʺ ∈ ࡏ{�

÷Ǖƚɯƚ ŏɟƚ ɾǕƚ ɯŏȒƚ ɯƚɾࡏ ÷ȩ ɯƚƚ ɾǕǞɯࡈ żǕƚżǺ ŏȀȀ ɔȩɯɯǞųȀƚ żŏɯƚɯࡏ

+ŏɯƚ ࡇߝ ëʕɔɔȩɯƚ ʺ ∈ � ŏȘƇ ʺ ∈ ࡏ$ ëǞȘżƚ ʺ ∈ ࡈ� ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘɯ ŏųȩʲƚ ɯǕȩʶ ɾǕŏɾ ʺ Ǟɯ
ǞȘ ųȩɾǕ � ∪ $ ŏȘƇ $ ∪ ࡏ�

+ŏɯƚ ࡇߞ ëʕɔɔȩɯƚ ʺ ∈ � ŏȘƇ ʺ ! ࡏ$ ëǞȘżƚ ʺ ∈ ࡈ� ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘɯ ŏųȩʲƚ ɯǕȩʶ ɾǕŏɾ ʺ Ǟɯ
ǞȘ ųȩɾǕ � ∪ $ ŏȘƇ $ ∪ ࡏ�

+ŏɯƚ ࡇߟ ëʕɔɔȩɯƚ ʺ ! � ŏȘƇ ʺ ∈ ࡏ$ ëǞȘżƚ ʺ ∈ ࡈ$ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘɯ ŏųȩʲƚ ɯǕȩʶ ɾǕŏɾ ʺ Ǟɯ
ǞȘ ųȩɾǕ � ∪ $ ŏȘƇ $ ∪ ࡏ�

+ŏɯƚ ࡇߠ ëʕɔɔȩɯƚ ʺ ! � ŏȘƇ ʺ ! ࡏ$ ÷Ǖƚ Ƈƚ˙ȘǞɾǞȩȘɯ ŏųȩʲƚ ɯǕȩʶ ɾǕŏɾ ʺ Ǟɯ Șȩɾ ǞȘ � ∪ $
ŏȘƇ ʺ Ǟɯ Șȩɾ ǞȘ $ ∪ ࡏ�

ëȩࡈ ǀȩɟ ŏȀȀ ɔȩɯɯǞųȀƚ ࡈʺ ƚǞɾǕƚɟ ʺ Ǟɯ ǞȘ ųȩɾǕ � ∪ $ ŏȘƇ $ ∪ ࡈ� ȩɟ Ǟɾ Ǟɯ ǞȘ ȘƚǞɾǕƚɟࡏ
Ħƚ żȩȘżȀʕƇƚ ɾǕŏɾ ɾǕƚ ɯƚɾɯ � ∪ $ ŏȘƇ $ ∪ � ŏɟƚ ɾǕƚ ɯŏȒƚࡏ
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÷Ǖƚ ŏȀǃƚųɟŏ ȩǀ ɯƚɾɯ

ëʕɔɔȩɯƚ ɾǕŏɾ �,$, *,ý ŏɟƚ ɯƚɾɯ ʶǞɾǕ � ⊆ ýࡈ $ ⊆ ýࡈ ŏȘƇ * ⊆ ýࡏ

�ɯɯȩżǞŏɾǞʲƚ Ȁŏʶɯࡇ

� ∪ ($ ∪ *) = (� ∪ $) ∪ *, � ∩ ($ ∩ *) = (� ∩ $) ∩ *;
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ÚɟȩʲǞȘǃ ɾǕƚ ŏɯɯȩżǞŏɾǞʲƚ Ȁŏʶ � ∪ ($ ∪ *) = (� ∪ $) ∪ *

÷ǕǞɯ Ǟɯ ŏȀȒȩɯɾ ŏɯ ƚŏɯʿ ŏɯ ɔɟȩʲǞȘǃ ɾǕƚ żȩȒȒʕɾŏɾǞʲƚ Ȁŏʶࡈ ųʕɾ Șȩʶ ɾǕƚɟƚ ŏɟƚ ߤ
żŏɯƚɯ ɾȩ żǕƚżǺࡈ ƇƚɔƚȘƇǞȘǃ ȩȘ ʶǕƚɾǕƚɟ ʺ ∈ ࡈ� ʶǕƚɾǕƚɟ ʺ ∈ $ ŏȘƇ ʶǕƚɾǕƚɟ
ʺ ∈ ࡏ*

4ƚ˙ȘǞɾǞȩȘࡇ Ĥ ∪ ĥ = {ʺ | ʺ ∈ Ĥ ȩɟ ʺ ∈ ĥ}

mƚɟƚ Ǟɯ ȩȘƚ żŏɯƚࡇ ëʕɔɔȩɯƚ ʺ ∈ ࡈ� ʺ ! $ ŏȘƇ ʺ ! ࡏ* ëǞȘżƚ ʺ ∈ ࡈ� ʶƚ żŏȘ ʕɯƚ
ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ʶǞɾǕ Ĥ = � ŏȘƇ ĥ = $ ∪ * ɾȩ ɯǕȩʶ ɾǕŏɾ ʺ ∈ � ∪ ($ ∪ ࡏ(*

ëǞȘżƚ ʺ ∈ ࡈ� ʶƚ żŏȘ ʕɯƚ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ʶǞɾǕ Ĥ = � ŏȘƇ ĥ = $ ɾȩ ɯǕȩʶ ɾǕŏɾ
ʺ ∈ � ∪ ࡏ$ ÷ǕƚȘ ʶƚ żŏȘ ʕɯƚ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ʶǞɾǕ Ĥ = � ∪ $ ŏȘƇ ĥ = * ɾȩ ɯǕȩʶ
ɾǕŏɾ ʺ ∈ (� ∪ $) ∪ ࡏ*

ĦɟǞɾǞȘǃ ȩʕɾ ŏȀȀ ƚǞǃǕɾ żŏɯƚɯ Ǟɯ ɾƚƇǞȩʕɯࡈ ųʕɾ Ǟɾ Ǟɯ Șȩɾ ƇǞǀ˙żʕȀɾࡏ
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÷Ǖƚ ŏȀǃƚųɟŏ ȩǀ ɯƚɾɯ

ëʕɔɔȩɯƚ ɾǕŏɾ � ŏȘƇ ý ŏɟƚ ɯƚɾɯ ʶǞɾǕ � ⊆ ýࡏ

vƇƚȘɾǞɾʿ Ȁŏʶɯࡇ

� ∪ ∅ = �, � ∪ ý = ý, � ∩ ý = �, � ∩ ∅ = ∅;

�
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÷Ǖƚ ŏȀǃƚųɟŏ ȩǀ ɯƚɾɯ

ëʕɔɔȩɯƚ ɾǕŏɾ �,$, *,ý ŏɟƚ ɯƚɾɯ ʶǞɾǕ � ⊆ ýࡈ $ ⊆ ýࡈ ŏȘƇ * ⊆ ýࡏ

4ǞɯɾɟǞųʕɾǞʲƚ Ȁŏʶɯࡇ

� ∩ ($ ∪ *) = (� ∩ $) ∪ (� ∩ *), � ∪ ($ ∩ *) = (� ∪ $) ∩ (� ∪ *);
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ëʕɔɔȩɯƚ ɾǕŏɾ � ŏȘƇ ý ŏɟƚ ɯƚɾɯ ʶǞɾǕ � ⊆ ýࡏ �ƚɾ ∼ � = ý− ࡏ� ÷ǕƚȘ

+ȩȒɔȀƚȒƚȘɾ Ȁŏʶɯࡇ

�∪ ∼ � = ý, ∼ ý = ∅, ∼ (∼ �) = �,�∩ ∼ � = ∅, ∼ ∅ = ý;
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ëʕɔɔȩɯƚ ɾǕŏɾ ࡈ� $ ŏȘƇ ý ŏɟƚ ɯƚɾɯ ʶǞɾǕ � ⊆ ýࡈ ŏȘƇ $ ⊆ ýࡏ áƚżŏȀȀ ɾǕŏɾ
∼ Ĥ = ý− Ĥ ŏȘƇ � ∪ $ = {ʺ | ʺ ∈ � ȩɟ ʺ ∈ $} ŏȘƇ
� ∩ $ = {ʺ | ʺ ∈ � ŏȘƇ ʺ ∈ ࡏ{$ ÷ǕƚȘ

4ƚ �ȩɟǃŏȘ࢈ɯ Ȁŏʶɯࡇ

∼ (� ∪ $) =∼ �∩ ∼ $, ∼ (� ∩ $) =∼ �∪ ∼ $.

� $
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� ɔɟȩȩǀ ȩǀ 4ƚ �ȩɟǃŏȘ࢈ɯ Ȁŏʶ ∼ (� ∩ $) =∼ �∪ ∼ $

+ŏɯƚ ࡇߝ ëʕɔɔȩɯƚ ʺ ∈ � ŏȘƇ ʺ ∈ ࡏ$ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∩ ʺ ∈ � ∩ ࡏ$ ëȩ ǀɟȩȒ ɾǕƚ
Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ !∼ (� ∩ ࡏ($ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ !∼ � ŏȘƇ ŏȀɯȩ ʺ !∼ ࡏ$ ëȩ
ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∪ ʺ !∼ �∪ ∼ ࡏ$

+ŏɯƚ ࡇߞ ëʕɔɔȩɯƚ ʺ ∈ � ŏȘƇ ʺ ! ࡏ$ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∩ ʺ ! � ∩ ࡏ$ ëȩ ǀɟȩȒ ɾǕƚ
Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ ∈∼ (� ∩ ࡏ($ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ !∼ � ųʕɾ ʺ ∈∼ ࡏ$ ëȩ ǀɟȩȒ
ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∪ ʺ ∈∼ �∪ ∼ ࡏ$

+ŏɯƚ ࡇߟ ëʕɔɔȩɯƚ ʺ ! � ŏȘƇ ʺ ∈ ࡏ$ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∩ ʺ ! � ∩ ࡏ$ ëȩ ǀɟȩȒ ɾǕƚ
Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ ∈∼ (� ∩ ࡏ($ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ ∈∼ � ųʕɾ ʺ !∼ ࡏ$ ëȩ ǀɟȩȒ
ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∪ ʺ ∈∼ �∪ ∼ ࡏ$

+ŏɯƚ ࡇߠ ëʕɔɔȩɯƚ ʺ ! � ŏȘƇ ʺ ! ࡏ$ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∩ ʺ ! � ∩ ࡏ$ ëȩ ǀɟȩȒ ɾǕƚ
Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ ∈∼ (�∩ ࡏ($ _ɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∽ ʺ ∈∼ � ŏȘƇ ʺ ∈∼ ࡏ$ ëȩ ǀɟȩȒ
ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ ࡈ∪ ʺ ∈∼ �∪ ∼ ࡏ$
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ĆɯǞȘǃ ɾǕƚ ŏȀǃƚųɟŏ ȩǀ ɯƚɾɯ

Úɟȩʲƚ ɾǕŏɾ �∆$ = (� ∪ $)∩ ∼ (� ∩ ࡏ($ ëƚƚ࡫ ɾǕƚ Șƚʾɾ ɯȀǞƇƚ࡬ࡏ
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(� ∪ $) ∩ ∼ (� ∩ $) = (� ∪ $) ∩ (∼ �∪ ∼ $) 4ƚ �ȩɟǃŏȘ
= ((� ∪ $)∩ ∼ �) ∪ ((� ∪ $)∩ ∼ $) ƇǞɯɾɟǞųʕɾǞʲƚ
= (∼ � ∩ (� ∪ $)) ∪ (∼ $ ∩ (� ∪ $)) żȩȒȒʕɾŏɾǞʲƚ
= ((∼ � ∩ �) ∪ (∼ � ∩ $)) ∪ ((∼ $ ∩ �) ∪ (∼ $ ∩ $)) ƇǞɯɾɟǞųʕɾǞʲƚ
= ((�∩ ∼ �) ∪ ($∩ ∼ �)) ∪ ((�∩ ∼ $) ∪ ($∩ ∼ $)) żȩȒȒʕɾŏɾǞʲƚ
= (∅ ∪ ($∩ ∼ �)) ∪ ((�∩ ∼ $) ∪ ∅) żȩȒɔȀƚȒƚȘɾ
= (�∩ ∼ $) ∪ ($∩ ∼ �) żȩȒȒʕɾŏɾǞʲƚ ŏȘƇ ǞƇƚȘɾǞɾʿ
= �∆$ Ƈƚ˙ȘǞɾǞȩȘ
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+ŏɟƇǞȘŏȀǞɾʿ ȩǀ ɯƚɾɯ

4ƚ˙ȘǞɾǞȩȘ ÷Ǖƚ żŏɟƇǞȘŏȀǞɾʿ ȩǀ ŏ ˛ȗǝɺƙ ɯƚɾ ã Ǟɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƚȀƚȒƚȘɾɯ ǞȘ ãࡈ
ŏȘƇ Ǟɯ ƇƚȘȩɾƚƇ ųʿ |ã|ࡏ
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