
+ŏɟƇǞȘŏȀǞɾʿ ȩǀ ɯƚɾɯ

4ƚ˙ȘǞɾǞȩȘ ÷Ǖƚ żŏɟƇǞȘŏȀǞɾʿ ȩǀ ŏ ˛ȗǝɺƙ ɯƚɾ ã Ǟɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƚȀƚȒƚȘɾɯ ǞȘ ãࡈ
ŏȘƇ Ǟɯ ƇƚȘȩɾƚƇ ųʿ |ã|ࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߟߠ ࡕ ߜߡ
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+ȩȒɔʕɾǞȘǃ ɾǕƚ żŏɟƇǞȘŏȀǞɾʿ ȩǀ ŏ ʕȘǞȩȘ ȩǀ ɾʶȩ ɯƚɾɯ

vǀ � ŏȘƇ $ ŏɟƚ ɯƚɾɯ ɾǕƚȘ

|� ∪ $| = |�| + |$| − |� ∩ $|.

� $

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߠߠ ࡕ ߜߡ
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For all sets A ,B ,
it holds that IAUBI = IAI +1131 - IANBI

.

Proof

-=
.

Let

@
be The number of eh

EIEIIIIE.at?IEE/Oe@*0e**B/
Let also #be the # of elements
in ANB

.

t +IAI +1131 - IANBI = @A
+ has ) + (nBtnaB) - ( na}

P P T= NA th
B

+ NAB

= IAUBI
D .



CʾŏȒɔȀƚ

ëʕɔɔȩɯƚ ɾǕƚɟƚ ŏɟƚ ߜߜߝ ɾǕǞɟƇࡷʿƚŏɟ ɯɾʕƇƚȘɾɯࡏ ߜߠ ȩǀ ɾǕƚȒ ɾŏǺƚ ɾǕƚ ȒȩƇʕȀƚ
ëƚɛʕƚȘɾǞŏȀࢅ �ȀǃȩɟǞɾǕȒɯࢆ ŏȘƇ ߜߤ ȩǀ ɾǕƚȒ ɾŏǺƚ ɾǕƚ ȒȩƇʕȀƚ �ǃƚȘɾࡷ�ʕȀɾǞࢅ
ëʿɯɾƚȒɯࡏࢆ ߡߞ ȩǀ ɾǕƚȒ ɾȩȩǺ ųȩɾǕ ȒȩƇʕȀƚɯࡏ mȩʶ ȒŏȘʿ ɯɾʕƇƚȘɾɯ ɾȩȩǺ ȘƚǞɾǕƚɟ
ȒȩƇʕȀƚɯࡐ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߡߠ ࡕ ߜߡ

5 : set  of students |X/= 100 -95

S.A. : set of students that took
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+ȩȒɔʕɾǞȘǃ ɾǕƚ żŏɟƇǞȘŏȀǞɾʿ ȩǀ ŏ ʕȘǞȩȘ ȩǀ ɾǕɟƚƚ ɯƚɾɯ

|� ∪ $ ∪ *| = |�| + |$| + |*| − |� ∩ $| − |� ∩ *| − |$ ∩ *| + |� ∩ $ ∩ *|

� $

*

÷Ǖƚɯƚ ŏɟƚ ɯɔƚżǞŏȀ żŏɯƚɯ ȩǀ ɾǕƚ ɔɟǞȘżǞɔȀƚ ȩǀ ǞȘżȀʕɯǞȩȘ ŏȘƇ ƚʾżȀʕɯǞȩȘ ʶǕǞżǕ
ʶƚ ʶǞȀȀ ɯɾʕƇʿ Ȁŏɾƚɟࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߢߠ ࡕ ߜߡ
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#
UBUCKIAITIBITICI - IANBI - land - 1BnC/+IAnBn4

IAUBUC tnatnpthctnapsthacthrsc + " ABC

posed - B

IAI

#IBHICI
- IAABI - IAACI - IBM 'sEE -

y =IpAs_n( natnapstnapscthac ) + - 7
.

'

B
-n±Ii*k\

> b. \

( nB+haB+naBcthB()t Be -

( nctnactmarscthpc ) -

CITY
( nabtnabc ) - ( hactnabc ) - ( nBctna)+
( narsc ) = natnpsthct NAB tNActNB< + NABC



Úɟȩȩǀ ȩɔɾǞȩȘŏȀ

Ħƚ ȘƚƚƇ Ȁȩɾɯ ȩǀ ȘȩɾŏɾǞȩȘࡏ

|�− ($ ∪ *)| = ȗŏࡈ |$− (� ∪ *)| = ȗųࡈ |*− (� ∪ $)| = ȗżࡈ
|(� ∩ $) − *| = ȗŏųࡈ |(� ∩ *) − $| = ȗŏżࡈ |($ ∩ *) − �| = ȗųżࡈ
|� ∩ $ ∩ *| = ȗŏųżࡏ

� $

*
÷ǕƚȘ

|� ∪ $ ∪ *| = ȗŏ + ȗų + ȗż + ȗŏų + ȗŏż + ȗųż + ȗŏųż
= (ȗŏ + ȗŏų + ȗŏż + ȗŏųż) + (ȗų + ȗŏų + ȗųż + ȗŏųż)
+ (ȗż + ȗŏż + ȗųż + ȗŏųż) − (ȗŏų + ȗŏųż)
− (ȗŏż + ȗŏųż) − (ȗųż + ȗŏųż) + ȗŏųż

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߣߠ ࡕ ߜߡ



áƚ˚ƚżɾǞȩȘ

÷Ǖƚ ǀȩȀȀȩʶǞȘǃ ɯɾŏɾƚȒƚȘɾɯ ǕȩȀƇࡇ

∅ ∈ {∅} ųʕɾ ∅ ! ࡔ∅
∅ ⊆ ࡔ{ߡ}
{ߞ} ! {{ߞ}} ųʕɾ {ߞ} ∈ ࡔ{{ߞ}}
,ߟ} {{ߟ} " ࡏ{ߟ}

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߤߠ ࡕ ߜߡ
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ĦǕʿ Ǟɯ ɾǕǞɯ ɯƚɾ ɾǕƚȩɟʿ ࢆȘŏǞʲƚࢅ

vɾ ɯʕǀǀƚɟɯ ǀɟȩȒ ɔŏɟŏƇȩʾƚɯࡏ

� ȀƚŏƇǞȘǃ ƚʾŏȒɔȀƚࡇ

� ųŏɛųƙɛ ǝɫ ɺǔƙ ȑŏȗ ʲǔȧ ɫǔŏʮƙɫ ŏǿǿ ɺǔȧɫƙࡌ ŏȗƆ ȧȗǿʻ ɺǔȧɫƙࡌ ȑƙȗ
ʲǔȧ Ɔȧ ȗȧɺ ɫǔŏʮƙ ɺǔƙȑɫƙǿʮƙɫࡒ

ĦǕȩ ɯǕŏʲƚɯ ɾǕƚ ųŏɟųƚɟࡐ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߥߠ ࡕ ߜߡ
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ĦǕʿ Ǟɯ ɾǕǞɯ ɯƚɾ ɾǕƚȩɟʿ ࢆȘŏǞʲƚࢅ

vɾ ɯʕǀǀƚɟɯ ǀɟȩȒ ɔŏɟŏƇȩʾƚɯࡏ

� ȀƚŏƇǞȘǃ ƚʾŏȒɔȀƚࡇ

� ųŏɛųƙɛ ǝɫ ɺǔƙ ȑŏȗ ʲǔȧ ɫǔŏʮƙɫ ŏǿǿ ɺǔȧɫƙࡌ ŏȗƆ ȧȗǿʻ ɺǔȧɫƙࡌ ȑƙȗ
ʲǔȧ Ɔȧ ȗȧɺ ɫǔŏʮƙ ɺǔƙȑɫƙǿʮƙɫࡒ

ĦǕȩ ɯǕŏʲƚɯ ɾǕƚ ųŏɟųƚɟࡐ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߥߠ ࡕ ߜߡ
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If b Fihaneshimself
,

then be { those  shaved by b } ⇒befthatb.itshave themselves } ⇒bdq.gs#getshwe1bIshkf
,

then be { those that don'tFtn
.

}

?

⇒ be { those > honed by b } ⇒ b Shaves himself



áʕɯɯƚȀȀ࢈ɯ ÚŏɟŏƇȩʾ

áʕɯɯƚȀȀ࢈ɯ ɔŏɟŏƇȩʾ ɯǕȩʶɯ ɾǕŏɾ ɾǕƚ ࢈ȩųǲƚżɾࢇ {ʺ | Ó(ʺ)} Ǟɯ Șȩɾ ŏȀʶŏʿɯ
ȒƚŏȘǞȘǃǀʕȀࡏ

ëƚɾ � = {$ | $ ! $}

ÚɟȩųȀƚȒࡇ Ƈȩ ʶƚ Ǖŏʲƚ � ∈ ࡐ�

�ųųɟƚʲǞŏɾƚࡈ ǀȩɟ ŏȘʿ ɯƚɾ ࡈ* ųʿ Ó(*) ɾǕƚ ɯɾŏɾƚȒƚȘɾ * ! ࡏ* ÷ǕƚȘ � = {$ | Ó($)}ࡏ

vǀ � ∈ ࡈ� ɾǕƚȘ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ Óࡈ Șȩɾ Ó(�)ࡏ ÷Ǖƚɟƚǀȩɟƚ � ! ࡏ�
vǀ � ! ࡈ� ɾǕƚȘ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ Óࡈ Ó(�)ࡏ ÷Ǖƚɟƚǀȩɟƚ � ∈ ࡏ�

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߜߡ ࡕ ߜߡ
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áʕɯɯƚȀȀ࢈ɯ ÚŏɟŏƇȩʾ

áʕɯɯƚȀȀ࢈ɯ ɔŏɟŏƇȩʾ ɯǕȩʶɯ ɾǕŏɾ ɾǕƚ ࢈ȩųǲƚżɾࢇ {ʺ | Ó(ʺ)} Ǟɯ Șȩɾ ŏȀʶŏʿɯ
ȒƚŏȘǞȘǃǀʕȀࡏ

ëƚɾ � = {$ | $ ! $}

ÚɟȩųȀƚȒࡇ Ƈȩ ʶƚ Ǖŏʲƚ � ∈ ࡐ�

�ųųɟƚʲǞŏɾƚࡈ ǀȩɟ ŏȘʿ ɯƚɾ ࡈ* ųʿ Ó(*) ɾǕƚ ɯɾŏɾƚȒƚȘɾ * ! ࡏ* ÷ǕƚȘ � = {$ | Ó($)}ࡏ

vǀ � ∈ ࡈ� ɾǕƚȘ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ Óࡈ Șȩɾ Ó(�)ࡏ ÷Ǖƚɟƚǀȩɟƚ � ! ࡏ�
vǀ � ! ࡈ� ɾǕƚȘ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ Óࡈ Ó(�)ࡏ ÷Ǖƚɟƚǀȩɟƚ � ∈ ࡏ�

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߞ ëƚɾ ÷Ǖƚȩɟʿ ߜߡ ࡕ ߜߡ



áʕɯɯƚȀȀ࢈ɯ ÚŏɟŏƇȩʾ

áʕɯɯƚȀȀ࢈ɯ ɔŏɟŏƇȩʾ ɯǕȩʶɯ ɾǕŏɾ ɾǕƚ ࢈ȩųǲƚżɾࢇ {ʺ | Ó(ʺ)} Ǟɯ Șȩɾ ŏȀʶŏʿɯ
ȒƚŏȘǞȘǃǀʕȀࡏ

ëƚɾ � = {$ | $ ! $}

ÚɟȩųȀƚȒࡇ Ƈȩ ʶƚ Ǖŏʲƚ � ∈ ࡐ�

�ųųɟƚʲǞŏɾƚࡈ ǀȩɟ ŏȘʿ ɯƚɾ ࡈ* ųʿ Ó(*) ɾǕƚ ɯɾŏɾƚȒƚȘɾ * ! ࡏ* ÷ǕƚȘ � = {$ | Ó($)}ࡏ

vǀ � ∈ ࡈ� ɾǕƚȘ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ Óࡈ Șȩɾ Ó(�)ࡏ ÷Ǖƚɟƚǀȩɟƚ � ! ࡏ�
vǀ � ! ࡈ� ɾǕƚȘ ǀɟȩȒ ɾǕƚ Ƈƚ˙ȘǞɾǞȩȘ ȩǀ Óࡈ Ó(�)ࡏ ÷Ǖƚɟƚǀȩɟƚ � ∈ ࡏ�
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