
$ǞǲƚżɾǞȩȘɯ ŏȘƇ żŏɟƇǞȘŏȀǞɾʿ

áƚżŏȀȀ ɾǕŏɾ ɾǕƚ żŏɟƇǞȘŏȀǞɾʿ ȩǀ ŏ ˙ȘǞɾƚ ɯƚɾ Ǟɯ ɾǕƚ ȘʕȒųƚɟ ȩǀ ƚȀƚȒƚȘɾɯ ǞȘ ɾǕƚ
ɯƚɾࡏ
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CʾŏȒɔȀƚࡇ ÷Ǖƚ żŏɟƇǞȘŏȀǞɾʿ ȩǀ ɾǕƚ ɔȩʶƚɟ ɯƚɾࡏ

4ƚ˙ȘǞɾǞȩȘ ÷Ǖƚ ɔȩʶƚɟ ɯƚɾ Óȧʲ(�) ȩǀ ŏ ɯƚɾ � Ǟɯ ɾǕƚ ɯƚɾ ȩǀ ŏȀȀ ɯʕųɯƚɾɯ ȩǀ ࡏ� vȘ
ȩɾǕƚɟ ʶȩɟƇɯࡈ

Óȧʲ(�) = {* | * ⊆ �}.

_ȩɟ ŏȀȀ ȗ ∈ Z+ ŏȘƇ ŏȀȀ ɯƚɾɯ ࡇ� Ǟǀ |�| = ȗࡈ ɾǕƚȘ |Óȧʲ(�)| = ࡏȗߞ
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Úȩʶƚɟ ɯƚɾ ŏȘƇ ųǞɾ ʲƚżɾȩɟɯ

áƚżŏȀȀ ɾǕŏɾ Ǟǀ ŏȀȀ ƚȀƚȒƚȘɾɯ ȩǀ ŏ ɯƚɾ � ŏɟƚ ƇɟŏʶȘ ǀɟȩȒ ɯȩȒƚ ȩɟƇƚɟƚƇ
ɯƚɛʕƚȘżƚ ã = ɫߝ, . . . , ɫȗࡇ ɾǕƚ żǕŏɟŏżɾƚɟǞɯɾǞż ʲƚżɾȩɟ ȩǀ � Ǟɯ ɾǕƚ ɯƚɛʕƚȘżƚ
(ųߝ, . . . ,ųȗ) ʶǕƚɟƚ

ųǝ =
{
ߝ Ǟǀ ɫǝ ∈ �
ߜ Ǟǀ ɫǝ ! �

Ħƚ ʕɯƚ ɾǕƚ żȩɟɟƚɯɔȩȘƇƚȘżƚ ųƚɾʶƚƚȘ ųǞɾ ʲƚżɾȩɟɯ ŏȘƇ ɯʕųɯƚɾɯࡇ |Óȧʲ(�)| Ǟɯ
ɾǕƚ ȘʕȒųƚɟ ȩǀ ųǞɾ ʲƚżɾȩɟɯ ȩǀ ȀƚȘǃɾǕ ȗࡏ
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Proof

-

I will prove the statement by induction on n
.

Boise n=1
.

-

There  are 2 = 21=2
"

bit vectors of length
"

=3
namely ( 0 ) and ( 17
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Assume that there are2*h bit

vectors of length K ,]will show

Mtnek
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that there are

2141 bit vectors of length KH
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÷Ǖƚ ȘʕȒųƚɟ ȩǀ ȗࡷųǞɾ ʲƚżɾȩɟɯ Ǟɯ ȗߞ

Ħƚ ɔɟȩʲƚ ɾǕƚ ɯɾŏɾƚȒƚȘɾ ųʿ ǞȘƇʕżɾǞȩȘࡏ

$ŏɯƚ +ŏɯƚࡇ ÷ŏǺƚ ȗ = ࡏߝ ÷Ǖƚɟƚ ŏɟƚ ɾʶȩ ųǞɾ ʲƚżɾȩɟɯ ȩǀ ȀƚȘǃɾǕ ࡇߝ (ߜ) ŏȘƇ ࡏ(ߝ)
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÷Ǖƚ ȘʕȒųƚɟ ȩǀ ȗࡷųǞɾ ʲƚżɾȩɟɯ Ǟɯ ȗߞ

vȘƇʕżɾǞʲƚ ëɾƚɔࡇ �ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɔɟȩɔƚɟɾʿ ǕȩȀƇɯ ǀȩɟ ȗ = ȑࡈ ɯȩ ɾǕƚ
ȘʕȒųƚɟ ȩǀ ȑࡷųǞɾ ʲƚżɾȩɟɯ Ǟɯ ࡏȑߞ �ȩʶ żȩȘɯǞƇƚɟ ɾǕƚ ɯƚɾ $ ȩǀ ŏȀȀ (ȑ+ ųǞɾࡷ(ߝ
ʲƚżɾȩɟɯࡏ Ħƚ Ȓʕɯɾ ɯǕȩʶ ɾǕŏɾ |$| = ࡏߝ+ȑߞ

Cʲƚɟʿ (ųߝ,ųߞ, . . . ,ųȑ+ߝ) ∈ $ ɯɾŏɟɾɯ ʶǞɾǕ ŏȘ ȑࡷųǞɾ ʲƚżɾȩɟ (ųߝ,ųߞ, . . . ,ųȑ)
ǀȩȀȀȩʶƚƇ ųʿ ųȑ+ࡈߝ ʶǕǞżǕ żŏȘ ųƚ ƚǞɾǕƚɟ ߜ ȩɟ ࡏߝ

÷Ǖʕɯ
|$| = ȑߞ + ȑߞ = .ߝ+ȑߞ
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vȘ˙ȘǞɾƚ ɯƚɾɯ

ëƚɾɯ � ŏȘƇ $ Ǖŏʲƚ ɾǕƚ ɯŏȒƚ żŏɟƇǞȘŏȀǞɾʿ Ǟǀǀ ɾǕƚɟƚ Ǟɯ ŏ ųǞǲƚżɾǞȩȘ ǀɟȩȒ � ɾȩ ࡏ$

CʾŏȒɔȀƚɯࡇ

Z ŏȘƇ ƚʲƚȘ ǞȘɾƚǃƚɟɯ
żȩȘɯǞƇƚɟ ƿ(ȗ) = ȗߞ

{ʺ ∈ R | ߜ < ʺ < {ߝ ŏȘƇ R+
żȩȘɯǞƇƚɟ ǂ(ʺ) = ߝ

ʺ − ߝ

{ʺ ∈ R | ߜ < ʺ < {ߝ ŏȘƇ R

7.4 Cardinality with Applications to Computability 437

Define a function F: S→ R as follows:
Draw a number line and place the interval, S, somewhat enlarged and bent into a

circle, tangent to the line above the point 0. This is shown below.

Number line

0–1–2–3 1 2 3

x

L

F(x)

For each point x on the circle representing S, draw a straight line L through the top-
most point of the circle and x . Let F(x) be the point of intersection of L and the number
line. (F(x) is called the projection of x onto the number line.)

It is clear from the geometry of the situation that distinct points on the circle go to
distinct points on the number line, so F is one-to-one. In addition, given any point y on
the number line, a line can be drawn through y and the top-most point of the circle. This
line must intersect the circle at some point x , and, by definition, y = F(x). Thus F is
onto. Hence F is a one-to-one correspondence from S to R, and so S and R have the
same cardinality. ■

You know that every positive integer is a real number, so putting Example 7.4.5
together with Cantor’s theorem (Theorem 7.4.2) shows that the infinity of the set of all
real numbers is “greater” than the infinity of the set of all positive integers. In exercise 35,
you are asked to show that any set and its power set have different cardinalities. Because
there is a one-to-one function from any set to its power set (the function that takes each
element a to the singleton set {a}), this implies that the cardinality of any set is “less
than” the cardinality of its power set. As a result, you can create an infinite sequence of
larger and larger infinities! For example, you could begin with Z, the set of all integers,
and take Z, P(Z), P(P(Z)), P(P(P(Z))), and so forth.

Application: Cardinality and Computability
Knowledge of the countability and uncountability of certain sets can be used to answer a
question of computability. We begin by showing that a certain set is countable.

Example 7.4.6 Countability of the Set of Computer Programs in a Computer Language

Show that the set of all computer programs in a given computer language is countable.

Solution This result is a consequence of the fact that any computer program in any
language can be regarded as a finite string of symbols in the (finite) alphabet of the lan-
guage.

Given any computer language, let P be the set of all computer programs in the lan-
guage. Either P is finite or P is infinite. If P is finite, then P is countable and we are
done. If P is infinite, set up a binary code to translate the symbols of the alphabet of
the language into strings of 0’s and 1’s. (For instance, either the seven-bit American
Standard Code for Information Interchange, known as ASCII, or the eight-bit Extended
Binary-Coded Decimal Interchange Code, known as EBCDIC, might be used.)

For each program in P , use the code to translate all the symbols in the program into
0’s and 1’s. Order these strings by length, putting shorter before longer, and order all
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+ȩʕȘɾŏųȀƚ ɯƚɾɯ

� ɯƚɾ ɾǕŏɾ Ǟɯ ƚǞɾǕƚɟ ˙ȘǞɾƚ ȩɟ Ǖŏɯ ɾǕƚ ɯŏȒƚ żŏɟƇǞȘŏȀǞɾʿ ŏɯ N Ǟɯ żŏȀȀƚƇ
żȩʕȘɾŏųȀƚࡏ

Z

. . . ߠ− ߟ− ߞ− ߝ− ߜ ߝ ߞ ߟ ߠ . . .
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ĆȘżȩʕȘɾŏųȀƚ ɯƚɾɯ

� ɯƚɾ ɾǕŏɾ Ǟɯ Șȩɾ żȩʕȘɾŏųȀƚ Ǟɯ żŏȀȀƚƇ ʕȘżȩʕȘɾŏųȀƚࡏ
ã = {ʺ ∈ R | ߜ < ʺ < {ߝ Ǟɯ ʕȘżȩʕȘɾŏųȀƚ
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+ŏȘɾȩɟ࢈ɯ ƇǞŏǃȩȘŏȀ ŏɟǃʕȒƚȘɾ

ëʕɔɔȩɯƚ ã Ǟɯ żȩʕȘɾŏųȀƚࡏ ÷ǕƚȘ ɾǕƚ ƇƚżǞȒŏȀ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ ȩǀ ɾǕƚɯƚ
ȘʕȒųƚɟɯ żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ ŏ ȀǞɯɾ

ŏߝ = ߝߝŏ.ߜ ŏߞߝ ŏߟߝ . . . ŏߝȗ . . .

ŏߞ = ߝߞŏ.ߜ ŏߞߞ ŏߟߞ . . . ŏߞȗ . . .

ŏߟ = ߝߟŏ.ߜ ŏߞߟ ŏߟߟ . . . ŏߟȗ . . .
...

ŏȗ = ߝŏȗ.ߜ ŏȗߞ ŏȗߟ . . . ŏȗȗ . . .
...

�ƚɾ Ɔ = ߝƆ.ߜ Ɔߞ Ɔߟ . . .Ɔȗ . . . ʶǕƚɟƚ

Ɔǝ =
{
,ߝ B7 ŏǝǝ ! ߝ
,ߞ B7 ŏǝǝ = ߝ

÷ǕƚȘ Ɔ Ǟɯ Șȩɾ ǞȘ ɾǕƚ ɯƚɛʕƚȘżƚ ŏࡈߝ ŏࡈߞ ŏࡊߟ
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0.351321 . .  -
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0.01 1 I 51 .  -

-1=0.212
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Prove that if A then B
,



+ŏȘɾȩɟ࢈ɯ ƇǞŏǃȩȘŏȀ ŏɟǃʕȒƚȘɾ

ëʕɔɔȩɯƚ ã Ǟɯ żȩʕȘɾŏųȀƚࡏ ÷ǕƚȘ ɾǕƚ ƇƚżǞȒŏȀ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ ȩǀ ɾǕƚɯƚ
ȘʕȒųƚɟɯ żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ ŏ ȀǞɯɾ

ŏߝ = ߝߝŏ.ߜ ŏߞߝ ŏߟߝ . . . ŏߝȗ . . .

ŏߞ = ߝߞŏ.ߜ ŏߞߞ ŏߟߞ . . . ŏߞȗ . . .

ŏߟ = ߝߟŏ.ߜ ŏߞߟ ŏߟߟ . . . ŏߟȗ . . .
...

ŏȗ = ߝŏȗ.ߜ ŏȗߞ ŏȗߟ . . . ŏȗȗ . . .
...

�ƚɾ Ɔ = ߝƆ.ߜ Ɔߞ Ɔߟ . . .Ɔȗ . . . ʶǕƚɟƚ

Ɔǝ =
{
,ߝ B7 ŏǝǝ ! ߝ
,ߞ B7 ŏǝǝ = ߝ

÷ǕƚȘ Ɔ Ǟɯ Șȩɾ ǞȘ ɾǕƚ ɯƚɛʕƚȘżƚ ŏࡈߝ ŏࡈߞ ŏࡊߟ
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+ŏȘɾȩɟ࢈ɯ ƇǞŏǃȩȘŏȀ ŏɟǃʕȒƚȘɾ

ëʕɔɔȩɯƚ ã Ǟɯ żȩʕȘɾŏųȀƚࡏ ÷ǕƚȘ ɾǕƚ ƇƚżǞȒŏȀ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘɯ ȩǀ ɾǕƚɯƚ
ȘʕȒųƚɟɯ żŏȘ ųƚ ʶɟǞɾɾƚȘ ŏɯ ŏ ȀǞɯɾ

ŏߝ = ߝߝŏ.ߜ ŏߞߝ ŏߟߝ . . . ŏߝȗ . . .

ŏߞ = ߝߞŏ.ߜ ŏߞߞ ŏߟߞ . . . ŏߞȗ . . .

ŏߟ = ߝߟŏ.ߜ ŏߞߟ ŏߟߟ . . . ŏߟȗ . . .
...

ŏȗ = ߝŏȗ.ߜ ŏȗߞ ŏȗߟ . . . ŏȗȗ . . .
...

�ƚɾ Ɔ = ߝƆ.ߜ Ɔߞ Ɔߟ . . .Ɔȗ . . . ʶǕƚɟƚ

Ɔǝ =
{
,ߝ B7 ŏǝǝ ! ߝ
,ߞ B7 ŏǝǝ = ߝ

÷ǕƚȘ Ɔ Ǟɯ Șȩɾ ǞȘ ɾǕƚ ɯƚɛʕƚȘżƚ ŏࡈߝ ŏࡈߞ ŏࡊߟ
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