


Composition of relations

Definition Let R C A x Band S C B x C. The (functional) composition of R
and S, denoted by S o R, is the binary relation between A and C given by

SoR=/{(a,c) | exists b € Bsuch that aRb and bSc}.

Example: If R is the relation is a sister of and S is the relation is a parent
of, then

m SoRisthe relation is an aunt of; ? 3

o
. F o — Y
m SoSisthere ?on Is a grandparent of. %/ < ~
°
~
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Digraph representation of compositions
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Computer friendly representation of binary relations: matrices

m Another way of representing a binary relation between finite sets uses
an array.

mletA={ay,...,an},B={b1,...,.bm} and RC A x B.

m We represent R by an array M of n rows and m columns. Such an array
is called a n by m matrix.

m The entry in row i and column j of this matrix is given by M(i,j) where

Mij) :{ T ?f (a;, b)) €R
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Example 1

Let A= {1,3,5,7}, B = {2, 4,6}, and

U={(xy) €AxB|x+y="9)

Assume an enumerationa; =1,a, =3,a3 =5,a, =7and by = 2, by = 4,
bs = 6. Then M represents U, where
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Example 2

Let A= {a,b,c,d} and suppose that R C A x A has the following matrix
representation: a Yy o QA
@ F 7T 7T [F
mS| FFTT
FTFF
AlT T F T

List the ordered pairs belonging to R.

R: S1<0‘/\3\/ (Q,C),C(O/C)--L- \
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The binary relation R on A ={1,2,3, 4} has the following digraph
representation.

m The ordered pairs R = % (L( ")\ (3 L) y y (2, 1)\>

m The matrix 7L g 9
t F FEF
T FeE
7leTEE
ILEETFE
m In words:

; Cw))] Y=, Xefl, geh)

http://www.csc.liv.ac.uk/~konev/COMP109 Part 3. Relations



Matrices and composition

Now let's go back and see how this works for matrices representing
relations
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The formal description

Given two matrices with entries “T" and “F” representing the relations we
can form the matrix representing the composition. This is called the
logical (Boolean) matrix product.

LetA={a,...,an}, B={b1,....,bm}tand C={c,...,cp}.
The logical matrix M representing R is given by:
. T if (ay,bj)eR
M(i,j) = i
1)) { F if (a.b)¢R

The logical matrix N representing S is given by

N(I,]) _ { T If (b,‘,Cj) €S
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Matrix representation of compositions

Then the entries P(i,j) of the logical matrix P representi@re given by

m P(i,j) = T if there exists [ with 1 < [ < m such that M(i,[) = T and
N(j) =T

m P(i,j) = F, otherwise.

We write P = MN.
=
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The example from before

Let R be the relation between A = {a,b} and B = {1,2,3} represented by
the matrix

M— T T T
FTF
Similarly, let S be the relation between B and C = {x,y} represented by the
matrix

FT
N=|TF
T F
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Then the matrix P = MN representing So R is

(3]
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