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vȘ˙ʾ ȘȩɾŏɾǞȩȘ ǀȩɟ ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘɯ

vǀ Ú Ǟɯ ŏ ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘ ɾǕƚȘ ʶƚ ʶɟǞɾƚ ʺÚʻ ʶǕƚȘƚʲƚɟ (ʺ, ʻ) ∈ Úࡏ ÷Ǖƚ
ɔɟƚƇǞżŏɾƚ ʺÚʻ Ǟɯ ɟƚŏƇ ŏɯ ʺ Ǟɯ ÚࡷɟƚȀŏɾƚƇ ɾȩ ʻࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߤߞ ࡕ ߠߡ
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ÚɟȩɔƚɟɾǞƚɯ ȩǀ ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘɯ ߝ

� ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘ Ú ȩȘ ŏ ɯƚɾ � Ǟɯ

ɛƙ˜ƙʺǝʮƙ ʶǕƚȘ ʺÚʺ ǀȩɟ ŏȀȀ ʺ ∈ ࡏ�

∀ʺ �(ʺ) =⇒ ʺÚʺ

ɫʻȑȑƙɺɛǝż ʶǕƚȘ ʺÚʻ ǞȒɔȀǞƚɯ ʻÚʺ ǀȩɟ ŏȀȀ ʺ, ʻ ∈ ࡔ�

∀ʺ, ʻ ʺÚʻ =⇒ ʻÚʺ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߥߞ ࡕ ߠߡ
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ÚɟȩɔƚɟɾǞƚɯ ȩǀ ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘɯ ߞ

� ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘ Ú ȩȘ ŏ ɯƚɾ � Ǟɯ

ŏȗɺǝɫʻȑȑƙɺɛǝż ʶǕƚȘ ʺÚʻ ŏȘƇ ʻÚʺ ǞȒɔȀʿ ʺ = ʻ ǀȩɟ ŏȀȀ ʺ, ʻ ∈ ࡔ�

∀ʺ, ʻ ʺÚʻ �M/ ʻÚʺ =⇒ ʻ = ʺ

ɺɛŏȗɫǝɺǝʮƙ ʶǕƚȘ ʺÚʻ ŏȘƇ ʻÚˈ ǞȒɔȀʿ ʺÚˈ ǀȩɟ ŏȀȀ ʺ, ʻ, ˈ ∈ ࡏ�

∀ʺ, ʻ, ˈ ʺÚʻ �M/ ʻÚˈ =⇒ ʺÚˈ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߜߟ ࡕ ߠߡ
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CʾŏȒɔȀƚ

ɛƙ˜ƙʺǝʮƙ ʺÚʺ
ɫʻȑȑƙɺɛǝż ʺÚʻ =⇒ ʻÚʺ
ŏȗɺǝɫʻȑȑƙɺɛǝż ʺÚʻࡈ ʻÚʺ =⇒ ʺ = ʻ
ɺɛŏȗɫǝɺǝʮƙ ʺÚʻࡈ ʻÚˈ =⇒ ʺÚˈ

�ƚɾ � = ,ߝ} ,ߞ ࡏ{ߟ

Úߝ = ,ߝ)} ,(ߝ ,ߞ) ,(ߞ ,ߟ) ,(ߟ ,ߞ) ,(ߟ ,ߟ) {(ߞ

Úߞ = ,ߞ)} ,(ߞ ,ߞ) ,(ߟ ,ߟ) ,(ߞ ,ߟ) {(ߟ

Úߟ = ,ߝ)} ,(ߝ ,ߞ) ,(ߞ ,ߟ) ,(ߟ ,ߝ) {(ߟ

Úߠ = ,ߝ)} ,(ߟ ,ߟ) ,(ߞ ,ߞ) {(ߟ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߝߟ ࡕ ߠߡ
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Not Symmetric
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4Ǟǃɟŏǀ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ

vȘ ɾǕƚ ƇǞɟƚżɾƚƇ ǃɟŏɔǕ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘࡈ Ú Ǟɯ

ɛƙ˜ƙʺǝʮƙ Ǟǀ ɾǕƚɟƚ Ǟɯ ŏȀʶŏʿɯ ŏȘ ŏɟɟȩʶ ǀɟȩȒ ƚʲƚɟʿ ʲƚɟɾƚʾ ɾȩ ǞɾɯƚȀǀࡔ
ɫʻȑȑƙɺɛǝż Ǟǀ ʶǕƚȘƚʲƚɟ ɾǕƚɟƚ Ǟɯ ŏȘ ŏɟɟȩʶ ǀɟȩȒ ʺ ɾȩ ʻ ɾǕƚɟƚ Ǟɯ ŏȀɯȩ ŏȘ
ŏɟɟȩʶ ǀɟȩȒ ʻ ɾȩ ࡔʺ
ŏȗɺǝɫʻȑȑƙɺɛǝż Ǟǀ ʶǕƚȘƚʲƚɟ ɾǕƚɟƚ Ǟɯ ŏȘ ŏɟɟȩʶ ǀɟȩȒ ʺ ɾȩ ʻ ŏȘƇ ʺ ! ʻࡈ
ɾǕƚȘ ɾǕƚɟƚ Ǟɯ Șȩ ŏɟɟȩʶ ǀɟȩȒ ʻ ɾȩ ࡔʺ
ɺɛŏȗɫǝɺǝʮƙ Ǟǀ ʶǕƚȘƚʲƚɟ ɾǕƚɟƚ Ǟɯ ŏȘ ŏɟɟȩʶ ǀɟȩȒ ʺ ɾȩ ʻ ŏȘƇ ǀɟȩȒ ʻ ɾȩ ˈ
ɾǕƚɟƚ Ǟɯ ŏȀɯȩ ŏȘ ŏɟɟȩʶ ǀɟȩȒ ʺ ɾȩ ࡏˈ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߞߟ ࡕ ߠߡ



CʾŏȒɔȀƚ

ĦǕǞżǕ ȩǀ ɾǕƚ ǀȩȀȀȩʶǞȘǃ Ƈƚ˙Șƚ ŏ ɟƚȀŏɾǞȩȘ ɾǕŏɾ Ǟɯ ɟƚ˚ƚʾǞʲƚࡈ ɯʿȒȒƚɾɟǞżࡈ
ŏȘɾǞɯʿȒȒƚɾɟǞż ȩɟ ɾɟŏȘɯǞɾǞʲƚࡐ

ʺ ƇǞʲǞƇƚɯ ʻ ȩȘ ɾǕƚ ɯƚɾ Z+ ȩǀ ɔȩɯǞɾǞʲƚ ǞȘɾƚǃƚɟɯࡔ
ʺ ! ʻ ȩȘ ɾǕƚ ɯƚɾ Z ȩǀ ǞȘɾƚǃƚɟɯࡔ
ʺ ǔŏɫ ɺǔƙ ɫŏȑƙ ŏǂƙ ŏɫ ʻ ȩȘ ɾǕƚ ɯƚɾ ȩǀ ɔƚȩɔȀƚࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߟߟ ࡕ ߠߡ
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→ (2/4,12/4) ,
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(3/3)/(3/9) , ( 3,14 . -(
reflexive
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not sqmu , antisymmetric
transitive


