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÷ɟŏȘɯǞɾǞʲƚ żȀȩɯʕɟƚ

bǞʲƚȘ ŏ ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘ Ú ȩȘ ŏ ɯƚɾ ࡈ� ɾǕƚ ɺɛŏȗɫǝɺǝʮƙ żǿȧɫʑɛƙ Ú∗ ȩǀ Ú Ǟɯ ɾǕƚ
ʕȘǞɛʕƚȀʿ ƇƚɾƚɟȒǞȘƚƇ ɟƚȀŏɾǞȩȘ ȩȘ � ʶǞɾǕ ɾǕƚ ǀȩȀȀȩʶǞȘǃ ɔɟȩɔƚɟɾǞƚɯࡇ

Ú∗ Ǟɯ ɾɟŏȘɯǞɾǞʲƚࡔ
Ú ⊆ Ú∗ࡔ
vǀ ã Ǟɯ ŏ ɾɟŏȘɯǞɾǞʲƚ ɟƚȀŏɾǞȩȘ ȩȘ � ŏȘƇ Ú ⊆ ãࡈ ɾǕƚȘ Ú∗ ⊆ ãࡏ

êêÜϓϟϟûûûϙ�ã�ϙÂ°úϙ��ϙï¿ϟд¿ÐÉ�úϟ�HATΉ Úŏɟɾ ࡏߟ áƚȀŏɾǞȩȘɯ ߠߟ ࡕ ߠߡ
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CʾŏȒɔȀƚ

�ƚɾ � = ,ߝ} ,ߞ ࡏ{ߟ _ǞȘƇ ɾǕƚ ɾɟŏȘɯǞɾǞʲƚ żȀȩɯʕɟƚ ȩǀ

Ú = ,ߝ)} ,(ߝ ,ߝ) ,(ߞ ,ߝ) ,(ߟ ,ߞ) ,(ߟ ,ߟ) .{(ߝ
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_ǞȘƇǞȘǃ ɾǕƚ ɾɟŏȘɯǞɾǞʲƚ żȀȩɯʕɟƚ Ǟɯ ƚŏɯǞƚɟ ʶǞɾǕ ɾǕƚ ƇǞǃɟŏɔǕ ɟƚɔɟƚɯƚȘɾŏɾǞȩȘ

áƚŏżǕŏųǞȀǞɾʿ ɟƚȀŏɾǞȩȘ
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÷ɟŏȘɯǞɾǞʲǞɾʿ ŏȘƇ żȩȒɔȩɯǞɾǞȩȘ

� ɟƚȀŏɾǞȩȘ ã Ǟɯ ɾɟŏȘɯǞɾǞʲƚ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ ã ◦ ã ⊆ ãࡏ

÷ǕǞɯ Ǟɯ ųƚżŏʕɯƚ

ã ◦ ã = {(ŏ, ż) | ƚʾǞɯɾɯ ų ɯʕżǕ ɾǕŏɾ ŏãų ŏȘƇ ųãż}.

�ƚɾ ã ųƚ ŏ ɟƚȀŏɾǞȩȘࡏ ëƚɾ ãߝ = ãࡈ ãߞ = ã ◦ ãࡈ ãߟ = ã ◦ ã ◦ ãࡈ ŏȘƇ ɯȩ ȩȘࡏ

÷ǕƚȩɟƚȒ 4ƚȘȩɾƚ ųʿ ã∗ ɾǕƚ ɾɟŏȘɯǞɾǞʲƚ żȀȩɯʕɟƚ ȩǀ ãࡏ ÷ǕƚȘ ʺã∗ʻ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ
ɾǕƚɟƚ ƚʾǞɯɾɯ ȗ > ߜ ɯʕżǕ ɾǕŏɾ ʺãȗʻࡏ
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÷ɟŏȘɯǞɾǞʲƚ żȀȩɯʕɟƚ ǞȘ ȒŏɾɟǞʾ ǀȩɟȒ

÷Ǖƚ ɟƚȀŏɾǞȩȘ Ú ȩȘ ɾǕƚ ɯƚɾ � = ,ߝ} ,ߞ ,ߟ ,ߠ {ߡ Ǟɯ ɟƚɔɟƚɯƚȘɾƚƇ ųʿ ɾǕƚ ȒŏɾɟǞʾ
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4ƚɾƚɟȒǞȘƚ ɾǕƚ ȒŏɾɟǞʾ Ú ◦ Ú ŏȘƇ ǕƚȘżƚ ƚʾɔȀŏǞȘ ʶǕʿ Ú Ǟɯ Șȩɾ ɾɟŏȘɯǞɾǞʲƚࡏ
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Ú ◦ Ú = {(ŏ, ż) | ƚʾǞɯɾɯ ų ∈ � ɯʕżǕ ɾǕŏɾ ŏÚų ŏȘƇ ųÚż}.

�ȩɾƚ ǞȘ ɟƚƇ ɾǕŏɾ ɾǕƚɟƚ ŏɟƚ ɔŏǞɟɯ (ŏ, ż) ɾǕŏɾ ŏɟƚ ǞȘ Ú ◦ Ú ųʕɾ Șȩɾ ǞȘ Úࡏ mƚȘżƚࡈ
Ú Ǟɯ Șȩɾ ɾɟŏȘɯǞɾǞʲƚࡏ
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4ƚɾȩʕɟࡇ ĦŏɟɯǕŏȀȀ࢈ɯ ŏȀǃȩɟǞɾǕȒ

Ƈƚǀ ʶŏɟɯǕŏȀ Ȁ  ŏ  ࡇ
ŏɯɯƚɟ ɾ  ȀƚȘ  ɟȩʶ  ࣌࣌ ȀƚȘ  ŏ  ǀȩɟ ɟȩʶ ǞȘ ŏ 
Ș ࣌ ȀƚȘ  ŏ 
ǀȩɟ Ǻ ǞȘ ɟŏȘǃƚ  Ș  ࡇ

ǀȩɟ Ǟ ǞȘ ɟŏȘǃƚ  Ș  ࡇ
ǀȩɟ ǲ ǞȘ ɟŏȘǃƚ  Ș  ࡇ

ŏ  Ǟ ࡠ  ǲ ࡠ ࣌ ŏ  Ǟ ࡠ  ǲ ࡠ ȩɟ
 ŏ  Ǟ ࡠ  Ǻ ࡠ ŏȘƇ ŏ  Ǻ ࡠ  ǲ ࡠ 

ɟƚɾʕɟȘ ŏ

ɔɟ ǞȘ ɾ ʶŏɟɯǕŏȀ Ȁ    ߝ ࡈ ߜ ࡈ ߜ ࡈ ߝ ࡈ ߜ ࡠ ࡈ
 ߜ ࡈ ߝ ࡈ ߜ ࡈ ߜ ࡈ ߝ ࡠ ࡈ
 ߜ ࡈ ߜ ࡈ ߝ ࡈ ߜ ࡈ ߜ ࡠ ࡈ
 ߝ ࡈ ߜ ࡈ ߝ ࡈ ߜ ࡈ ߜ ࡠ ࡈ
 ߜ ࡈ ߝ ࡈ ߜ ࡈ ߝ ࡈ ߜ ࡠ ࡠ 
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vȒɔȩɟɾŏȘɾ ɟƚȀŏɾǞȩȘɯࡇ CɛʕǞʲŏȀƚȘżƚ ɟƚȀŏɾǞȩȘɯ

4ƚ˙ȘǞɾǞȩȘ � ųǞȘŏɟʿ ɟƚȀŏɾǞȩȘ Ú ȩȘ ŏ ɯƚɾ � Ǟɯ żŏȀȀƚƇ ŏȘ ƙɗʑǝʮŏǿƙȗżƙ ɛƙǿŏɺǝȧȗ Ǟǀ
Ǟɾ Ǟɯ ɟƚ˚ƚʾǞʲƚࡈ ɾɟŏȘɯǞɾǞʲƚࡈ ŏȘƇ ɯʿȒȒƚɾɟǞżࡏ

Aʺŏȑɑǿƙɫࡋ

ɾǕƚ ɟƚȀŏɾǞȩȘ Ú ȩȘ ɾǕƚ ȘȩȘࡷˌƚɟȩ ǞȘɾƚǃƚɟɯ ǃǞʲƚȘ ųʿ ʺÚʻ Ǟǀ ʺʻ > ࡔߜ
ɾǕƚ ɟƚȀŏɾǞȩȘ ǔŏɫ ɺǔƙ ɫŏȑƙ ŏǂƙ ȩȘ ɾǕƚ ɯƚɾ ȩǀ ɔƚȩɔȀƚࡏ

4ƚ˙ȘǞɾǞȩȘ ÷Ǖƚ ƙɗʑǝʮŏǿƙȗżƙ żǿŏɫɫ Aʺ ȩǀ ŏȘʿ ʺ ∈ � Ǟɯ Ƈƚ˙ȘƚƇ ųʿ

Aʺ = {ʻ | ʻÚʺ}.
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