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m Discrete Mathematics and Its Applications, K.H. Rosen, Sections 11-1.3.

m Discrete Mathematics with Applications, S. Epp, Chapter 2.
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The language of propositional logic
Semantics: interpretations and truth tables
Semantic consequence

Logical equivalence

Logic and digital circuits

Computer representation of numbers & computer arithmetic
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Logic is concerned with

m the truth and falsity of statements;

m the question: when does a statement follow from a set of statements?
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Propositional logic



A proposition is a statement that can be true or false.
(but not both in the same time!)

Logic is easy; v

]
m | eat toast; /

m2+3=5 V"

m22=5

W 4+ 5

m What is the capital of UK? X

m Logic is not easy; v ,"6935( S =
m Logic is easy or | eat toast; \/ Lo gic o easy \/ (b {M"
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Compound propositions

m More complex propositions formed using logical connectives (also
called Boolean connectives)
m Basic logical connectives:
1. —: negation (read "not”)
2. A: conjunction (read "and”),
3. v: disjunction (read "or”)
4. =: implication (read "if..then”)
5. < equivalence (read "if, and only if")
m Propositions formed using these logical connectives called compound
propositions; otherwise atomic propositions

m A propositional formula is either an atomic or compound proposition
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Giving meaning to propositions: Truth values

An interpretation I'is a function which assigns to any atomic proposition p;
a truth value

I(pi) € {0,1}.

m If [(pj) =1, then p; is called true under the interpretation |.
m If /(p;) = 0, then p; is called false under the interpretation I.

Given an assignment | we can compute the truth value of compound
formulas step by step using so-called truth tables.
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The negation =P of a formula P

It is not the case that P

Truth table:

Pl -p
1 0
0]\
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The conjunction (P A Q) of Pand Q.

both P and Q are true

Truth table:

PlQ| (PAQ)
111 [
1710 O
01 [9)
0|0 ©
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The disjunction (PV Q) of P and Q

at least one of P and Q Is true

Truth table:

PlQ| (PVQ)
111 (
110 (
01 (
010 O
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The equivalence (P < Q) of P and Q

P and Q take the same truth value

Truth table:

o o -~ |
o - o =0
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Implication

The implication (P < Q) of Pand Q

If Pthen Q

Truth table:

oo -~ —~|T
O = O -0
—_—_O ~
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Truth under an interpretation

So, given an interpretation I/, we can compute the truth value of any
formula P under |.

m If /(P) =1, then Pis called true under the interpretation I.

m If /[(P) =0, then Pis called false under the interpretation /.
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P=((p1V—p2) Ap3)i

i )
ap2 | (p1Vp2) | P=((p1V—p2) Ap3)

List the Interpretations | such that rue under I.

~— 00—~ 0|3
—O|—1Q|—|0|—-|a|>
gol==aC|— |~
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O
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(

For values see http://www.csc.liv.ac.uk/~konev/COMP109/lecturelog.html
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Logical puzzles

m Anisland has two kinds of inhabitants, knights, who always tell the
truth, and knaves, who always lie.
m You go to the island and meet A and B.
m Asays “Bis a knight”
m B says “The two of us are of opposite types.”

m What are A and B?
p: “Alis a knight”; and g: “B is a knight”

m Options for A.

m pistrue p=q

m p is false -p = —q
m Options for B.

m gistrue g=-p

m g is false -q = —p
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P | q|p=q|pP=7q|g="pP | q="P

- O|O|T

Ol |09
—
—
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Semantic consequence

Definition Suppose T is a finite set of formulas and P is a formula. Then P
follows from T (“is a semantic consequence of I'") if the following
implication holds for every interpretation I

If1(Q) = 1for all Q € T, then I(P) = 1.

This is denoted by
L=P.
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Example

Show {(p1 A P2)} = (p1V p2)

p1 [ PN (Po AP1) | (PoV P1)
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Example

Shox
p1| P2
= 1|1
S|1]0| &
0|1
01]0
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Example

Show {p1} = (p1V p2).

p1 | p2 | (p1V p2)

OO = =
Ol | O -
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Logic and proof principles |

m Modus Ponens
Direct proof corresponds to the following semantic consequence

{P,(P=0Q}FQ&

—

m Reductio ad absurdum
Proof by contradiction corresponds to

P=11EP. D

where L is a special proposition, which is false under every
interpretation.
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Logic and proof principles Il

m Modus Tollens
Another look at proof by contradiction

{(P=0Q),-Q} | -P

m Case analysis

{(P=0),(R=0Q),(PVR}FQ
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Proof theory

m We have studied proofs as carefully reasoned arguments to convince
a sceptical listener that a given statement is true.
m “Social” proofs
m Proof theory is a branch of mathematical logic dealing with proofs as
mathematical objects
m Strings of symbols
m Rules for manipulation

m Mathematics becomes a ‘game’ played with strings of symbols
m Can be read and interpreted by computer
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