Dynamic programming, careful table book-keeping

forl < 1toN —1
fori«— 1toN — 1
j—i+l1

fori <k <j.

MATRIX-CHAIN-ORDER (n1, na, . .
I First, fill all the elements in the diagonal with zerg
fori«— 1to N mli,i] — 0
/I Next, fill all elements at distandefrom the diagonal

.,nN+1,N)

definem(s, j] as the minimum of
mli, k] +mlk + 1, j] + nink41m;41

Problems

1. Run the algorithm on the following sequence: 12,5, 2, 8,8,

(N = 6).

2. Estimate the complexity of the divide & conquer algoritbescribed

in the previous lecture.

3. Give some evidence that the complexity oAfix -CHAIN-ORDER

isO(n?).

4. Implement in Java the dynamic programming algorithm dlesd

last time.

Dynamic programming, more intuition 1

Now, focuson  mf[i, j| = ming m[i, k] + m[k + 1, j] + ningrinj41.

The Figure on the right shows how
the entries ofn|i, j] are filled. For
each fixed value dfthe processfills
the entries that aré places to the
right of the main diagonal. Notice
that all that is needed to compute
mli, j] are the entriesn[i, k] and
m[k+1,j]fori <k <j.

For example, m[1,5] will need
m[1,1] andm|2, 5], or m[1,2] and
m[3, 5], and so on.
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Input instance had’ = 6 and——-
P nil |12 5 2 5 8 4 7
=1
i€{1,2,3,4,5},
0 1282* 55* g* 2 g g g j < i+ 1 (sowe computenli,i +
0 2+8+5 0 0 1])[ ,
0 5448 0 mli, i+ 1] < ninip1nite
0 8% 7% 4
0
=2
i€{1,2,3,4},
0 (1)20 ggo 260 g g j < i+ 2 (sowe computenli,i +
2)).
0 (8)0 12’3’ gOO Definem[i, i + 2] as the minimum
0 224 between
0 m[i+ 1,7+ 2] + n;n;+1mi43 , and
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mli, i+ 1] + ninitonits.



0 120 240 392 0
0 50 160 184
0 80 144
0 160
0
0 120 240 392 360
0 50 160 184
0 80 144
0 160
0
0 120 240 392 360
0 50 160 184
0 80 144
0 160
0
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0

200
300
224

270
200
300
224

488
270
200
300
224

=3

ie{1,2,3},

je—i+3

Definem|s, ¢ + 3] as the minimum between
mli+ 1,4+ 3] + nini 1444,

m[i, i+ 1} +m[i+2, ’L+3] +Mn;NnigoNitg
m[i, 7+ 2} + niNi43ni4a

=4

i€ {1,2},

j—i+4

Definem|s, ¢ + 4] as the minimum between
mli+ 1,4+ 4] + ninir1ni45,

m[i, 1+ 1} —I—m[i—I—Q, i+4] +n;niq1on;is
m[i, i+2} +m[i—|—3, i+4] +n;ni13N515
mli, i+ 3] + ninitanits

=5

i— 1,76

Definem|1, 6] (the final answer) as the minimum
between

mli+ 1,7+ 5] + ninip1nite,

mli, i+ 1]+ ml[i + 2,7+ 5] + ninitanite
m[i, i+ 2] + m[7 + 3,1+ 5] +nini+3nite
mli, i +3]+ml[i+4,i+ 5] +ninitanite

mli, i +4] + niniysnite

Java Implementation

class DP {
ProcessorChainMultiplication public static void main (String[] args)
:2‘_1;””11“ throws | OException {
—m:intQQ

+ divide_and_conquer ()
+ dynamic_programming ()

+getM (inti, intj)
+ displayn ()
+ displaym ()
—setM (inti, intj)

Processor ChainMul tiplication P =
+getN () new Processor Chai nMil tiplication ();

P. dynani c_pr ogramm ng() ;

Systemout.printin( P.getMO,P.getN()-1L) );
/1 Systemout.println( P.divide_and_copquer() );

Divide& Conquer

private int setM int i, int j ) {
int k;
int res = 0;
int opt = 0;
if (i <j)
for (( k=i ; k<j; k+t+t ) {

/1 conpute with k
res = setMi,k) + setMk+1,j) + n[k]*n[i-1]*n[j];

/'l keep the smallest do far
if (( k==1 )] (res <opt))
opt = res;

}

return opt;

public int divide_and_conquer () {

return setM1,N);
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Recur sive algorithm complexity

Let T'(N) be the time to computeet M 1, N) . Under some obvious
simplifications

T(1) >1
T(N) >1+ S0 N7 (k) +T(N —k)+1)
This can be rewritten as (since edEfy) occurs twice in the sum)

T(N) > 250 T(k) + N

Claim. T(N) > 2N~ (Proved by induction omV).




Dynamic Programming
Careful with the indices as arrays in Java run from zero odwar
public void dynam c_programming () { . . .
int i, j, k I, q Constructing an optimal solution
for (i =0 i <Nj; i++) nfi][i] =0; We can use another tabdgo determine the best way to multiply the
for (I =2; 1 <=N; I++) { matrices. Each entry{s, j] records the valué such that the optimal
for (i =0 i <N-1 +1; i++) { ordering to computel; x ... x A; splits the product ati;,. Thus we
Jfor: '( ; I: | 1 K<j: kit) { know that the final matrix multiplication in computing;; _y optimally is
g =n{i][k] + n{k+1][j] + n[i]*n[k+1]*n[]+1]; A1 s1,8) X Ag1,N)+1..v - Earlier matrix multiplications can be compute
if (Ck==1i) 1|l (a<nlil[j])) recursively
nfillj] = a '
}
zi spl ayn() On the next slide a slightly more detailed pseudo-code for
} Systemout. printin(); MATRIX -CHAIN -ORDER including the handling of.
}
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Comparing Running times

| run both alternatives on a Linux 200MHz PC.

MATRIX-CHAIN-ORDER(n1,n2,...,nN+1, IN)
The input werelV square matrices of size 3. fori <« 1toN
cos(1) = 0 and costN) = cos(N — 1) + 27 giving costN) = 27(N — 1). mli,i] <0
, ) forl —1toN -1
N time | cost N | time fori— 1toN —1I
6 1.20 | 135 6 1.05 . .
j—i+1
8 1.04 | 189 8 1.04 mli, j] — 400
10 1.10 | 243 10 | 1.09 for k —itoj—1
Divide 12 115 297 Dynamic 121 115 q — m[i, k] + m[k + 1, 7] + ning41mj41
and 14 1.78 | 351 programming 4 | 1.08 if ¢ < mli, ]
conquer 16 6.86 | 405 16 | 1.11 mli,j] < q
18 51.40 | 459 18 | 1.12 sli, j] — k
20 7:32.80 | 513 20 | 1.07
22 | 1:11:20.64| 567 22 | 1.09




MATRIX-CHAIN-MULTIPLY (A, s, 1, j)
if j >4
X < MATRIX-CHAIN-MULTIPLY (A, s, 1, s[i, 7])
Y < MATRIX-CHAIN-MULTIPLY (A, s, s[i, j] + 1, j)
return MATRIX-MULTIPLY (X, Y)
dsereturn A;
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Yet another problem?

Consider the problem of neatly printing a paragraph on aexihe
input text is a sequence efwords of lengthly, . . ., [,, (number of
characters). We want to print this paragraph neatly on a eumwidines
that hold a maximum ol characters each. Our criterion of “neatness”
as follows. If a given line contains wordghroughj, wherei < j, and

we leave exactly one space between words, the number ofspdre
characters at the end of the line is

(which must be non-negative so that the word fit on the lineg.Wish to
minimise the sum, over all lines except the last, of the cuifdise
numbers of extra space characters at the ends of lines.

Dynamic programming solution?

Run-time? Space requirements?

Another Problem?

Golf playing. A target value\ is given, along with a set

S = {s1,s9,...,s,} of admissible segment lengths and a set
B = {by,...,by} of forbidden values. The aim is to choose the shortest
sequence, os, . . ., 0y, Of elements of5 such that

1. % ,0,=Nand
2. 37 _ 0i ¢ Bforeachj € {1,...,u}.

Claim. Any instance of this problem is solvable optimally in time
polynomial inN andn.
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