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—— Abstract

We provide a new algebraic technique to solve the sequential flow problem in polynomial space. The
task is to maximize the flow through a graph where edge capacities can be changed over time by
choosing a sequence of capacity labelings from a given finite set. Our method is based on a novel
factorization theorem for finite semigroups that, applied to a suitable flow semigroup, allows to
derive small witnesses. This generalizes to multiple in/output vertices, as well as regular constraints.
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1 Introduction

Determining the maximal flow through a network under capacity constraints is a classical
optimisation problem [10].

The SEQUENTIAL FLOW PROBLEM is a dynamic variant in which the edge capacities are
not static but change with (discrete) time. At any date one can select the labelling of edges
by capacities from finitely many options: We are given a finite set A C (NU {w})V*V of
which each element a € A prescribes capacities for every edge in the directed graph'. Every
length-¢ capacity word ajas---ay € A* determines a pipeline, a graph of size ({ + 1) - |V|
together with edge capacities where at time 1 < i < ¢, the edge v — v’ has capacity a;(v,v’).
The SEQUENTIAL FLOW PROBLEM asks to determine the supremum of flow values through
any such pipeline.

Notice that there is no limit on the length k of the capacity words and therefore, the
optimal sequential flow can be unbounded even if there is no finite word witnessing this.

» Example 1. Consider the graph with vertices V' = {v1, va, v3,v4}, with source vy = v; and
target vy = vy4, and capacity constraints A = {a, b} as depicted on the top half of Figure 1. In
both capacities a and b, there is no path from the source v; to the target vy, it is necessary
to combine them sequentially in order to enable positive flow from v; to v4. This can be
achieved for instance using the capacity word abba as illustrated on the right of Figure 1.

Even more flow can be transported from v; to v4 through longer pipelines. For every
n > 0 the pipeline for capacity word ab"a has a flow of (maximal) value n, as depicted in
Figure 2 The sequential flow for A is therefore unbounded.

L A capacity / flow value w means unbounded, i.e., finite but arbitrarily large.
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Figure 1 The two capacities a,b from Example 1, the pipeline, and the optimal flow for abba.
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Figure 2 A flow of value n + 1 through the pipeline ab™*!a.

Background Early works on dynamic flows considers flows in directed networks where
edges have fixed capacities as well as transit times, and where associated costs are minimised
(see. e.g. [9] and [2] for a survey and applications).

Closest to our setting, Akrida et al. [1] compute maximal flows through temporal networks
[15, 16], where the edge capacities themselves are a function of (discrete and bounded) time,
i.e., a fixed capacity word. They devise a polynomial-time algorithm to compute the maximal
temporal flow that satisfies these constraints, and show a temporal version of the max-flow
min-cut theorem.

In contrast to these works, in the SEQUENTIAL FLOW PROBLEM neither the time horizon
nor the capacities at given times are fixed. Instead, akin to planning or scheduling problems,
we can choose the capacity word to maximise the flow through the network. Sequential
flows in the form discussed here have been introduced in [5] in the context of distributed
computing and has applications for controlling populations of Markov Decision Problems [11].
They have further applications in logics: it can be observed that the commutative lossy tiling
problem defined and shown decidable in [3] is inter-reducible with the SEQUENTIAL FLOW
PROBLEM. Colcombet et al. [6] showed that it is PSPACE-hard, and decidable in exponential
space wether the optimal sequential flow is unbounded?. The upper bound was achieved by
an exponential reduction to the unboundedness problem of distance automata, for which a
PSPACE upper bound is known [17].

Contributions We provide a new, simple and optimal solution for the SEQUENTIAL FLOW
PROBLEM. We show how to compute the precise maximal sequential flow values in polynomial
space (Theorem 22), thus matching the lower bound of [6] with an upper bound for a much
more general problem. Our technique is adapted to further generalisations: We derive the
same upper bounds for the SEQUENTIAL FLOW PROBLEM where sequential flows must be
witnessed by capacity words from a given regular language (Theorem 37). This setting
directly generalizes the classical MAX FLOW PROBLEM as well as the setting in Akrida et
al. [1]. We also show how to solve a generalization called the FAIR SEQUENTIAL FLOW

2 This is called the “simple sequential flow problem” in [6].
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PROBLEM , where multiple source-target pairs are given and the flow should be routed equally
along all those edges (Theorem 36).

Our contributions are based on new algebraic contributions of independent interest: In
particular, we provide a factorization technique for general finite semigroups, where we show
the existence of small summaries (Theorem 26). We also show the existence of §-summaries
of polynomial height for elements of the flow semigroup, a particular stabilization monoid [4]
used to witness unbounded sequential flows. This allows to ultimately obtain optimal upper
bounds on the largest possible value of a finite solution to the SEQUENTIAL FLOW PROBLEM
(Theorem 16).

2 Sequential Flows
We first recall the definition of flows and their optimisation problem.
Flows Fix a finite set of vertices V' and two distinct vertices vs and v; referred to as source

and target, respectively. A flow f € RV*V
satisfies capacity— and flow conservation constraints as follows.

is a mapping of edges to non-negative reals which

A capacity constraint a € (NU {w})V*V assigns to each edge a capacity, respecting that
all incoming edges to the source and from the target have capacity 0.

Y(v,0") € Vi (v =vs Vo =1v) = a(v,v') =0 . (1)
A flow f satisfies the capacity constraint a if

Vo, 0" €V, f(v,v") < a(v,v) (2)
It satisfies the flow conservation constraints if

Vo eV {u,ud, out(f)(v) = in(f)(v) 3)
where out(f)(v) = >, e f(v,v") and in(f)(v) = >,y f(V',0).

Intuitively, a flow determines rate of goods flowing along each of the edges, and the
capacity of an edge (v,v’) is a predetermined bound on the admissible rate that can flow
from v to v’. A capacity of a(v,v’) = 0 means that nothing at all can flow, and a capacity of
a(v,v") = w means that an arbitrary finite amount can flow.

The value of a flow f is |f| = out(f)(vs), the cumulative flow out of the source vertex.

The MAX FLOW PROBLEM asks to compute the maximal value of any flow.

MAX FLOW PROBLEM
Given a capacity constraint a € (NU {w})V*V.
Maximise |f| under constraints in equations (2) and (3).

Due to the presence of edges with unbounded capacities and because every flow must
have a finite value, there may not exist flows of maximal value.

Sequential flows The SEQUENTIAL FLOW PROBLEM is a dynamic variant of this setting in
which the maximizer gets to pick a fresh capacity constraint at any unit time. Intuitively, a
sequential flow still represents the rate of goods flowing along the edges of the graph, but at
any moment in time, both capacity constraints and flow conservation dynamically reflect
maximizer’s current choice of capacities.
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Assume a finite set A € (NU {w})VXV of capacity constraints. A sequence f =
fifo... fe € (RVXV)* is a sequential flow if VO < 1 < £,

Ja; € A, Vv, 0" €V, fi(v,0") < a;(v,0) ()

Yo e V\{vs, v}, in(fi)(v) = out(fiy1)(v) (3"

A sequential flow f = fi fo... f; dictates (at least) one capacity word w = ayasg . ..ap € A*
that witnesses f satisfying the sequential capacity conditions (2'). We will refer to f as a
sequential flow over capacity word w. The value of f is

[ = in(fe)(ve) = out(f1)(vs),

the input flow to the target at the latest time ¢ and the output of the source at time 1. We
want to optimize the supremum value of any sequential flow.

SEQUENTIAL FLOW PROBLEM
Given a finite set A C (NU{w})V*V of capacity constraints.
Determine the optimal sequential flow optSeqFlow = sup {|f| : f is a sequential flow}.

There is a natural connection between the SEQUENTIAL FLOW PROBLEM and the MAX
FLOW PROBLEM. Every capacity word a ...ay defines an instance of MAX FLOW PROBLEM
in the corresponding pipeline, with source (vs,0) and target (v¢,£). This instance has a
maximal flow, and optSeqFlow is simply the supremum of those maximal flows over all
capacity words aj ... ay.

However, the SEQUENTIAL FLOW PROBLEM is not a linear program because ¢ is not
bounded, and hence the number of constraints (2') and (3") is not bounded a priori.

Despite their apparent similarity, there is no simple algorithmic reduction between these
two optimisation problems. Indeed, for an instance of the SEQUENTIAL FLOW PROBLEM with
singleton set of capacities {c}, the optimal sequential flow value can be the same, strictly
larger, or strictly greater than the maximal flow value if ¢ is interpreted as an instance of the
classical MAX FLOW PROBLEM.

» Example 2. Let V = {v;,vs,v3,v4} and consider capacity letters a,b, ¢ as depicted in
Figure 3. If ¢ is considered as an instance of MAX FLOW then only 1 unit of flow can be
transported from source vy = v to target v; = vy, using the edge (vq,vs) at its maximal
capacity. The values of maximal flows through capacity words c, cc, cce, cece are 0,0, 1,2,
respectively, and the max flow through any capacity word of the form ¢, n > 4 remains 2.
The optimal sequential flow given set of capacities A = {c} is therefore 2.

Consider now only capacity d. A flow with maximal value |f| = 2 from the source vs = vy
to the target vy = vy is f(v1,v3) = f(va,v4) = f(v1,v2) = f(vs,vy) = 1. Similarly, the
sequential flow ff for capacity word dd € A* has value |f f| = 2. However, the capacity word
ddd only admits the trivial sequential flow of value 0. The optimal sequential flow given set
of capacities A = {d} is therefore 2.

Consider now only capacity e. The maximal value of a flow from vy to v4 is 2 whereas
the optimal sequential flow is only 1, because for any n > 0 there is at most one path of
length n, and the minimal capacity along these paths is 1. The optimal sequential flow given
set of capacities A = {e} is therefore 1.

Finally, to demonstrate that combining different capacity letters may be required for the
optimal sequential flow, consider the set of capacities A = {c¢,e}. The optimal sequential
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Figure 3 Capacities ¢, d, e from Example 2, pipeline ccce and its maximal flow, and pipeline ec.

flow value w can be witnessed by a single capacity word ec and a family of sequential flows
fo = fnafna with fr 1 = fn2 =n of value |f,| = n.

As established in both examples so far, there may not exist sequential flows of maximal
value because there are in fact sequential flows of arbitrarily high values. In that case we call
the optimal sequential flow unbounded and write optSeqFlow = w. This can be witnessed in
two ways: either by a single pipeline such as at the end of Example 2, or, as in Example 1, by
a family of pipelines of growing length and maximal flow value. In Example 1, the optimal
sequential flow value of w cannot be witnessed by any finite pipeline and is instead witnessed
by a family ab™a of words that iterate the capacity constraint b arbitrarily, but finitely
often. Our final example demonstrates that such witnesses may require more complex nested
iterations.

» Example 3. Take sets V = {v1,v9,v3,v4,v5} and A = {a, b, ¢} of vertices and capacity
constraints as depicted below, where non-zero capacities of a, b, ¢ are shown in red, blue, and

yellow.
o b 1 Q3 1 (3 e
A 7 A : — ™ .@m(: :
@y\ _ /’ i 4 D :
-~ U

The optimal sequential flow from source vs = v; to target v; = vs is w, yet no finite capacity
word witnesses this. To witness a sequential flow of value n, a capacity word must be of the

form (ab>"c)Z"a. The combined capacities for the word ab™c is shown in Figure 4 (left).

This allows a flow of n from v; to vs (using ab™); then to transfer one unit to vz (using c,
which empties v3). Iterating this prefix n times allows a flow of n units to v4, at which point
all can flow in one step towards the target vs (via a, see the right half of Figure 4).

3 Solving the Sequential flow problem

We present a solution to the SEQUENTIAL FLOW PROBLEM in two stages. The first stage,
described in Section 3, is qualitative: we determine whether the instance is unbounded,
i.e., whether there exists sequential flows of arbitrarily high value. The key for that is to
abstract the exact computation of values by mean of a finite algebraic structure called the
flow semigroup. The elements of this semigroup are enumerated using Algorithm 1, which
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Figure 4 The pipelines from Example 3. The pipeline for ab™c and its shortened representation
(seen on the left) is iterated another n times in the pipeline for (ab"c)"a (seen on the right).

searches for a witness of unboundedness. The second stage is quantitative: it is performed
by Algorithm 2, which computes the maximal value of sequential flows, assuming they are
bounded. Both stages can be carried out in polynomial space. A key component for this
upper bound in the second stage is the proof that when sequential flows are bounded the
supremum is at most exponential in the number of vertices.

For the qualitative stage, we will abstract the exact values of capacity constraints and
only consider wether those values are 0, finite or w.

We make use of the mazmin semiring

M = ({0,1,w}, max, min) with 0 < 1 < w

MVXV

There is a natural structure of semigroup on , using the usual matrix product over

this semiring. For z,y € MV*V and v,v' € V,
(- 9)(w, ') = mas (min (2 (0,0") .y (0", 0)))

Every capacity constraint a € NV*V is naturally abstracted as a matrix z, € MY*V by
losing precision: 0 and w are preserved while finite positive numbers are mapped to 1.

» Example 4. In Example 1 there are two capacity constraints a and b. Their abstractions,
as well as the product thereof, are as follows:

Tg = Ty = L Tp =

o o o o
o & o &
o o o o
o & oo
o o o o
o o &£ ©
o &€ = O
oo o O
o o o o
o £ © €
o= O =
(==l

Notice that a = z, and b = x; coincide with their abstractions since all finite coordinates
are equal to 0 or 1.

The matrix product allows to keep track of which paths have finite or w-capacity. For
every n > 1, the product z,x} x, can be computed easily: since x is idempotent, i.e. 1:1% =z,
we have

T T Tg =Tq - Th-Tq =

o O O O
SO = O =
o O O O
O = O

This simple computation tells us that starting from the source v (the first line), any sequential
flow through the pipeline z,x}x, can carry only a finite flow to the target v; (the last column),
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because the top right coefficient is 1. However, this finite representation of the pipeline
ZaTy T, Misses an important point: although the flow from v, to v; is finite for every n > 0,
it is actually unbounded and grows with n (cf. Figure 2).

In order to take this phenomenon into account, we introduce an extra operation on
idempotent elements, i.e. the elements e € MY *V such that e = e?. This operation computes
a new idempotent element ef € MY *V . Intuitively, the element e is an abstraction of the
sequence of pipelines (™), ey and should be thought of as “using e many times”.

Before we proceed to define this operation, let’s observe that the possible effect that
iterating idempotents can have on the maximal flow between any two vertices.

e e e e e e e
ve ° ° ° ° ° ° ve ° °
e e . e e %
) \ w w \
ve (UO o (] ] [ ] voe o—]o—]o----o 7 ° [ ° @ i ° °
D w , K S -
v''e o—n----o—o&o v, ® ° o—o----o—o&o ° @ e o\-
v'e ° ° ° ° ° v'e ° ° ° ° ° ° ) ° ° °
Case 1) Case ii) Case iii)

Figure b The figure illustrates Lemma 5, which classifies the three possible long-term behaviours
of an edge (v,v’) of an idempotent e, when e(v,v’) # 0. Case i) is e(v,v") = w and case ii) and iii)
occur when e(v,v') = 1.

» Lemma 5 (Flow-carrying Edges of idempotent elements). Let e € MYV *V such that e = €2,

and v,v" € V such that e(v,v’) > 0. Forn > 1, let K,, denote the optimal flow value from v
to v' in the pipeline e™. Exactly one of the following holds.
i) Kn =w, for every n > 1. This holds iff e(v,v") = w and there exists v'" € V' such that

w=-e(v,0") =e(@", V") =e(" ) .

it) n—2 < K, <nl|V|, for every n > 1. This holds iff e(v,v") =1 and e(v,v") = 1 and there
exists vg, v{, such that

e(vo,vp) = 1 and w = e(v,vy) = e(vo,vo) = e(vh, vy) = e(vh,v') .

iii) 1 < K, <2|V|, for every n > 1. This holds iff e(v,v") =1 and e(v,v’) =1 and for every
vo, vy €V,

e(vo,vp) > 1 = (e(v,v9) <1 ore(v),v') <1) .

The following definition of iterations of idempotents explicitly distinguishes the three
cases of Lemma 5 to summarise an “ever growing” finite maxflow (case ii) as a new w.

» Definition 6 (iteration of an idempotent). Let e = €2 be an idempotent element of F. A
pair (v,v") € V2 such that e(v,v") = 1 is called unstable iff there exists vo,vh € V such that
e(v,v9) = w, e(vg,vy) =1 and e(v),v') = w, and stable otherwise.

Then the iteration of e, denoted e*, is defined by

e(v,v') ife(v,v') € {0,w}
fv,v) =<1 if e(v,v") =1 and (v,v') is stable in e
w if e(v,v') =1 and (v,v’) is unstable in e.

An idempotent e is called unstable if it has an unstable pair, and stable otherwise.

XX:7



XX:8

Optimal Sequential Flows

Note that if an edge is unstable then it does not satisfy condition iii) of Lemma 5, thus it
satisfies condition ii) of the same Lemma. Note also that e is unstable if and only if e # ef.

» Lemma 7. The iteration of an idempotent e is stable, i.e., (e!)f = ef.

Our main algebraic tool is the flow semigroup, a finite structure obtained by application
of the product and iteration to the abstract capacities until saturation. This flow semigroup
is in fact an example of a stabilisation monoid (upon addition of a neutral element), which
are monoids with a stabilisation operator [4].

» Definition 8 (flow semigroup). The flow semigroup, denoted F, is the smallest subset of
MYV which contains all abstracted capacity constraints {z, | a € A} and is closed under
the matriz product and the iteration operation.

» Example 9. Continue with Example 4. The flow semigroup F contains z, and x
and since xg = xp, it also contains xﬁ. The only capacity-1 edge in z; is unstable since

xp(ve, v2) = w, xp(ve, v3) = 1 and xp(vs, v3) = w. Therefore, F contains the iteration
@) @D
w,
w ()

Intuitively, b allows only one unit of flow from vy to v3, but arbitrarily much flow can
remain both in vy and v3. If this is iterated then the sum of those single units of flows
from vy to w3 grows, which is represented by a new capacity w on this edge in the capacity

G‘Rx::

Il
o o o o
o o & o
o & & ©
(===l

constraint bF.
Finally, F contains the product

Dd®,
%@
OO

The top right coordinate in xaxgxa, which corresponds to the edge (v1,v4) from the
source to the target, is w. This suggests that an arbitrary amount of flow can be transported
from vs = v; to v4 = v;. Such an element is called an unboundedness witness.

J;axgxa =

oo oo
o & o &
oo oo
o &€ o €

» Definition 10 (Unboundedness witness). An unboundedness witness is an element of x € F
such that

z(vs,v1) =w .

The existence of such elements in F is a sufficient and necessary condition for the existence
of sequential flows carrying an arbitrary large amount of flow from the source to the target.

» Theorem 11 (characterization of the unboundedness case). An instance of the SEQUENTIAL
FLOW PROBLEM 1is unbounded iff there exists an unboundedness witness in the corresponding
flow semigroup.

We will now present the structure of the proof this theorem.

To begin with, we observe that since our finite capacities have integer values the integral
flow theorem [9] guarantees that every sequence of capacity constraints has a flow with integer
coefficients and maximum value. This allows use to work with token flows, in which an
explicit set of named tokens is fixed, and the trajectory of every token is precisely described.
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» Definition 12 (Token flows). Fiz a finite set T of tokens. A token flow of T of length k
over a capacity word w is a mapping d € V7T <Ok which describes the position of every
token at every date, and which satisfies capacity constraints. Formally, for every i € [1, k|
and v,v' €V

HreT|dr,i—1)=vAd(r,i) =12} <ai(v,v).

The outcome of a token flow is described by a global flow, which accounts for the number
of tokens traveling along every pair of states.

» Definition 13 (Global flows). With every token flow d of length k is associated a global
flow denoted g(d) € NV*V | which measures the number of tokens moving between every pair
of vertices between the dates 0 and k, formally defined as:

g(d)(v, ")y =|{r € T |d(r,0) =v Ad(T, k) = v'}|
for allv,v' € V.

The proof of Theorem 11 is in two steps: Lemma 14 establishes that the condition is
sufficient and Lemma 17 that is it is necessary.

» Lemma 14 (sufficient condition). If there exists an unboundedness witness, the answer to
the SEQUENTIAL FLOW PROBLEM 15 w.

The proof makes use of the notion of paths.

» Definition 15 (Paths). A path in a capacity word w = ay ...a; € A* is a sequence of
vertices 7w : {0,...,k} = V that may be followed by a token, i.e., such that a;(w(i—1),7(i)) > 1
forallie{1,...,k}.

Proof sketch of Lemma 14. The full proof is presented in Appendix A.3. The key idea is
to establish that the following property of element z in the flow semigroup is invariant by
product and iteration, and satisfied by the abstract capacities. The property is satisfied by
x € F if for every N > 1, there exists a token flow d(x) over a capacity word w such that
the corresponding global flow g(d(z)) satisfies

Vo, v € V,z(v,v") =w = g(d(z))(v,0") > N |
as well as
VYo,v" € V,z(v,v') =1 = there is a path in w from v to v’.

The proof is by induction on the flow semigroup. For abstract capacity constraints z,, the

capacity word is simply a and we have N tokens following each edge (v, v") with z,(v,v’) = w.

For a product z -y the token flow d(z - y) for N is obtained by considering two token flows
d(x) and d(y) for |[V|?N tokens, renaming and deleting some of the tokens and concatenating
the resulting sequential flows.

The last case is the iteration f = ef. We start by showing that we can decompose e as
a product of e with so-called simple unstable idempotents, where all non-zero entries are
self-loops, except for a single unstable pair. This simple structure is used to craft token flows
carrying arbitrarily large amount of tokens along unstable pairs. <

For the other direction, we show that we can evaluate capacity words in the flow semigroup
so that the flow between pairs of vertices which the resulting element of F maps to 0 or 1
are uniformly bounded.

XX:9
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» Theorem 16. Let K be the largest finite constant appearing in a capacity constraint of A.
For every token flow d, there exists an element x € F such that, for every v,v' € V,

z(v,0") =0 = g(d)(v,0") =0 and

z(v,0') =1 = g(d)(v,v") < K - |V|536-|V\12.

This result relies on a subtle and careful analysis of the flow semigroup, performed in
Section 4. The first step is a general result about finite semigroups, showing that every element
of a semigroup S has a finite representation as a binary tree whose height is polynomial in
L(S), the regular J-length of the semigroup (Theorem 26). The second step is specific to the
flow semigroup F, and shows that for F this parameter is polynomial in |V| (Theorem 33).
We then extend these trees to incorporate the f operator, and prove that the resulting trees
still have polynomial height. That leads to Theorem 16. By contraposition, a consequence of
Theorem 16 is the following.

» Lemma 17 (necessary condition). If the answer to the SEQUENTIAL FLOW PROBLEM 1§ w
then there is an unboundedness witness in F.

Proof. Since we have sequential flows of unbounded values between v, and v, there exists a
capacity word w with a sequential flow of value greater than K - |V|536‘|V‘12. By the integral
flow theorem [9], we also have a token flow d over w such that g(d) (v, ve) > K - |[V|3361VI",
We apply Theorem 16 to d. By case inspection, the only possible value of x(v,v’) is w, thus

z is an unboundedness witness. <

In order to test unboundedness for the SEQUENTIAL FLOW PROBLEM we can compute the
entire flow semigroup F, starting with the capacity abstractions {z, | a € A} and closing it
by product and f, and then check if it contains an unboundedness witness. The correctness of
this algorithm follows directly from the definition of F, as well as Lemma 14 and Lemma 17.
The resulting algorithm runs in exponential time and space, essentially bounded by the size
of F.

This can be improved to polynomial space: Instead of explicitly enumerating elements of
the flow group we can enumerating so-called f-expressions, which represent elements of F.

» Definition 18. A f-expression of an element © € F is a finite F-labeled ordered tree such
that the root node is labeled by x, and every node v is of one of three possible types:
either a leaf node labeled by an abstract capacities xq,a € A;
it has a single-child labeled by e, in which case e = e* is idempotent and v is labeled by et
it has two children labeled by x1 and x5, in which case v is labeled by x1 - T5.

The recursive nature of this definition dictates a recursive algorithm to determine if a
given element x € {0,1,w}V*" has a f-expression of at most a given height h. By convention,
the height of a single leaf node is 0.

» Lemma 19. Given capacities A, element x € {0,1,w}V*V, and h > 0, Algorithm 1 returns
true iff x has a f-expression of height at most h.

Notice that Algorithm 1 still runs in (deterministic) exponential time due to the enumer-
ations in lines 5 and 8. However, it only requires space polynomial in |V| and h due to the
explicit bound on the recursion depth.

The central argument for showing that unboundedness can be tested in polynomial space
is a polynomial bound on the number of nested applications of the § operator necessary to
produce an unboundedness witness, provided by the following theorem.
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Algorithm 1 Check if x has a f-expression of height at most h.

1: function ISIN-REC(x, h)

2 if x € {z, | a € A} then

3 return true

4 if h=0 then

5: return false

6 for every y,z € {0,1,w}V*V with y - 2 = z do

7 if ISIN-REC(y, h — 1) and ISIN-REC(z,h — 1) then
8 return true

9: for every e € {0,1,w}"*V with e-e = e and e’ =z do
10 if IsSIN-REC(e, h — 1) then

11: return true

12: return false

» Theorem 20. Every element of the flow semigroup F is generated by a §-expression of
height at most 2n*.

We make use of proof techniques used for designing polynomial-space algorithms in other
contexts, in particular for checking limitedness of desert automata [17] and the value 1
problem of probabilistic automata [8, 7]. According to Theorem 20, every element of F has
a f-expression of height at most 2n*. We can therefore check in polynomial space if a given
element z is in the flow semigroup F and whether there exist unboundedness witnesses.

» Theorem 21 (Checking unboundedness). Checking whether the optimal sequential flow is
unbounded is decidable in polynomial space.

Proof. By Theorem 20, any positive instance admits an unboundedness witnessed x that
has f-expressions of height at most h = 2n*. It therefore suffices to enumerate (in polynomial
space, using Algorithm 1) all f-expressions of such-bouned height and for each check if the
represented element x € F constitutes an unboundedness witness, i.e., that x(vs,v;) = w. <«

It is natural to ask what maximal finite sequential flow value is, in case it exists. This
can be performed in polynomial space thanks to Theorem 16.

» Theorem 22. Given capacities A, the optimal sequential flow can be computed in polynomial
space.

Proof. By Theorem 21, we can check in polynomial space whether the optimal sequential
flow is unbounded. Suppose now that it is bounded and let n = |V|.

We proceed by binary search (see Algorithm 2). According to Theorem 16 and the
constant fixed in line 1, Algorithm 2 preserves an invariant: the finite optimal sequential
flow belongs to the interval [m, M — 1]. Since this interval is halved at every step of the loop,

536-n'2

this loop terminates in at most {logz (K -n —‘ steps.

The loop requires to test the existence of a sequential flow of value C' in polynomial space.

We make use of two notions. A C-configuration is a map V' — {1,...,C} counting the
number of tokens per vertex, whose sum of coordinates is C. For two C-configurations z, x¢,
a sequential integral flow from x4 to x; of length ¢ is a sequence fi1fs... fr € (0... C’)VXV
satisfying conditions (2') and (3’) and such that Vv € V,x4(v) = out(f1)(v) and z:(v) =
in(fe)(v). If such a sequential integral flow exists, we write x5 —¢ x¢.

XX:11
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Since our finite capacities have integer values the integral flow theorem [9] guarantees
that the existence of sequential flow of value C' is equivalent to the existence of £ such that
Ts —p x4, where x4 has coordinate C' on v, and 0 elsewhere and z; has coordinate C' on v,
and 0 elsewhere.

Notice that x, — x4 iff there exists a sequence s —1 ©1 —1 ... —1 ¢ —1 x4. Therefore,
checking x4 — x; amounts to a reachability question in the space of K-configurations, for the
relation —1. There is no need to traverse twice the same C-configuration, hence the search
can be limited to £ € 1...C"™. Checking whether  —; 2’ reduces to solving | A| instances of
MAX FLOW PROBLEM, in polynomial time, details are given in the next subsection.

Thus, checking x; —¢ x; with £ € 1...C"™ can be performed non-deterministically in
PSPACE, by storing triplets of C-configurations and the length £.

A deterministic PSPACE algorithm is given by Savitch’s theorem [19]: it consists in
implementing a dichotomic search for the path, which requires only polynomial space in

n = |V], |A| and log,(C) < log, (K ) n536'”12>_ "

Algorithm 2 Computing the optimal sequential flow

M« K- |V|P36IVI™ 41
m <+ 0
repeat
C « [(m+ M)/2]
if there is a sequential flow f such that |f| = C then
m<+ C
else
M+ C
until M <m+1
return m

—
e

4 Diving into the flow semigroup

This section is dedicated to the proof of two bounds which are crucial to show that the
SEQUENTIAL FLOW PROBLEM can be solved in PSPACE. The first one is Theorem 20, which
gives a polynomial upper-bound on the maximal depth of a f-expression generating elements
of F. The second one is Theorem 16, which establishes a polynomial upper bound on the
optimal sequential flow, in case it is finite.

The central tool for these proofs are summaries and f-summaries, which provide a
bounded-size representation of words of arbitrary length.

4.1 A general factorization theorem for finite semigroups

We rely on a form of factorization of words in a finite semigroups, which we call summaries.
Let (S,-) be a finite semigroup®. An element e € § is called idempotent if e - e = e. The set
of idempotent elements of S is denoted F(S).

3 We choose to work with semigroups in this paper since they are slightly more general than monoids.
Note that [13] formulates everything for finite monoids, but the existence of a neutral element is never
used in the paper. Every statement from that paper holds for finite semigroups as well.
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We define a morphism ¢gs : S* — S that evaluates sequences of elements of S by applying
the semigroup (product) operation: <p3(x0 - xk) =Zg- T Tk-

We recall the Green relations, introduced in [12], J,L,R,H on S, starting with the
following partial orders:

x< zy if there exist a,b € § such that x = ayb

<,y if there exist a € S such that x = ay

r<gry if there exist b € S such that z = yb

r<yy if x<,y and z<gry
These partial orders can be thought of as reachability relations on &, and the corresponding
equivalence classes as strongly connected components.

We use well-established notations for the relations 7, £, R, H, the equivalence relations
induced by those partial orders. Formally, for each X € {J, L, R,H} we define the relations
X =<y N>y and <y=<y \ >x. Note that J is coarser than £ and R, themselves coarser
than H.

The regular J-length * of a semigroup S, denoted L(S), is defined as sup{k € N | Je; <7
e <geg € E(S)}

The Ramsey function of S is the function Rs : N — N where Rs(k) is the minimal
number n such that every word w € §* of length n contains an infix of the form wy - - - ug
with ¢(u1) = -+ = ¢(ug) = e for some e € E(S). The existence of such a number n for all k
can be inferred from Ramsey’s theorem, but the following theorem gives much more precise
bounds.

A core element of the construction is the following result, which guarantees the existence
of consecutive idempotent factors in sufficiently long words over S. Note that the bound is
only exponential in the regular 7-length of the semigroup, not its size.

» Theorem 23 ([13, Theorem 1]). For all k € N,
kM) < R (k) < (k|S|*)MS),

We can now define the central object of our proofs. The theorem gives a way to summarize
a word with respect to a finite semigroup. A summary abstract sequences of idempotent
infixes by only keeping the first and last ones. We do so in a way that ensures that the
remaining idempotent factors are “short”, so that the number of letters we keep from the
initial word is polynomial in the size of the semigroup and Rs(3). The theorem gives a way
to summarize a word with respect to a finite

» Definition 24. A summary of a word w € §* is a S x S*-labeled ordered binary tree with
three types of nodes:
a leaf has no children and a label (xz,x) for some x € S
a product node labeled (x,w) has two children labeled (y1,u1) and (y2,us) such that
Y1 - Yo = x and ugus = w.
an idempotent node labeled (e,w) has two children labeled (e,u1) and (e,uz) such that we
have w = uyw'ug, e € E(S) and ps(u1) = ps(uz) = ps(w’) =e.
Moreover, the root is labeled by (x,w), for some x € F, called the result of the summary.

4 Called regular D-length in [13]. For finite semigroups, D = J, and we use J here since it is more
common. Note that the paper introduces it with a different definition, but the two are proven equivalent
in the extended version [14, Appendix B].
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» Example 25. Consider the flow semigroup F for Example 1. Remember that ¢ = x, and
b = x: capacities match their abstractions because finite constants are 0 or 1. Let z,y € F
the products y =b-a and z = a - b- a. Since b = b?, the following tree is a summary of ab™a,
for any n > 2.

(z,ab™a)
AN

(y;b"a)

(b,0™)
VRN
(a,a) (b, b) (b, b) (a,a)

Independently of their length, all words (ab™a),>2 have this summary of height 4 and size 7.
The existence of summaries of constant depth is true in general, as shown in Theorem 26.

This definition resembles the one of Simon’s factorization forests [20]. However, an
important difference is that Simon’s trees are meant to factorize the entire word, while
ours omit a lot of information by skipping intermediate idempotents. This lets us obtain
better bounds on the height of the tree, since Simon’s trees have linear height in the size
of the semigroup, not just its regular [J-length. Those bounds are essential to obtain
singly-exponential bounds, and then a polynomial-space algorithm, in the quantitative
setting.

» Theorem 26. For all w € 8* there exists a summary whose result is ps(w) and of height
at most L(S)(logy(|S]) + 2logy(Rs(3)) +4).

Proof sketch. The full proof is presented in Appendix B.1. We first define the regular [J-
length of an element of the semigroup, as the one of the subsemigroup of elements < 7-below
it. The proof goes through an induction on the regular 7-length of elements of the semigroup.
We start by cutting the word in minimal blocks of maximal regular J-length. We factorize
these blocks as a single letter and a block of smaller regular 7-length, for which we get a
factorization by induction. Then we consider the word obtained by replacing each block with
its value in the semigroup.

We cut this word into infixes, each long enough to guarantee that it contains idempotents.
We describe an operation that lets us merge some blocks where the same idempotent appears.
We then use properties of the Green relations to bound the number of blocks obtained this
way. <

4.2 Application to the flow semigroup and iterations

This section is dedicated to the proof of two bounds which are crucial to show that the
SEQUENTIAL FLOW PROBLEM can be solved in polynomial space. The first one is Theorem 20,
which gives a polynomial upper-bound on the maximal depth of a f-expression generating
elements of F. The second one is Theorem 16, which establishes a polynomial upper bound
on the optimal sequential flow, in case it is finite.

Let n = |V], and let B = B™*™ be the finite semigroup of Boolean matrices of dimension
n, equipped with the (V, A) matrix product. The following result bounds its regular 7-length
by a polynomial in its dimension.

» Theorem 27 ([13, Theorem 2]). The reqular J-length of B is at most (n* +n + 2)/2.
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Let us now take a look at the flow semigroup, F C M™*" with M = ({0, 1, w}, max, min).
» Lemma 28. F is isomorphic to a sub-semigroup of B2.

Proof. Define ¢ : F — B? such that for all matrix = € F, v(z) = (u1, pto) with, for all
i,j € [L,n],

(i) Tifx(i,j) > 1 d (i) Tifz(i,j) =w
1, = an wl?, =
pattJ 1 otherwise K J 1 otherwise.

This is an injective function, and it is easily verified that this is a morphism. <
» Theorem 29. Every word w € F* admits a summary of height at most 536 - n'? .

Proof. As observed above, F is isomorphic to a subsemigroup of B2, which has regular J-
length bounded by (n? +n+2)/2. The regular J-length of F is then at most (n? +mn+2)2/4,
while its size is 3. By Theorem 23, we obtain Rx(3) < 3+ 1)(n*+n+2)% < 332n° for > 1,
Then, by Theorem 26 we have that every word over F has a summary of height at most

L(F)(logy(|F]) + 2logy(RF(3)) +4)
2 2 2
< W(n2 log,(3) + 2(32n° log,(3)) + 4)
< 4n*(2n? +128n° + 4)
< 536n' <
We now need to integrate the § operator in this construction. We do this by following a
proof of Simon [21, Theorem 9] on a different semigroup.

» Lemma 30. Let m > n? and ey, ..., e, € E(F) idempotents of F such that ei+1§je§ for
all i. Then there exists © such that eg =e;.

The proof of this lemma is presented in Appendix B.2. Observe that Example 3 can be
generalized to obtain instances where we need a linear number of nested f in order to obtain
some elements of F.

That result has two interesting consequences, which are the keys to obtain PSPACE
algorithms for the SEQUENTIAL FLOW PROBLEM. The first consequence is that small “§-
expressions” (Definition 18) are enough to generate all elements in the flow semigroup, as
stated in Theorem 20.

Proof of Theorem 20. Clearly by definition of F every element is generated by a f-expression.
Define the f-height of a f-expression as the maximal number of idempotent nodes along a
branch. To begin with, observe that every element of F is generated by a f-expression of
#-height at most n? — 1: Take a f-expression E of #-height n? or more. There are idempotent
nodes vy, ..., V,2 along a branch of F (from leaf to root), and idempotents e1, ..., e,z such
that v; is labeled eg and has a single child labeled e;.

Notice that in E, if a node labeled y is the child of a node labeled z, then z< 7y. It is
trivial for a product node. For an idempotent node, it follows from the fact that ef - e = e,
which can be checked by a simple computation. It follows by transitivity of <7 that this
still holds when y labels a descendant of z, and thus that e; 1< jeg for all i.

Hence there is a v; such that e; = e? by Lemma 30. As a result, we can reduce F by
replacing the subtree rooted in v; by the one rooted in its child.
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We have shown that all elements of F are generated by a f-expression of §-height at most
n? — 1. We now prove that for all A > 0, if an element has a f-expression of f-height at most
h then it has one of height at most (2n? + 1)h. Take z generated by E of #-height h, assume
we have shown the property for all lower heights. Then x = x; ...z, with for all i either
f with y; generated by a f-expression of f-height < h. By
induction hypothesis, every x; in the second case can be generated by a f-expression E; of
height < (2n? 4+ 1)(h — 1).

We can assume that m < |F| < 37’ Otherwise, there must exist i < j with 1 ---x; =
z1---x; and we can shorten x as * = %1 -+ ;%41 - Tm. Thus, we can obtain z from
T1,. .., Ty, with a tree of product nodes of height at most log,(|F|) < 2n2. The leaves of this
tree are labeled by 1, ..., 2y, For all z; that is not in {z, | a € A}, there exist y; generated
by F; such that x; = yf We append E; below the corresponding leaf labeled z;. We obtain
a f-expression of height at most (2n% +1)(h — 1) +2n? + 1 = (2n? + 1)h.

This concludes our induction. To obtain the corollary, it suffices to apply it with h = n2—1:
every element has a f-expression of height at most (2n% + 1)(n? — 1) < 2n%. |

r; = x4 for some a € Aorx; =y

The second consequence of Lemma 30 is that every capacity word can be represented as
a small f-summary.

We define §-summaries, where idempotent nodes for e € E(S) are labeled with e* instead
of e.

» Definition 31. A f-summary of a word w € F* is a F x F*-labeled ordered binary tree,
with three types of nodes:
A leaf is labeled by (x,x) for some x € F,
A product node has two children. If their labels are (z1,u1) and (x2,us) then its label is
(21 - T2, uru2)
An idempotent node has two children. If their labels are (z1,u1) and (x2,us) then
r1 = x9 = e is an itdempotent of F and the label of the node is (eﬁ,ulwl . .wpug) for
some wi, ..., Wy, € F* such that all w; have a §-summary whose root is labeled (e, w;).
In the case that e = e! we say that the node is a stable idempotent node, and an unstable
idempotent node otherwise.
Moreover, the root is labeled by (z,w) for some x € F, which is called the result of the
f-summary.

» Example 32. Consider Example 1, again. Since b = b2, the following tree is a f-summary
of ab™a.

(a-b*-a,ab™a)

AN
(b - a,b™a)
(0%, ™)
/ AN
(a,a) (b, b) (b, b) (a,a)

This §-summary bears some similarity with the summary of Example 25. However, there is a
crucial difference: the root of the f-summary is labelled by a- b - a, which is an unboundedness
witness (see details before Definition 10). This is not the case in the summary of Example 25:
the root is labelled by z = aba which is not an unboundedness witness since z(vy,v4) = 1.
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Independently of their length, all words (ab™a),>2 have this f-summary of height 4 and
size 7. The existence of f-summaries of constant height (and size), whatever the size of the
word, is true in general, as shown in Theorem 33.

Our next step is to show that all words have a f-summary of polynomial height in the
number of vertices n = |V|. We take inspiration from two existing proofs: First, one by
Kirsten [17] to show that the number of unstable nodes along a branch of a f-summary (or
a f-expression) is bounded by a polynomial in n, the number of vertices®. Second, one by
Simon [20] to show that every word has a f-summary where the distance between consecutive
unstable nodes along a branch is bounded by another polynomial in n. Combining those two
arguments yields the result.

» Theorem 33. For all w € F* there is a f-summary of height at most 536 - n'2.

Proof of Theorem 33. This proof is inspired by [21, Lemma 10]. We start by observing that
a branch of a f-summary 7 can have at most n? — 1 unstable idempotent nodes. Suppose
the contrary, let vq,...,v,2 be unstable idempotent nodes along a branch, from leaf to root,
with each v; labeled by eg and with a single child labeled by e;.

Analogously to the proof of Theorem 20, if a node labeled y is the descendant of a node
labeled z, then z<7y. Hence e;41 Sjeg for all <. By Lemma 30, one of those nodes must be
stable, a contradiction.

We now prove that every word w admits a f-summary where along every branch, sequences
of consecutive nodes without any leaf or unstable idempotent node have length at most
536 - nt0 — 1.

By induction on |w|. Let w be a word and 7 a summary of w of height at most 536 - n'%
(which exists by Theorem 26). We distinguish two cases:

Case 1: all idempotent nodes in 7 are stable. Then 7 is a f-summary and the property holds
trivially since 7 has height at most 536 - n'0.

Case 2: 7 has an idempotent node v labeled (v, e) with ef # e. If 7 has several such nodes,
we pick one of maximal depth. Consider the subtree 7, rooted at v. Let 7, be the tree
obtained from 7, by replacing the label of v with (v, e?). It is a f-summary as we took v of
maximal depth and thus every idempotent node below it is stable. Further, it has height
at most 536 - n'°, since 7, is a subtree of 7. Now consider the word w’ where the factor v
has been replaced with a single letter ef. It is shorter than w, thus it admits a f-summary
7! satisfying the property. To obtain the desired #-summary for w’, we start from 7/ and
replace the ef leaf with 7,. The result is a f-summary, which satisfies the property since the
tree below v has height at most 536 - n'0, v is an unstable idempotent node and the rest of
the tree satisfies that property.

We can now bring in the bound on the number of unstable idempotent nodes along a
branch: since every branch has at most n? — 1 unstable idempotent nodes, and the length
of sequences of nodes without those is bounded by 536 - n'® — 1, the height is at most
536 - n'2. |

We make use of Theorem 33 to prove Theorem 16.

Proof of Theorem 16. The proof makes use of the usual notion of cuts.

® A polynomial bound in O(n*) can be obtained by proving that e* < e for all e € F, and using the
bound on the regular J-length. We prefer to use Lemma 30, which gives O(n2).
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» Definition 34. Given two sets of vertices Vs and Vi, a cut between Vs and Vi in a capacity
word w = ay ...a of length k is a sequence ¢ = ¢y ...ck of sets of edges such that for every
path vy ... vg in w with vg € Vs and v, € V; there exists i such that (v;—1,v;) € ¢;.

The cost of this cut is the sum of the capacities of its edges:

k
cost(c):z Z a;(v,v").

i=1 (v,v'€c;)

By the max flow-min cut theorem [10], we know that in a capacity word w the minimal
cost of a cut between two vertices is exactly the maximal value of a flow between those
vertices.

Set n = |V|. We prove the following statement by induction on h the height of a #-
summary 7 of x4, ...Z,,, : there is a cut between s and t in w = a4 ... a,, of cost at most
Knl.

1. if 2(s,t) = 0 then there is no path in w from s to ¢, and
2. if z(s,t) < 1 then there is a cut between s and ¢ in w of cost at most Kn".

If h = 0 then 7 is just a leaf and therefore w is a single letter a. Since x(s,t) < 1, we
have a(s,t) < w and thus we have a cut of value < K between s and ¢.

If the root of 7 is a product node, let (y1,u1), (y2,u2) € F X F* be the labels of its two
children. Then x = y; - y2 and uy = %4, ... %, and uz = T4, , ... Zq,. Since x(s,t) < 1, for
all v € V, we have y;1(s,v) <1 or ya(v,t) < 1. By induction hypothesis, this means that for
all v € V, we have a cut of value at most n"*~! between s and v in aq . .. as or between v and
tin agqq...a. We take the union of all these cuts. This forms a cut between s and t in w,
of value at most nKn"~—! < Kn".

If the root of 7 is an idempotent node, it has two children labeled (e, u,), (e, ug) with
up,u, € F* and e € E(F). Then 2 = ef and uj = 2y, ... 74, and up = Tq,, ... Tq, for some
1 < ¢ < ¢ <k. By induction hypothesis, for all v € V such that e(s,v) < 1 we have a cut in
ay ...ay between s and v of value < Kn"~!. Similarly, for all v € V such that e(v/,t) < 1
then we have a cut in ay . ..ay between v/ and ¢ of value < Knh—1.

Consider the union of those cuts: its value is at most 2Kn"~1 < Kn" (we set aside the
very specific and trivial case n = 1). We only have to prove that it is a cut between s and ¢
in w. Since x is the root of 7 then x = e* for some idempotent, hence z* = 2 (cf. Lemma 7).
In particular, (s,t) is a stable node in z. According to Lemma 5, every path between s and ¢
must either be in a vertex v with e(s,v) < 1 after going through wy, or be in a vertex v’ with
e(v’,t) <1 before going through uy. As a consequence, it must go through the constructed
cut.

According to Theorem 33, the height can be bounded by 536 - n'2, hence the result. This
ends our proof. <

5 Extensions

Our approach to solve the SEQUENTIAL FLOW PROBLEMcan be extended to further general-
izations that consider sequential flows between sets of source and target vertices and under
regular constraints on the witnessing capacity words.

5.1 Fair flows along multiple edges

The previous results and algorithms can be adapted to solve a more general problem: the
FAIR SEQUENTIAL FLOW PROBLEM . In that setting, instead of a single source-target pair
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(vs,vt), the problem comes with a collection £ C V x V of edges, and one wishes to carry as
much flow as possible along those edges.

There is a fairness constraint: the objective is not to maximize the total amount of flow
through the edges, which would easily be reformulated as an instance of the SEQUENTIAL
FLOW PROBLEM. Such a reformulation could lead to one of the edges being unused, in the
sense where it would carry no flow at all.

Instead, there is a fairness constraint, which is better expressed using a token flow d and
its associated global flow g(d)) (cf. Definition 12). We want the flow d to carry simultaneously
many tokens through every edge in F, by maximizing the value

|d| = min{g(d)(vs,ve) | (vs,v1) € E}
and the FAIR SEQUENTIAL FLOW PROBLEM requires to compute the value

sup |d| .
token flow d

This problem can be solved similarly to the SEQUENTIAL FLOW PROBLEM, except one
looks for a different kind of witnesses in the flow semigroup F.

» Definition 35. A fair unboundedness witness is an element of x € F such that
V(vs,v¢) € B, x(vs,v¢) = w .
» Theorem 36. The FAIR SEQUENTIAL FLOW PROBLEM can be solved in polynomial space.

Proof. The unboundedness of the FAIR SEQUENTIAL FLOW PROBLEM is equivalent to
the existence of a fair unboundedness witness in the flow semigroup F, the proof is a
straightforward adaptation of the proofs of Lemma 14 and 17. Such a witness can be looked
for in polynomial space for using Algorithm 1. If no such witness exists then the value
supy |d| is finite and even bounded by B = K - [V [3361VI™ according to Theorem 16. Then a
variant of Algorithm 2 can be used in order to optimize |d|, by looking for a token flow d
moving exactly k tokens along every edge in E, where k is optimized by dichotomic search
in the interval 0... B. <

5.2 Regular constraints

The FAIR SEQUENTIAL FLOW PROBLEM WITH REGULAR CONSTRAINTS generalizes the FAIR
SEQUENTIAL FLOW PROBLEM by requiring that we only consider capacity words within a
given regular language. Formally, consider a finite set A C (NU {w})" ™" of capacities, a set
E CV xV and a regular language L C A* recognized by a non-deterministic automaton
with m states. Let n = |V| and K be the largest finite capacity in any element of A. The
problem is to compute the optimal fair token flow

sup |d| .
token flow d

over capacity words in L.

» Theorem 37. The FAIR SEQUENTIAL FLOW PROBLEM WITH REGULAR CONSTRAINTS

can be solved in polynomial space. Furthermore if the answer is bounded then it is at most
K(Q|v|)(170log2(m)+835)|V|12'
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This can be shown with the technique discussed in Sections 3 and 5.1 with a slightly
extended definition of the flow semigroup. We describe the necessary adjustments below;
more detailed proofs are presented in Appendix C.

Fix a non-deterministic finite automaton A with @ the set of m control states, I, F C @
sets of initial and final states, and A C @Q x A x @ the transitions over the alphabet A. We
define the semigroup B4 made of the set of triples in Q x {0,1,w}V*V x @, plus an element
1, and where the product  is defined as follows:

(q1,z-y,45) if 1 = q2
(q1,2.4}) * (2,9, 45) = oo
1 otherwise.

Weset Lx 1 = 1 and (q,7,¢')x L = Lx(q,7,¢') = L for all (¢,7,¢") € Q x{0,1,w}V*V xQ.

To lift the iteration operation, notice that, except for 1, an idempotent of B 4 is of the
form (q,e,q) with an idempotent matrix e. Define (q,e,q)f = (¢, e, q) for all ¢ € Q and
idempotent e, and let 1L# = 1.

The labeled flow semigroup F 4 is defined as the smallest sub-semigroup of B4 which
contains {(q,xq4,¢') | (g,a,q") € A} and is stable by * and §.

It then suffices to go through the same steps as in Sections 3 and 4, with some minor
changes to accommodate the state constraints. We explain the necessary changes in Ap-
pendix C.

Conclusion

We provide a new algebraic technique to solve the SEQUENTIAL FLOW PROBLEM in PSPACE.
We mention two promising directions to utilize the results shown here. First, we aim to
adapt our techniques to graphs generated by graph grammars. Second, we plan to extend our
framework to settings with asynchronous flows, with applications to asynchronous distributed
computing.
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Appendix
A  Proofs of Section 3

A.1 Proof of Lemma 5

Proof of Lemma 5. The three cases are clearly distinct: in case i) K, is w, in case it is
finite but unbounded, in case iii) it is bounded.

Case i). Assume that e(v,v") = w and let n > 1. Since e = e, then e™(v,v") = w. By
definition of the product, there exists a sequence v = vg, vy, . .., v, = v’ such that e(v;_1,v;) =
w,i € 1...n. Those edges can carry an arbitrarily large amount of flow, hence the first
statement of i) holds. Moreover, for n = |V, there must exist 0 < ¢ < j < n such that v; = v,.
Set v = v; = vj. Then e(v”,v") = &/ ~*(v",v") > min(e(vi,vit1),...,e(vi—1,vj)) = w.
Conversely, if such a pair v/, v exists then e(v,v') = €2(v,v") > min(e(v,v”), e(v",v"))) = w.

Cases ii) and iii). Assume now that e(v,v’) = 1 and let n > 1. Analogously to the
previous case we must have Vn, K,, > 1.

Introduce

P = {(vg,v) € V? | e(v,v9) = w A e(vo,vy) = 1 Ae(vh,v') = w}.

The alternative conditions for cases (ii) and (iii) simply check whether P is non-empty or
empty, respectively. We start with a preliminary remark. Let d,, be a flow from v to v’
in the pipeline e”. Since e(v,v") = 1, every sequence v = vg, v1,...,0, = v’ such that all
dp(vi,vi11) > 0 carry positive flow must traverse a 1-labelled edge e(vg,v)) = 1 at some
point.

This remark shows K,, < n|V|: the cut which removes all edges of capacity 1 disconnects
v from v’. This has cost at most n|V| thus according to the maxflow-mincut theorem,
K, <n|V].

Assume first that P is empty. Consider the cut which removes from the pipeline all
1-labelled edge in the first and last copy of e. Since P is empty, according to the previous
remark, the cut disconnects v from v’. There are at most 2|V| such edges thus according to
the maxflow-mincut theorem, K, < 2|V]|.

Assume now that P is not empty. A reasoning similar to case i) shows that P contains
a pair (vg,v()) such that e(vg,vg) = e(v(,v)) = w. Consider the following sequential flow of
value n in the pipeline ee™e. First all the flow traverses the w-edge (v, vg). Then at every
step 1 < £ < n, one unit of flow traverses the 1-edge (vg, v}) while the rest of the flow stays
on the w-loops on vy and vj). Finally all the flow travereses the w-edge (v(,v’). This shows
that K412 > n. |

A.2 Proof of Lemma 7

Proof of Lemma 7. The iteration operation does not create new unstable edges. Let (v,v’)
such that ef(v,v’) = 1. To prove stability, we take any vg,v) € V such that w = e*(v,vp) =
ef (v}, v’) and prove that ef(vg,v)) = 0, which is enough according to iii) of Lemma 5. By
definition of e, it is also enough to prove e(vg, vj) = 0.
The first case is w = e(v,vg) = e(v),v’). Since ef(v,v’) = 1 then e(v,v’') = 1 hence (v,v’)
is stable in e. According to iii) of Lemma 5, e(vg, v(;) = 0.
The second case is 1 = e(v,vg). Then (v, vg) is unstable in e thus there exists wg, w{, such
that w = e(v,wp) = e(w(,vo) and e(wg, wy) = 1. Since (v,v’) is stable in e then according to
iii) of Lemma 5, e(wp, v)) = 0. Then, 0 = e(wo, v}) = €3(wo, v}) > min(e(wq, wh), e(wy, vo), e(vo, vh)) =
min(1, e(vg, v()). That shows e(vg, vj) = 0.
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The third case is 1 = e(v(,v’). It is similar to the second case. <

A.3 Proof of Lemma 14

We prove the following property on elements of the flow semigroup F:

(¢) For all z € F, for all N € N, there exist a capacity word w and a token flow d over w
such that for all v,v" € V, the following two conditions are satisfied:
1. z(v,v) =w = g(d)(v,v') > N
2. z(v,v") > 1 = there is a path in w from v to v’ (in the sense of Definition 15).

This clearly implies the lemma, by applying property ({) (specifically, the first item) to
an unboundedness witness.

The proof follows the inductive definition of the flow semigroup JF: first prove property
(¢) for the abstracted capacity constraints {x, | @ € A}, then show that property () is
preserved by product and iteration.

Let x, be the abstraction of a capacity constraint a € NV*V. Let N € N. We simply use
the capacity word of length one w = a, with a token flow d over w transferring N tokens
from v to v’ for all v,v" € V such that z,(v,v") = w. Both conditions 1) and 2) clearly hold
by definition of the abstraction x,, hence the property (<) holds.

We now show that property ({) is preserved by the product operation. Let z,y € F
which both satisfy property () , and consider their product x - y and some integer N. To
obtain the property for N for z -y, we apply it with N’ = |V|2N for x and y, and obtain two
capacity words w,,w, and token flows d,, d, which satisfy conditions 1) and 2) for N’'. We
use the concatenation w = wyw, as our capacity word. By definition of the product, for each

v,v" such that (z - y)(v,v") > 1, there exists ¥ € V such that z(v,7) > 1 and y(v,v") > 1.

Since condition 2) holds for both w, and w,, there is a path from v to 7 in w,, and from
7 to v’ in w,, and thus from v to ¢" in w. We no define the token flow for = - y. Take an
w-edge of (z -y) i.e. a pair v,v" such that (z - y)(v,v") = w. By definition of the product,
there exists T € V such that z(v,7) = y(7,v') = w. We select N tokens from the token flow
d, going from v to T and N tokens from d, going from T to v’. Since at least |[V|2N tokens
are moving along each w-edge in d, and d,, the selection can be performed so that the set
of tokens are pairwise-disjoint. The N tokens selected for (7,v’) in d, are renamed so that
they are equal to the N tokens selected for (v,7) in d,. All other tokens are deleted from d,
and dy. The resulting token flows are concatenated, to get one over w where N tokens are
moving along every w-edge of x - y. This terminates the inductive step for the product.

Finally, we prove that the property ({) is preserved by iteration, i.e. application of the f
operator to idempotent elements. To begin with, we show that it suffices to prove that the
property (<) is preserved while applying # on simple unstable idempotents, defined below.

» Definition 38. A simple unstable idempotent is one which only has self-loops (1 or w),
plus a single unstable pair. Formally, it is an idempotent element e € F such that there exist
v#v €V with e(v,v') =1 and for allv #7v €V, (v,v") # (0,7) = e(v,7') = 0.

Given two elements x,y of F, we write z < y if z(v,v’) < y(v,v’) for all v,v’ € V. Clearly,
if y satisfies the property () , then so does = (take the same pipelines and token flows).

» Lemma 39. For every unstable idempotent e € F, there exist some simple unstable
idempotents ey, ...,e, < e € F such that et < eeﬁ .. eﬁne.
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Proof. For every unstable pair (7,7") of e such that e(v,7) = e(v',7") = w, let e be the
matrix such that ez 7 (7,7) = 1, eg 5 (v,v) = e(v,v) for all v € V and all other pairs are
mapped to 0. It is easily verified that ey 7 is a simple unstable idempotent and that e%j, is
the idempotent identical to e; 3 except that 6%75/ (v,7) =w.

Let m the number of unstable pairs of e such that e(v,7) = e(¥',v") =w and ey, ...,ep,
be the associated simple unstable idempotents, in any order. Define x = ee% . ef'ne, we
show that e! < . Since e is idempotent, then e® = e and by definition of the product, for
all v,v" € V| there exist vy such that e(v,v") = min(e(v, vg), e(vo, o), €(vg,v’)). For every
Lel...m, e(vg,vg) = er(vg,vg) < eg(vo,vo). Therefore, by definition of the product,

e(v,v") < min(e(v, vo), el (v, v0), . . , €h (vo, vo), e(vo, V")) < z(v,v").

This holds for every edge v,v’, thuse...x.

To show that e < x, it remains to prove that all unstable pairs of e are mapped to w in
x. Let (v,v") be one. By definition of (un)stability (condition ii) in Lemma 5), there exists
v, v} such that e(v,vg) = e(vo, vo) = e(v), v)) = e(v),v") = w and e(vg, v)) = 1.

As a consequence, there is an index £ such that e, = e; 3 and thus eg (v,7') = w. By
definition of the product, x(v,v’) is greater or equal than

min(e(v, vo), e (vo, v0), - -, € (v, v), - . -, €k (v, vp), (v, , ')
and all those terms are w hence z(v,v’) > w. Finally, el < 1. <
We now focus on simple unstable idempotents.

» Lemma 40. Let e a simple unstable idempotent with (v,v") its unstable pair. Suppose that
for all N there is a capacity word w such that

there is a token flow transferring N tokens along every w-loop for all N, and

there is a path in w from v to v'.

Then, for all N, there is a token flow over a capacity word w', transferring N tokens
along every w-loop, plus 1 from s to t.

Proof. Let N € N. By hypothesis, there exists a capacity word w, a token flow d on w
transferring N + 2 tokens along every w-loop, and a path 7 from v to v/ in w. Since (v,v’) is
unstable and e is a simple unstable idempotent, there are w-loops on both v and v’.

We say that a token 7 crosses path m at date ¢ if the § + 1th state in « is the d + 1th
state visited by 7.

We cut d as follows: Let 0 = ) < §1 < §] < Jz < --- < d/,, be such that J; is the first
date at which a token 7; crosses path 7 strictly after d,_;, v; is the initial vertex of 7; and 4,
is the last date at which a token 7/ with initial vertex v; crosses .

Define d’ the token flow where tokens 7; and 7/ have been deleted. Let 7 be a fresh token.
For each i € [0,m] let d; be the token flow such that before 0} we make 7 mimic 7/ (if ¢ > 0),
between §; and d,41 we make 7 follow 7 and after §; we make 7 mimic 7,41 (if i < m).

Observe that d; transfers at least NV tokens along each w-loop, plus 7 which is transferred
from v; to v;41.

The composition of these flows dy - - - d,,, transfers N tokens along each w-loop, plus 7
which is transferred from vy = s to v, 41 = t. <

» Lemma 41. Let e a simple unstable idempotent with (v,v’) its unstable pair. Let w a
capacity word such that
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there is a token flow transferring N tokens along every w-loop for all N, and

there is a path in w from v to v’

Then there is a token flow transferring N tokens along every w-loop, plus N from v to v/,
for all N.

Proof. Take a token flow transferring N tokens along every w-loop, plus one from v to v’ (it
exists by the previous lemma). By iterating it N times, we transfer N tokens from v to v/,
and still NV tokens along every w-edge. <

To conclude, let e be an idempotent satisfying the property () , and let e, ..., e, be as
in Lemma 39. Since e; < e for all 7, each e; satisfies the property ({) . By Lemma 40, so does
each ef, hence also ee§ ... e e since property ({) is preserved by product. As e < eeg ...eb e,
we obtain that e satisfies property (<) .

We have shown that property ({) holds on {z, | a € A}, and is preserved by product

and application of f. As a result, it holds on all elements of F.

A.4 Proof of Lemma 19

Proof of Lemma 19. By induction on h > 0. Case h = 0. The only valid expressions of
height 1 are (abstractions of) single capacity letters. In the algorithm then correctly returns
whether this is the case for x, either on line 3 or 5. Case h > 1. If there is a #-expression of
height h > 1 then its root is either labelled by a product z; - x5 and there are f-expressions
of height h — 1 for the two z1, or the root is labelled by ef for an idempotent e and there
exists a f-expression of height h — 1 for e. Either way, the algorithm correctly returns true in
line 8 or 11. Otherwise, if no such expression exists, the algorithm correctly returns false in
line 12. <

A.5 Checking whether =, —, z; in polynomial space

Let x4, z; two C-configurations.

In case £ =1, x5 —1 x; reduces to solving |A| instances of MAX FLOW PROBLEM with
maximal capacity C, which can be solved in time polynomial in |V and the length of the
binary representation of C. For every a € A, the MAX FLOW PROBLEM instance is denoted
I(a,xs,x¢). It is obtained by adding a new source vertex v/, with capacity constraints zs(v)
on each edge (vl,v),v € V and a new target vertex v; with capacity constraints z;(v) on
each edge (v,v;),v € V, and checking the existence of a flow of maximal value C' from v, to
v}.

The existence of a sequential integral flow is performed by Algorithm 3. The calling depth
height is < [log,(€)]hence it can be implemented and a stack of up to [log,(¢)] triplets of
C-configurations and binary counter < ¢. This requires polynomial space in log,(¢), |V| and
log,(C), plus the space for the £ = 1 case, which is polynomial in |A|, |V] and log,(C).

» Remark 42. We obtain an alternate way to check unboundedness of flow values: simply
check wether there is a sequential flow of value K - [V 3361V 11 (see the proof of Theorem 22
for a way to do this in polynomial space). If no such sequential flow exists, then we have a
bound, otherwise there exist sequential flows with unbounded values by Theorem 16 and 11.
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Algorithm 3 Checking whether x5 —¢ x+

1: function ISINTSEQFLOW (5,24, £)
2 if / =0 then

3 return z; = x4

4 if / =1 then

5: for every capacity a € A do
6 if the instance I(a,xs,x+) has a flow of value C then
7 return true

8 return false

9: for every C-configuration = do

10: bs < IsIntSeqFlow(xs,z,[£/2])

11: b + IsIntSeqFlow(x,z,|¢/2])

12: if b, and b; then

13: return true

14: return false

B Proofs of Section 4

B.1 Proof of Theorem 26

We extend the definition of regular J-length to elements of the semigroup.

» Definition 43. The regular J-length of an element x € S is the mazimal number h such
that there exist idempotents ey, ..., ep € E(S) such thate; <7 ... <7 ep<gz.
Equivalently, it is the reqular J-length of the semigroup obtained by restricting S to
{y e Sly<ga}.
We write L(xz) for the regular J-length of x.

Let us recall two facts on Green relations. For an in-depth introduction to Green relations,
see for instance [18].

» Lemma 44. In a finite semigroup S, every equivalence class for H contains at most one
idempotent.

» Lemma 45. In a finite semigroup S, for all x,y € S, if Ty and <,y (resp. x<ry)
then xLy (resp. TRy).

We start by considering sequences of elements of S that remain within a layer of the
semigroup of equal regular J-length. We show that we can cut every such sequence into
blocks, where every block is of the form uafB7y, with u, a,~ short and «, 5,y evaluating to
the same idempotent.

» Lemma 46. Call a block a word of the form uafy, with o, = ¢5 = ¢ € E(S).

Let w € §*. A block decomposition of w is a sequence of tuples (u;, o, Bi,Vi)i<m, Plus
an extra word Uy, +1, with:

W = U1 B1y1U2 -+ - O B Y Um 41

All u;, «; and 7; have length at most Rs(3)

For all i there exists e; € E(S) such that ps(a;) = ps(8i) = os(vi) = e;.

We start by cutting the word w in an unbounded number of blocks, and then merge some
of those blocks to obtain a bounded number of them.
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» Lemma 47. Every word w = x1 ...z € 8 has a block decomposition.
Proof. Consider the following algorithm:

Algorithm 4 Algorithm to cut the word into blocks

1:4,4,p+ 1

2: while kK —i > Rs(3) do

3: while z; ... x; is not a block do
4: j+—j3+1

5: Bp<—xi...:rj

6: 1, J+1

7 p—p+1

8:

Up < Tj... T

Observe that the internal while loop must always terminate with 7 < i + Rs(3): by
definition of Rs(3), if j —i > Rs(3), there must be three consecutive infixes in in ;... z;
evaluating to the same idempotent. As a consequence, x; ...x; must have a block as a prefix.

In particular, we cannot reach the end of the word while in the internal loop: before
entering it, the external loop condition guarantees that k — i > Rs(3), hence we will find a
block before reaching the end of the word.

Let 7 be the value of p — 1 at the end of the execution of Algorithm 4. We obtain a
sequence of blocks By, ..., B, and a suffix B,11 such that z1...2x = By ... ByUry1.

Since each B; with i < r is a block, we can define u;, @;, 8;,7; € S* and €; € FE(S) such
that B; = w;a;3,7; and ¢s(a;) = ¢s5(B;) = ¢s(7;) = €. Observe that all those words have
length at most Rs(3). <

» Lemma 48. Let w = x1...x be such that L(x;) = L(ps(w)). Then w has a block
decomposition with at most |S|Rs(3) elements.

Proof. In all that follows, given a block B = (u, «, 3,7), we write B for the word ua3y.
Let By, ..., B,, be a block decomposition, with B; = (u;, oy, 5;,7:). We say that we can
reduce it if there exist ¢ < j such that

ps(ai) = ps(aj) = es(BviBiti - .. Bj_1uja; ;).
In that case it reduces to the block decomposition
By, ..., Bi—1, (ui, 4, BiviBig1 - .. Bj—1u;ajBj,7;), Bjt1, - . ., Br.

Note that this sequence is also a block decomposition of w, with less elements than the initial
one.

By Lemma 47, w has a block decomposition. We can reduce it until we cannot
anymore. Let Bi,..., B, be a block decomposition of w that cannot be reduced, with
B; = (ui, a4, Bi, vi)-

For all j let e; = ¢, € E(S). We show that m < |S|Rs(3), by contradiction. Suppose
m > |S|Rs(3). Then by the pigeonhole principle there exists e an idempotent which is equal
to e; for at least Rs(3) + 1 distinct values of j. Let j(0) < ... < j(£) be such that e;;) = e
for all ¢ and £ > Rs(3).

For all i € [1,4] let y; = ’yj(i,l)Bj(i,l)Jrl e Bj(i)flaj(i)/@j(i)- Since ¢ > Rs(3) > Rs(1),
by definition of Rgs(1) there exist ¢ < ¢’ such that ¢s(y; ...y ) is an idempotent f € E(S).
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We have f = ¢s(y;...y) and thus

[ =vs(vji-1))esBji-1)+1 - - - Bjn—1)es (i Bian)

= G@S(Bj(i,1)+1 ce Bj(l-/),l)e.

Hence f <4 e.

Let ¢ be the regular J-length of x; ...z (and of all x;). Since e and f are the values of
infixes of z1 ... xy, they must both have regular J-length ¢, and thus fJe. By Lemma 45,
we have fHe. Since an H-class contains at most one idempotent by Lemma 44, we have
f=e.

This means that e = ©s(Vji-1)Bji—1)+1- - - Bjr)—125)Bj(ry). Since e(j(i)) = ej(i’).
As a consequence, the block decomposition is reducible, a contradiction. Hence m <

IS|Rs(3). <

» Corollary 49. Let w =z ...z, € S* be a word so that L(ps(zo---x1)) = L(x;) for all i.
There exists a summary of x1 ...z of height at most (logs(|S|) + 21logs(Rs(3))) + 3.

Proof. We use the decomposition from Lemma 47, and the same notations. We use a tree
of height at most log(2m + 1) < log(2|S|Rs(3) + 1) of product nodes to obtain one leaf for
each u; and one for each «;5;;. Then we apply idempotent nodes for each a;(;7; so that all
leaves are labeled by some u;, a; or ;. We can then apply log,(2Rs(3)) product nodes on
each to obtain a tree where all leaves are labeled by some x;.

In total we have built a tree of height at most log(2|S|Rs(3) + 1) + 1 + log,(2Rs(3)) <
logy (IS]) + 2logy (|Rs(3)]) + 3. <

We now show how to use this lemma to prove Theorem 26.

Proof of Theorem 26. We prove by strong induction on ¢, the regular J-length of ¢s(w),
that w has a summary of height at most £(log,(|S|) + 21og,(Rs(3)) + 4).

Let w € 8* such that ps(w) has regular J-length ¢, suppose we have the lemma for all
words of regular J-length < /.

We cut w into wia; . . . wgagwgy1 so that w; is the largest prefix of w;a; . . . wiy1 of regular
J-length < ¢. Note that since w has regular J-length ¢, w;a; must have regular 7-length ¢
as well.

For each i let z; = ps(w;a;). All z; have the same regular J-length ¢ as ¢s(z1 ... xg).
By Corollary 49 there exists a summary 7 of 7 ...z, of height bounded by log,(|S|) +
2log,(Rs(3)) + 3.

Furthermore, by induction hypothesis we have a summary for each w;, of height at most
(€ —1)(logy(|S]) + 2logy(Rs(3)) +4). An additional product node gives us a summary 7; for
w;a;, of height at most (¢ — 1)(log,(|S]) + 21log,(Rs(3)) +4) + 1.

We append 7; at the leaf corresponding to x; in 7, for all ¢. We obtain a summary of w,
of height at most £(log,(|S]) + 2logy(Rs(3)) + 4).

The induction is proven. To obtain the theorem, we observe that ¢ is at most L(S). By
Theorem 23, we have L(S) < log,(Rs(2)) < logy(Rs(3)). In conclusion, for every word w €
S* there exists a summary of height at most logy(Rs(3))(logs(|S]) + 21logy(Rs(3)) +4). <«

B.2 Proof of Lemma 30

The following proof is inspired by [17]. For this section it is convenient to visualise elements
of F as graphs over V. Recall that n is the number of vertices |V|. Given an idempotent
element e € F, its w-graph is the directed graph whose set of vertices is V', with an edge



H. Gimbert, C. Mascle, P. Totzke

from v to v’ if and only if e(v,v') = w. Strongly connected components of this graph are
called w-SCCs of e. An w-SCC C' is non-trivial if there is at least one edge e(v,v’) = w
with v,v" € C. The set of non-trivial w-SCCs is denoted SCC,,(¢). We also define the
relation R, (e) over SCC,(e) such that (C1,C3) € R, if there exist v; € Cy and vy € Co
with e(vy,v2) = w.

» Remark 50. The w-graph of an idempotent e is necessarily transitive: for all vy, vq,v3 € S,
if e(vy,v2) = e(ve,v3) = w then, since e - e = e, e(v1,v3) = w. As a consequence, given a
non-trivial w-SCC C, we necessarily have e(v,v") = w for all v,v" € C (in particular, every
state in C has a self-loop).

Another consequence is that if (C1,Cs) € R, (e) then e(vy,v2) = w for all v; € Cy and
vy € Cs.

In order to bound the number of unstable idempotent nodes along a branch of a factorisa-
tion, we show that a certain quantity can only decrease or stay the same among idempotents
along a branch, and has to decrease at every unstable idempotent node. The first component
of that quantity is the number of w-SCCs.

» Lemma 51. For all idempotents e, f, if e< s f then |SCC,(e)| < |SCC,(f)|.

Proof. This proof is inspired by the one of [17, Proposition 5.5]. Since e<sf, there exist
xz,y € M such that e = zfy. We can assume without loss of generality that x = zf and
y = fy; otherwise we replace z by 2’ = zf and y by ' = fy: we then have 2’ = 2'f, v/ = fy/
and e = z' fy’.

We define an injective function yields : SCC,(e) — SCC,(f) as follows. For each
non-trivial w-SCC C of e, we select any vertex ve € C. Since C is non-trivial, e(ve, ve) = w
by Remark 50. We select a vertex v such that z(ve,v) = f(v,v) = y(v,ve) = w and define
yields(C) as the w-SCC of v, which is non-trivial since f(v,v) = w.

Let us first argue that such a v always exists. Since e = zfy, there exist v/,v” such
that z(ve,v') = f(v',v") = y(v”,ve) = w. Hence by Lemma 5 there exists 7 € S such that
f(',7) = f(v,9) = f(v,v"”). Since z = xf and y = fy, we obtain z(ve,v) = f(7,0) =
y(U,v0) = w.

It remains to show that this function is injective. Let C,C’ be two w-SCCs of e such
that yields(C) = yields(C’). By definition of yields, we have two vertices v € C,v" € C’
and two others 7,7 € yields(C) = yields(Ct) such that z(v,v) = z(v',?’) = y(v,v) =
y(v',v') = w. Since 7,7’ are in the same w-SCC of f, we have f(v,7') = f(v',v) = w by
Remark 50. As a consequence, since e = z fy, we obtain e(v,v’) = e(v',v) = w, hence v and
v’ are in the same w-SCC of e. <

The second component of that quantity is the size of the relation R, (e) over w-SCCs.

» Lemma 52. For all idempotents e and f such that e<zf and |SCCy(e)| = [SCC,(f)],
we have |Ry,(€)| > |R.,(f)].

Proof. If |SCC,(e)| = |SCCy(f)| then the function yields defined in the proof of Lemma 51
is actually a bijection.

We show that for all (C,C’) in R,(f), (yields }(C),yields™!(C")) € R,(e), which
implies the lemma. Let (C,C’) in R, (f). Let v € yields~!(C) and v’ € yields~(C’). By
definition of yields, there exist 7 € C and v € C” such that z(v,v) = f(v,v) = y(v,v) and
z(v',v') = f(@,0) =y@, ).

Furthermore, since (C,C") € R, (f), there exist v € C,v"" € C' such that f(v”,v") = w.
In light of Remark 50, and since both 7, v”” and @', v’ share the same SCC, we obtain f(v,7') =
w, and thus e(v,v’) = w. As a result, we have (yields™!(C),yields™1(C")) € R, (e).

A
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» Lemma 53. For all idempotent e € M, if e # e* then either:
|SCC,,(e*)] < |SCCy(e)|, or
|SCC,,(e*)| = |SCC,(e)| and |R,(e*)] > |Ru(e)]

Proof. For all v,v" € S, if e(v,v") = w then e*(v,v’) = w. In other words, the w-graph of e is
a subgraph of the one of ef, and since both e and ef are idempotent, both graphs are transitive.
As a consequence, |SCC,,(e)| > |SCC,,(e*)| and if |[SCC,(e)| = |SCC, (%), then actually
the two graphs have exactly the same SCCs. In that case, since e # ef, there exist v, vy, vh, V'
such that e(v,vg) = e(v},v") = w and e(vg,v}) = 1. By Lemma 5, we have vy, v} such that
e(v,v1) = e(vy,v1) = e(vy,v9) = w and e(v),v]) = e(vy,v]) = e(vy,v') = w. Since e is
idempotent and e(vg, vj) = 1, we have e(vy,v}) < 1 and similarly since ef(vg, v})) = w we have
et (v, v}) = w. Hence the w-graph of ef must have an extra edge between non-trivial w-SCCs.
Since the graphs are transitive, this extra edge has to be from an w-SCC C to another C’
such that there are no edges from C to C’ in e. As a result, |R,(e)| > |R,(e)|. <

Proof of Lemma 30. Let ey, ..., e, be idempotents in F such that e§§36i+1 for all 7. For
each i we define

(ki pi) = (n = [SCCy(ei)], | Ru(ei)])-

Observe that k; ranges from 0 to n, since the number of w-SCCs cannot exceed the
number of nodes. As for p;, it ranges from 0 to n — 1: if we had p; > n — 1, then also
p; > |SCCy(e;)| — 1 and the relation R, (e;) would have a cycle. This is impossible as we
would then have two distinct w-SCCs connected in both directions.

By Lemmas 51 and 52, (k;, p;)1<i<k is non-increasing for the lexicographic ordering. As
a result, it can strictly decrease only n(n — 1) < n? —1 times. As a consequence, there exists
i such that (k;,p;) = (kit1,Pi+1), implying that e, = eg by Lemma 53. <

C Regular constraints

The aim of this section is to prove Theorem 37.
We extend the notion of fair unboundedness witness: A fair unboundedness witness for A
is an element (q,z,q") € F4 such that ¢ € I, ¢’ € F and z(vs,v;) = w for all (vg,v4) € E,

» Lemma 54 (Adapted from Lemma 14). If the labeled flow semigroup contains an element
(gi,x,q5) with ¢; € I, g5 € F and x(vs,v) = w for all (vs,v) € E then the answer to the
FAIR SEQUENTIAL FLOW PROBLEM WITH REGULAR CONSTRAINTS is w.

Proof. We show that all elements of F 4 besides | satisfy the following property: For all
(q,2,q') € Fa, for all N € N, there exist a capacity word w and a token flow d over w such
that w labels a run of A from ¢ to ¢’ and for all v,v’ € V, the following two conditions are
satisfied:

1. 2(v,v') =w = g(d)(v,0') > N

2. z(v,v") > 1 = there is a path in w from v to v’

The proof is then a straightforward adaptation of Appendix A.3. <

For the other direction, we need to bound the regular J-length of F 4. Although bounds
on the Ramsey function can be inferred through Theorem 23, we obtain better bounds by a
simple pigeonhole argument.

» Lemma 55. The labeled flow semigroup satisfies the following inequalities:
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1. |Fal <m2|F|+1<m?3"" +1,

2. L(FA) S L(F)+1<(n®*+n+2)?/4+1, and

3. forallk €N, Ry, (k) < Rr(k(m +1)). In particular, Ry, (3) < (3(m + 1)|F|H)EF) <
(m +1)167" 3320

Proof. 1. The bound on the size follows from the simple observation that for every element
of F4 of the form (¢, x,q’), by definition of F4, x can be obtained from the (z,)qca
using product and f. Hence x € F, and thus |F4| < |Q|*|F| + 1.

2. It was shown by Jecker that the regular J-length L(S) of a finite semigroup § is equal
to the largest m such that the max-monoid H,, can be embedded in S [14, Appendix B].
We use this to show that the regular [J-length of F 4 is at most the one of F plus one.
Let m € N, suppose we have an injective morphism % : H,, 11 — F4. At most one
element can be mapped to L, and if there is one it must be m + 1. We exhibit an injective
morphism H,, — F.

For all ¢ € [1,m], we must have ¥ (i) * (i) = ¢(max(i,7)) = (i), hence all ¥(7)
are idempotents, of the form (g¢;,e;,¢;). Further, for all ¢ < j we have ¥ (i) x ¥ (j) =
(max(i, j)) = ¥(j), hence ¢; = ¢;. As aresult, there is a state ¢ such that (i) = (q, €;, q)
for all 7. Since v is injective, all e; must be distinct.

It suffices to observe that the function ¢’ : H,, — F with ¢/(i) = e; is an injective
morphism.

As a consequence, L(F4) < L(F) + 1.

3. For the Ramsey function, we use a simple pigeonhole argument. Let 7 : F4 — F be
the morphism projecting each triple (¢, z,q') € F4 to its middle component = € F.
Let k € N, let w € F4* be a word of length kRz(k|Q|). We show that w contains k
consecutive infixes evaluating to the same idempotent.

We first cut w in k parts of length Ry (k|Q|): w = wy ... wx. If pr,(w;) = L for all
j, then we have the desired consecutive infixes. Otherwise, there is some p such that
ora(w;) # L.

Since w,, has length at least Rz (k|Q|), by definition of the Ramsey function it contains
an infix ... uy( @) such that there is an idempotent e € F with pz(m(u;)) = e for
all i. Since ¢z, (w;) # L, there are states qo, ..., qr|o| such that we have pz(7m(u;)) =
(¢, €i,qi+1) for all i. By the pigeonhole principle, there exist ig < -+ < i such that
i, = -+ = qi,,- Let g be that state. As a result, the consecutive infixes u;; ... u;,,, 1 all
evaluate to the same idempotent (g, e, q). <

» Lemma 56 (Adapted from Theorem 16). For all capacity words w, for all q,q' € Q, if there
is a run reading w from q to ¢’ in A then there exists x such that (q,z,q') € Fa and for all
v, €V,

z(v,0") =0 = g(d)(v,0") =0 and
2(v,0') =1 = g(d)(v,v') < K(2|V])(7018:(m)+835)n ",

Proof. To begin with, we can apply Theorem 26 to F.4:
Every word w € F4* has a summary of height at most

L(F4)(10g5(|Fal) + 21oga (Rr,(3)) + 4).

By Lemma 55, this is bounded by
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(n? +n + 2)?

( 4
<(5n1)(21og, (|Q]) + 2n? + 1 4 32n* log, (|Q|) + 32n* 4 128n5 + 4)
<(1701log, (|Q)) + 835)n™"

+ 1) (logy (|QI?3™ + 1) + 21og,((|Q] + 1)197"3%27%) 4 4)

We extend the f-summaries to the labeled flow semigroup. A labeled f-summary is defined
analogously to a f-summary, but the labels are in F 4 X F4* instead of F x F*.

Lemma 30 can be extended to F.4: Let (g1,€1,q1), ..., (¢n2, €nz,qn2) be idempotents of
F 4 (different from 1) such that

(i €is Qi)uSJ(QH-Ia i1, Qit1)

for all 4. Then, for all i we have €§§j€i+1. By Lemma 30, there exists ¢ such that eg =€; .
As a consequence, (QiyeiaQi)ﬁ = (%6?,%‘) = (i, €, Gi)-

Thus, we can repeat the proof of Theorem 33 for F 4. We obtain that each word has a
labeled f-summary of height at most (1701og,(|Q|) + 835)n!2.

This lets us in turn adapt Theorem 16: if K is the largest finite coordinate in capacities,
and w has a labeled f-summary whose result is « with z(s,¢) <1 then the maximal flow in
w from s to ¢ is bounded by K (2n)(170l0g>(IQ)+835)n"™ <

This leads to the following corollary which allows to compute the optimal sequential flows
in polynomial space just like in the previous cases.

» Lemma 57 (Adapted from Lemma 17). If the answer to the FAIR SEQUENTIAL FLOW
PROBLEM WITH REGULAR CONSTRAINTS is w then there is a fair unboundedness witness for
Ain F4.

Proof. Since we have capacity words in L with token flows of unbounded values, in par-
ticular there exists a capacity word w € L with a token flow d transferring more than
K (2|V])(17010g2(m)+835)n"* {,kens between each pair of vertices in E. Let ¢ € I,¢ € F such
that w labels a run from ¢ to ¢’ in A. We apply Lemma 56 to d. By case inspection, the
only possible value of z(v,v’) is w, thus (q,z,¢’) is a fair unboundedness witness for 4. <
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