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Background: Brief description of the λ-calculus [1, 2]

The goal of this Project is to implement reduction rules of the λ-calculus (lambda-
calculus) which is historically one of the first approaches of defining computabil-
ity (alongside with Turing Machines). λ-calculus is a precursor of contemporary
functional programming languages and one of the main formalisms of mathe-
matical logic and computability theory. It is very beautiful and so simple that it
seems highly miraculous that it has the same computational (expressive) power
as Turing machines. That is, any TM can be imitated by appropriate λ-term,
and vice versa.

The syntax is described by the three clauses:

• Any variable (x, y, x, . . .) is a λ-term.

• If A and B are λ-terms then the result of application of A to B denoted
as (AB) is a λ-term.

• If A is a λ-term and x is a variable (possibly involved in A)) then the
result of λ-abstraction (λx.A) is a λ-term.

If there are no ambiguity and by using certain agreements the parentheses are
sometimes omitted. But in the formal implemented version the syntax (or syn-
tax agreements) should strictly fixed.

Application operator. Intuitively, each lambda-term denotes some abstract
object which can serve either as a function or an argument of a function de-
pending on the context. For example, in AB, A serves as a function, B as its
argument and AB as the result of application of A to B. (To give any example
from school mathematics, sinx is the result of application of the function sinus
to a real number x.) Abstractly, we can consider AB again as a function and
can apply it to some argument C, writing this as applicative term ((AB)C)
or, omitting brackets, as ABC. This also can be considered as the result of
application of the function A to two arguments B and C. (For example, we can
consider the operation of addition + in prefix notation and write +xy instead
of usual x+ y.)



λ-abstraction operator. Let A be λ-term depending on a variable x, what
we can write as A[x]. We can consider this expression as a function of x. For
example, +xy is a function of x and y. We can pay attention only to the variable
x thus considering +xy as a function of x which is actually the function of any
x to given y. We denote this function as λx. + xy so that by applying it to
any argument, say 5, we will get (λx.+ xy)5 = +5y or in the ordinary notation
5 + y.

In general, we can consider the function λx.A[x]. If to apply this function
to any argument B we will get

(λx.A[x])B = A[B] (1)

where A[B] means the result of substituting B for each (free) occurrence of the
variable x in A or A[x]. To be more precise, we write A[B] as A[B/x]. Thus,
the main rule of the λ-calculus is

(λx.A[x])B →→ A[B/x]

where we use→→ instead of = to emphasize that we have a king of simplification
or reduction or computation rule.

For example, (λx. + xx)5 →→ +55 = 5 + 5 = 10. (Here, for illustration
purposes, we mix λ-calculus with arithmetics which is formally not included in
this calculus.)

More complicated and instructive example:

((λx.f(xx))
︷ ︸︸ ︷
(λx.f(xx)))︸ ︷︷ ︸

W

= f((
︷ ︸︸ ︷
(λx.f(xx))

︷ ︸︸ ︷
(λx.f(xx)))︸ ︷︷ ︸

W

). (2)

This reduction step (from left to right) consists in substituting the over-braced
argument expression (λx.f(xx)) in place of (two occurrences of) variable x of
the expression f(xx) under the λ-abstraction (λx.f(xx)). Since under-braced
expressions W to the left and to the right coincide, the resulting equality means
that in the abstract lambda-calculus each function f has a fixed point W = fW
(a property which does not hold in the classical mathematics!). The operator

Y = λf.((λx.f(xx))(λx.f(xx))).

is also called the fixed point (or recursion) operator because for any function f ,
Yf (corresponding to the under-braced parts in (2) above) is a fixed point of f
by the abbreviated form of (2):

Yf = f(Yf).

(It is because of the recursion operator Y, λ-calculus can imitate arbitrary Turing
Machine computation.) There are many interesting examples in the lambda-
calculus illustrating its expressive and computational power.
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Brief description of the project

The main goal of the project is to implement an animated version of the λ-
calculus (e.g. as a Java applet widely available via Internet; but any other rea-
sonable implementation is acceptable) so that it would allow the user to choose
a reducible fragment, i.e. a redex part of the form of the left-hand side of (1),
of any λ-expression and to make automatically (by click) the reduction step (1)
and repeat this procedure any number of times while the redexes exist. For
the user’s convenience, the implemented system should suggest all the possible
redexes in the currently considered expression. The substitution for each vari-
able should be animated in such a way that for a simple student user it would
be clearly seen what happening. The system also should make reduction steps
automatically or semi-automatically by choosing redexes either randomly or by
one of possible strategies of making such a choice. This way such an imple-
mentation would become a good teaching/learning tool of various aspects of the
λ-calculus. How many aspects will be demonstrated (and implemented) will de-
pend on how much the student working on this project will study the λ-calculus.
A minimum is the very simple reduction process described above. One hidden
and crucial difficulty in the project consists in the requirement that the correct
reduction process assumes the need of renaming some variables v in the scope
of the lambda abstraction operator (λv.−) to avoid possible clashes of variables
after substitution (not mentioned in (1) explicitly, but assumed implicitly).

Since λ-terms arising during the reduction process could be rather long and
difficult to grasp by the user, an additional feature could be implemented which
would allow to make by the user short notations of (sub) terms whose meaning
could be automatically recovered by the system when required.

When the system will be fully implemented its work could be illustrated
by defining arithmetical operations in the λ-calculus and demonstrating their
execution by the implemented reduction process.

Background requirements

Having sufficiently advanced programming skills.
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