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This paper establishes a surprising redu tion from parity and
mean payo games to linear programming problems. While su h a onne tion is trivial for solitary games, it is surprising for two player games,
be ause the players have opposing obje tives, whose natural translations
into an optimisation problem are minimisation and maximisation, respe tively. Our redu tion to linear programming ir umvents the need
for on urrent minimisation and maximisation by repla ing one of them,
the maximisation, by approximation. The resulting optimisation problem
an be translated to a linear programme by a simple spa e transformation, whi h is inexpensive in the unit ost model, but results in an exponential growth of the oeÆ ients. The dis overed onne tion opens up
unexpe ted appli ations { like - al ulus model he king { of linear programming in the unit ost model, and thus turns the intriguing a ademi
problem of nding a polynomial time algorithm for linear programming
in this model of omputation (and subsequently a strongly polynomial
algorithm) into a problem of paramount pra ti al importan e: All advan ements in this area an immediately be applied to a elerate solving
parity and payo games, or to improve their omplexity analysis.

Abstra t.

1 Introdu tion
This paper links two intriguing open omplexity problems, solving parity and
payo games and solving linear programming problems in the unit ost model.

Linear programming [1{7℄, the problem of maximising T x under the side
onditions Ax  b and x  0, is one of the most resear hed problems in om-

puter s ien e and dis rete mathemati s. The interest in linear programming has
two sour es: It has a signi ant pra ti al impa t, be ause a wide range of optimisation problems in e onomy and operations resear h an be approa hed with
linear programming, and it is the sour e of a range of hallenges that remained
unresolved for years.
The most prominent open hallenge is Smale's 9th problem [8℄, whi h asks if
linear programming has a polynomial time solution in the unit ost model. In
the unit ost model, we assume that all arithmeti operations have an identi al
unit ost. This model is inspired by the desire of mathemati ians to use real
numbers instead of rationals, but it an also be applied to handle large numbers,

whose representation in binary led to an exponential (or higher) blow-up in the
size of the problem des ription.
Dantzig's simplex algorithm addresses both omplexity models alike. While
highly eÆ ient in pra ti e [1℄, Klee and Minty [2℄ showed that the worst ase
running time of the simplex algorithm is exponential in the size of the linear
programme. Their original proof referred to a parti ular Pivot rule, but it has
proven to be very exible with respe t to the hosen Pivot rule, and ould be
extended to every suggested deterministi Pivot rule that does not depend on
the history of previous updates. The proof is also independent of the hosen ost
model, be ause the path onstru ted by the Pivot rule has exponential length.
While the omplexity for the unit ost model is still open, polynomial time
algorithms for the Turing model like Ka hian's ellipsoid method [3℄ and interior
point methods su h as Karmarkar's algorithm [4℄ are known for de ades. Unfortunately, these algorithms depend on the size of the binary representation of the
numbers, and do not provide any insight for the unit ost model. Apart from the
mathemati al interest in determining the unit ost omplexity of solving linear
programmes, su h an algorithm is a prerequisite of nding a strongly polynomial
time algorithm. The requirement for an algorithm to be strongly polynomial
is slightly higher: It also requires that the intermediate arithmeti operations
an be performed in polynomial time, whi h usually depends on the representation of the numbers. Thus, a polynomial time algorithm in the unit ost model
will usually provide a polynomial time algorithm for some representation of the
numbers di erent from the usual binary representation.
Current attempts to nding a strongly polynomial time algorithm fo us on
the Simplex algorithms. Randomised update strategies, for example, have been
suggested early on for the simplex te hnique, but their omplexity has not yet
been analysed su essfully. For the simplest of these te hniques, whi h uses a
random edge Pivot rule that hooses a pro table base hange uniformly at random, the number of arithmeti steps needed on non-degenerated simpli es is
merely known to be at least quadrati in the size of the onstraint system [5℄.
Shadow vertex te hniques [6, 7℄ for exploring the simplex allowed for randomised
polynomial time pro edures for the approximation [6℄ and omputation [7℄ of the
solution to linear programmes.

Parity and Payo Games are nite two player zero sum games of in nite
duration. They are played on labelled dire ted graphs, whose verti es are partitioned into two sets of verti es owned by two players with opposing obje tives.
Intuitively, they are played by pla ing a pebble on the game graph. In ea h step,
the owner of a vertex hooses a su essor vertex of the digraph. This way, an
in nite run of the game is onstru ted, where the obje tives of the players is to
minimise and maximise the average payo of the moves in mean payo games,
or to enfor e parity or imparity of the highest olour o urring in nitely many
times in parity games, respe tively. These games play a entral role in model
he king [9{13℄, satis ability he king [11, 9, 14, 15℄, and synthesis [16, 17℄, and
numerous algorithms for solving them have been studied [9, 18{34℄. Mean payo
games [34{36℄ have further appli ations in e onomi game theory.
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The omplexity of solving parity games is equivalent to the omplexity of

- al ulus model he king [9℄. The omplexity of solving parity and mean payo

games is known to be in the interse tion of UP and oUP [22℄, but its membership in P is still open. Up to a re ent omplexity analysis by Friedman [37℄,
strategy improvement algorithms [25{29℄ have been onsidered andidates for a
polynomial running time. To the best of my knowledge, all algorithms proposed
so far for solving parity or mean payo games are now known not to be in P.

The Redu tion proposed in this paper redu es testing if there are states in a

mean payo game with value  0 to solving a linear programming problem. It
is simple to extend this non-emptiness test to nding the 0 mean partition of a
mean payo game and hen e to solving parity and mean payo games.
Our redu tion goes through an intermediate representation of the nonemptiness problem to a non-standard optimisation problem that treats minimisation and maximisation quite di erently: While minimisation is represented
in a standard way | repla ing minimisation v = minft1 ; t2 ; : : : ; tn g over n
terms by n inequalities v  ti and maximising over the possible out ome |
maximisation is repla ed by an approximation within small margins. We use
v = logb (bt1 + bt2 + btn ) instead of v = maxft1; t2 ; : : : ; tn g, whi h keeps the error
of the operation suÆ iently small if the basis b is big enough:

maxft1 ; t2 ; : : : ; tn g  logb bt1 + bt2 + btn  logb n + maxft1 ; t2 ; : : : ; tn g:

From there it is a small step to building a linear programme that omputes the
exponent of the solution to this non-standard optimisation problem.
Starting from parity games or from mean payo games with a binary representation of the edge weights, this linear programme is heap to ompute in the
unit ost model (bi-linear in the number of verti es and edges and linear in the
size of the representation), but the onstants are exponential in the edge weights
of the mean payo game, and doubly exponential in the number of olours for
parity games.
The bene t of the proposed redu tion for game solving is therefore not immediate, but depends on future results in linear programming. There has, however,
been re ent progress in the quest for polynomial time algorithms in the unit ost
model, or even strongly polynomial algorithms. Shadow vertex te hniques [6, 7℄,
for example, seem to be promising andidates; Kelner and Spielman [7℄ use this
quest as the main motivation for their randomised polynomial time algorithm.
But the bene t of the redu tion is bi-dire tional. While solving nite games
of in nite duration automati ally pro ts from future progress in the theory of
linear programming, linear programming pro ts from the problem: The proposed
redu tion ontributes an important natural problem lass that an be redu ed to
linear programming, but requires a polynomial time algorithm in the unit ost
model, be ause the onstants are too large for eÆ ient binary representation.
Opening up a range of model he king problems to linear programming, the
proposed redu tion lifts the problem of nding su h algorithms from a problem
of mere a ademi interest to one of pra ti al importan e. Furthermore, it is
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unintuitive that the omplexity of inherently dis rete ombinatorial problems
like - al ulus model he king or solving parity games should depend on the
ost model of arithmeti operations. Provided a polynomial time algorithm for
solving linear programming problems in the unit ost model is found, it thus
seems likely that a polynomial time algorithm for solving parity games an be
inferred.

2 Finite Games of In nite Duration
Finite games of in nite duration (! -games) are played by two players, a Maximiser and a Minimiser, with opposing obje tives. ! -games are omposed of a
nite arena and an evaluation fun tion.

Arenas. A nite arena is a triple A = (Vmax ; Vmin; E ) onsisting of
{ a set V = Vmax [Vmin of verti es that is partitioned into two disjoint sets Vmax

and Vmin , alled the verti es owned by the Maximiser and Minimiser, respe tively, and
{ a set E  V  V of edges, su h that (V; E ) is a dire ted graph without sinks.

Plays. Intuitively, a game is played by pla ing a token on a vertex of the arena. If
the token is on a vertex v 2 Vmax , the Maximiser hooses an edge e = (v; v 0 ) 2 E
originating in v to a vertex v 0 2 V and moves the token to v 0 . Symmetri ally,
the Minimiser hooses a su essor in the same manner if the token is on one of
her verti es v 2 Vmin . In this way, they su essively onstru t an in nite play
# = v0 v1 v2 v3 : : : 2 V ! .
Strategies. For a nite arena A = (Vmax ; Vmin; E ), a (memoryless) strategy for

the Maximiser is a fun tion f : Vmax ! V that maps every vertex v 2 Vmax of
the Maximiser to a vertex v 0 2 V su h that there is an edge (v; v 0 ) 2 E from
v to v0 . A play is alled f - onform if every de ision of the Maximiser in the
play is in a ordan e with f . For a strategy f of the Maximiser, we denote with
Af = (Vmax ; Vmin; Ef ) the arena obtained from A by deleting the transitions
from verti es of the Maximiser that are not in a ordan e with f . The analogous
de nitions are made for the Minimiser.

Mean Payo Games. A mean payo game is a game M = (Vmax ; Vmin; E; w)

with arena A = (Vmax ; Vmin ; E ) and a weight fun tion w : E ! Z from the edges
of the mean payo game to the integers. Ea h P
play # = v0 v1 v2 :: : of a mean
payo game is evaluated to value (#) = lim inf n1 ni=1 w (vi 1 ; vi ) .
n!1
As a variant, we an allow for real valued weight fun tions w : E ! R. We
then refer expli itly to a real valued mean payo game.
The obje tive of the Maximiser and Minimiser are to maximise and minimise
this value, respe tively. For single player games where all verti es are owned by
one player (or, likewise, all verti es owned by the other player have exa tly one
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su essor), the optimal strategy for this player from some vertex v is to pro eed
to a y le with maximal or minimal average weight a and hen eforth follow it.
The out ome value (v ) = a of this game when started in v is alled the value of
v. Mean payo games are memoryless determined:

Proposition 1. [34{36℄ For every real valued mean payo game M, there are
Minimiser and Maximiser strategies f and g, respe tively, su h that the value of
every vertex in Mf equals the value of every vertex in Mg .
ut

The 0 mean partition M0 = fv 2 V j value (v )  0g of a mean payo game
is thus well-de ned. We say that a vertex v is winning for the Maximiser if it is
in M0 , and winning for the Minimiser otherwise.

Corollary 1. [34{36℄ The 0 mean partition is well-de ned, and both players
have winning strategies for their respe tive winning region M0 and V n M0 .

ut

Solving a mean payo game an be redu ed to nding the 0 mean partition of
a number of games played on sub-arenas with a slightly adjusted weight fun tion,
be ause the average weight of a y le is a multiple of n1 for some n  jV j, and
it hen e suÆ es to know that the value is within an interval [ ni2 ; in+1
2 [ for some
integer i 2 Z.

Corollary 2. A mean payo game with n verti es and maximal absolute edge

weight a an be solved in time O n log(a + n) when using an ora le for the
onstru tion of 0 mean partitions.
ut

Parity Games. A parity game is a game P = (Vmax ; Vmin ; E; ) with arena

A = (Vmax ; Vmin; E ) and a olouring fun tion : V ! C  N that maps ea h
vertex of P to a natural number. C denotes the nite set of olours.
Ea h play is evaluated by the highest olour that o urs in nitely often.
The Maximiser wins a play # = v0 v1 v2 v3 : : : if the highest olour o urring
in nitely often in the sequen e (#) = (v0 ) (v1 ) (v2 ) (v3 ) : : : is even, while
the Minimiser wins if the highest olour o urring in nitely often in (#) is
odd. Without loss of generality, we assume that the highest o urring olour is
bounded by the number of verti es in the arena. It is simple to redu e solving
parity games to nding the 0 mean partition of a mean payo game: One an
simply translate a olour to the weight jV j [34℄.
Corollary 3. [34℄ Parity games are memoryless determined, and solving them

an be redu ed in time O(m n) to solving the 0 mean partition problem of a mean
payo game with the same arena, su h that the Minimiser and Maximiser have
the same winning regions and winning strategies.
ut

3 Redu tion
In this se tion, we des ribe a redu tion from nding the 0 mean partition of a
mean payo game, to whi h solving parity and payo games an be redu ed in
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polynomial time by Corollaries 2 and 3, to solving a linear programming problem.
We rst fo us on the slightly simpler problem of testing M0 for emptiness, and
redu e this question to a linear programming problem.
The rst important observation for our redu tion is that membership in M0
is invariant under in reasing the weight fun tion slightly: If every edge weight
in a mean payo game with n verti es is in reased by some value in [0; n1 [, then
the weight of every y le is in reased by a value in [0; 1[, and hen e non-negative
if, and only if, the original integer valued weight of the y le is non-negative.

Lemma 1. If we in rease the weight fun tion of an (integer valued) mean payo

game M = (Vmax ; Vmin ; E; w) with n = jV j verti es for every edge by some nonnegative value < n1 , then the same y les as before have non-negative weight in
the resulting real valued mean payo game, and the 0 mean partition does not
hange.
ut
This observation is used to repla e maximisation in a natural representation
of the obje tives of both players in a mean payo game (Subse tion 3.1) by a
logarithmi expression in Subse tion 3.2, whi h is subsequently translated into
a boundedness test for a linear programming problem in Subse tion 3.3. In Subse tion 3.4, we show how this boundedness test, whi h refers to a non-emptiness
test of M0 , an be adjusted to a bounded optimisation problem that provides
M0 , and dis uss the omplexity of the transformations in Subse tion 3.5. An
example that illustrates these transformations is provided in Se tion 4.

3.1 Basi Inequations
We now devise a set of inequalities that have a non-trivial solution if, and only if,

M0 is non-empty. For our redu tion, we extend addition from R to R [ f 1g
in the usual way by hoosing a + ( 1) = 1 = 1 + a for all a 2 R [ f 1g.
This motivates the de nition of a family of basi inequalities for a mean payo
game M = (Vmax ; Vmin ; E; w) that ontains one inequality

v  w (v; v0 ) + v0

for every edge (v; v 0 ) originating from a Minimiser vertex v
inequality

2V

min

, and one



v  max w (v; v0 ) j v0 2 su (v) + v
for every Maximiser vertex v 2 Vmax , where su (v ) denotes the set of su essor
verti es of v , and ea h v 2 [0; jV1 j [ an be any suÆ iently small slip value ( f.

Lemma 1).
Every su h system of inequalities has a trivial solution that assigns 1 to
every vertex; but it also has a real valued solution for all verti es in M0 .

Lemma 2. For every su h system of inequalities for a mean payo game M =
(Vmax ; Vmin ; E; w), a vertex v 2 V has a real valued solution if, and only if, v is
in M0 .
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Proof. `(:' Let us x an optimal strategy for the Maximiser in the mean payo
game and onsider the system of inequalities that ontain one equation v 
w(e)+ v0 for every edge of the resulting singleton game. (A solution to this set of
inequalities is obviously a solution to the original set of inequalities.) This set of
inequalities has obviously a solution that is real valued for every vertex v 2 M0
(and sets v = 1 for every vertex v not in M0 )1 .
`)' A real valued solution for a vertex v de nes a strategy for the Maximiser
that witnesses value (v ) 0: If v  max w (v; v 0 ) j v 0 2 su (v ) + v holds
true, then v  w (v; v 0 ) + v 0 + v holds for some v 0 2 su (v ) in parti ular, and
we hoose a Maximiser strategy that xes su h a su essor for every Maximiser
vertex. By a simple indu tive argument, every vertex u rea hable from v in the
resulting singleton game is real valued, and, for every y le rea hable from v ,
the sum of the edge weights and vertex slips is non-negative. As the sum of the
vertex slips is stri tly smaller than 1 in every y le, the sum of the edge weights
is stri tly greater than 1, and hen e non-negative.
ut
Naturally, having one real valued solution implies having unbounded solutions, be ause adding the same value r 2 R to every value of a solution provides
a new solution.

3.2 Logarithmi Inequations
These observations set the ground for a redu P
tion to linear programming:
0
0
For a suÆ iently large basis b > 1, logb v0 2su (v) bw((v;v )) bv equals


max w (v; v 0 ) + v 0 j v 0 2 su (v ) + v for some slip value v 2 [0; n1 [, be ause
0 max

v 2su



fw (v; v0 ) +v0 g  logb
v

( )

X

0

bw((v;v )) bv

v0 2su (v)

0



 logb jsu (v)j+v0 2max
fw (v; v0 ) +v0 g
su v
( )

holds true. (For the extension to R [ f 1g we use the usual onvention b 1 =
0 and logb 0 = 1.) Choosing a basis b > nout jV j that is greater than the
jV j-th power of the maximal out-degree nout of Maximiser verti es guarantees
logb i < n1 , and hen e that the small error aused by moving from minimisation
to the logarithm of the sum of the exponents is within the margins allowed for
by Lemma 1.

Corollary 4. The system of inequalities onsisting of the Minimiser inequalities
and the adjusted Maximiser inequalities have a real valued solution for a vertex
v 2 V if, and only if, v 2 M0.
ut
1

Starting with the digraph with states M0 and the respe tive edges de ned by
the xed Maximiser strategy, we an apply the following algorithm until values are
assigned to all verti es in M0 : (1) pi k a vertex v in a leaf omponent of the digraph
that is the minimum of the weighted distan e to plus the value assigned to any vertex
v 0 that is already removed from the graph (or an arbitrary value if no su h vertex
exists), and then (2) remove v from the graph.
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Note that the redu tion uses estimation from below (through the inequality)
as well as estimations from above (through the slip) at the same time, whi h is
sound only be ause the slip values are within the small margins allowed for by
Lemma 1.

3.3 Linear Inequations
The resulting optimisation problem an be translated into a standard linear
programming problem by a simple spa e transformation: As the exponential
fun tion v 7! bv is a stri tly monotone as ending mapping from R [ f 1g onto
R0 , we an simply repla e the Minimiser inequalities by
0

0

bv  bw((v;v ))  bv ;
for every edge (v; v 0 ) originating from a Minimiser vertex v
adjusted Maximiser inequalities by

bv 

X

0

v0 2su (v)

bw((v;v )) bv

2V

min

, and the

0

for every vertex v 2 Vmax owned by the Maximiser, and require bv  0 for all
verti es v 2 V of the game.
Reading the bv as variables, this provides us with a linear onstraint system

Ax  0, subje t to x  0;
and Corollary 4 implies that this onstraint system has a solution di erent from
x = 0 if, and only if, M0 is non-empty for the de ning mean payo game. As
every positive multiple of a solution to Ax  0 and x  0 is again a solution,
this implies the following orollary:

Corollary 5. The resulting linear programme maximise 1T x for Ax  0 and
x  0 is unbounded if M0 is non-empty, and the onstraint system has x = 0
as the only solution if M0 = ; is empty.

ut

3.4 From Qualitative to Quantitative Solutions
While solving the linear programme introdu ed in the previous subse tion answers only the qualitative question of whether the linear programming problem
is bounded, and hen e if M0 is non-empty, it is simple to extend the approa h
to a qualitative solution that provides us with M0 and a strategy for the Maximiser that witnesses this. To a hieve this, it suÆ es to bound the value of every
vertex from above, for example, by adding a onstraint x  1, or any other onstraint x  d for some onstant ve tor d > 0. (Where > for the ve tor requires
> for every row.)
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Proposition 2. For every onstant ve tor d > 0, the solution to the linear
programming problem maximise T x for Ax  0, x  d, and x  0 assigns a
value 6= 0 to a variable if, and only if, it is in M0 . A witnessing strategy for the
Maximiser in the de ning mean payo game an be inferred from the solution.
Proof. For the solution of the linear programming problem it holds that if a
Maximiser vertex v has some su essor with non-zero value, or if a Minimiser
vertex v has only non-zero su essors, than the value bv assigned to v by the

solution is also non-zero. (Otherwise we ould in rease it, and hen e 1T x, without
hanging any other value.) Hen e, the logarithms of the solution de ne a solution
to the system of logarithmi inequalities from the previous subse tion, and we
an infer a witnessing strategy for the Maximiser as des ribed in the proof of
Lemma 2.
Now onsider a solution to the new linear programming problem de ned by
the sub-game of the mean payo game that ontains only the verti es with 0
values. If it had a solution di erent to 0, we ould in rease the solution of the
linear programming problem we started with by " times the solution of the new
liner programming problem for a suÆ iently small " > 0. Hen e 0 is the only
solution to the new problem, and therefore there is no real valued solution for
the basi or logarithmi inequalities de ned by this sub-game. By Corollary 1
the Minimiser has thus a witnessing strategy for the 0 mean partition in the
sub-game, whi h is also a witnessing strategy in the full game.
ut

3.5 Translation Complexity
The proposed translation of a given mean payo game to a linear programming
problem is heap in the unit ost model:

Proposition 3. A mean payo game M with n verti es and m edges, and edge
weights represented in binary an be translated in time O(jMj + n m) in the unit
ost model. (Where jMj denotes the length of the representation of M.)
Proof. We have to ompute the linear onstraint Ax  0, whi h requires the
omputation of the non-zero onstants of A, and lling up A with 0s. As the rows
of A refer to Maximiser verti es or edges originating from Minimiser verti es,
and the olumns refer to verti es, the latter requires O(n m) steps.
Ea h edge refers to exa tly one non-zero onstant in A, and we need to translate the edge weight w(e) to bw(e) . We ompute b0 = b ( omputing b is well within
i
O(n m)), and then bi = b(2 ) = b2i 1 for all i  log2 maxfjw(e)j j e 2 E g. bw(e)
an then be expressed as a produ t of the respe tive bi if w(e) > 0 is positive,
as its re ipro al if w(e) < 0 is negative, and by 1 if w(e) = 0. The required time
for the omputation of bw(e) is therefore linear in the binary representation of
w(e), and omputing all onstants bw(e) requires O(jMj) operations.
ut
The translation of parity games to mean payo games [34℄ dis ussed in Se tion 2 implies a likewise bound for parity games.
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(a)
Fig. 1. Figure 1(a) shows a small example parity game. The verti es of the player
with the obje tive to ensure parity are depi ted as squares, while the positions of her
opponent are depi ted as ir les. The verti es of the parity game are de orated with
their respe tive olour. The parity game of Figure 1(a) is translated into the mean
payo game
of Figure 1(b). The edges of
are de orated with their weights, and
the verti es with their name.

M

M

Corollary 6. A parity game P with n verti es and m edges an be translated
in time O(n m) in the unit ost model.
ut
Note that this also implies a polynomial bound on the ost of translating a
mean payo game whose edge weights are represented in unary | and hen e
of parity games with a bounded number of olours | in the Turing model of
omputation.

Corollary 7. For parity games with a bounded number of olours and mean
payo games where the edge weights are represented in unary, the redu tion
results in a linear programme in binary representation that an be onstru ted
in polynomial time.
ut
As a result, the known polynomial bounds [3, 4℄ for solving linear programming problems in the Turing model of omputation imply a polynomial bound
for these sub-problems.

Corollary 8. Parity games with a bounded number of olours and mean payo
games whose edge weights are represented unary an be solved in polynomial
time.
ut
Remark 1. If the algorithm requires non-degenerated linear programmes, then
we an rst apply the strongly polynomial standard "-perturbation te hnique
[38℄.
While the bounds provided by Corollary 8 are not new, they an be onsidered as a sanity he k for new te hniques: Besides its potential for parity and
mean payo games in general, the redu tion is good enough to infer the relevant
known polynomial bounds.

4 Example
This se tion ontains an example redu tion from solving the small parity game
from Figure 1(a) to a linear programming problem.
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Finding the winning region for the player that wins when the highest olour
o urring in nitely many times is even an be redu ed to nding the 0 mean
partition of the mean payo game from Figure 1(b). By Lemma 2, nding this
0 mean partition redu es to determining whi h variables an have a real value
in a solution to any set

v1  maxfv2 1; v4 1g + v1
v2  maxfv1 ; v3 + 4; v4 1g +

v3  v1
v3  v4

v2

1

v4  v2 1
v4  v3 + 4

of inequations, where v1 ; v2 < 14 an be any non-negative onstant smaller than
the re ipro al of the size of the game.
The maximal out-degree of a Maximiser vertex is 3, and hoosing a basis
b big enough to provide logb 3 < 14 , whi h holds for all b > 34 , we an seek a
solution to the inequations

v1  logb (bv2 1 + bv4 1 )
v2  logb (bv1 + bv3 +4 + bv4 1 )

v3  v1
v3  v4

1

v4  v2 1
v4  v3 + 4

instead by Corollary 4, be ause logb (bv2 + bv4 1 ) = maxfv2 ; v4 1g + v1 and
logb (bv1 1 + bv3 +4 + bv4 ) = maxfv1 1; v3 + 4; v4 g + v2 holds for some v1 
logb 2 < 14 and v2  logb 3 < 14 , respe tively.
This system of inequations on the domain [ 1; 1[ an be rewritten as the
system

bv1
bv2

 b  bv2 + b  bv4
 bv1 + b  bv3 + b  bv4
1

1

4

1

bv3
bv3

 bv1
 b  bv4
1

bv4  b 1  bv2
bv4  b4  bv3

of inequations. Finally, the individual bvi an be treated as variables after adding
the onstraints 0  bv1 ; bv2 ; bv3 ; bv4 .
For nding a witnessing strategy for the Maximiser|and hen e a winning
strategy for the player that wants to ensure parity in the game from Figure 1(a)|
it suÆ es to add the additional onstraint bv1 ; bv2 ; bv3 ; bv4  1 and maximise
bv1 + bv2 + bv3 + bv4 .
Note that the onstraints in the linear programming problem rea h b4 =
45212176 for b = 82 even in this tiny example.

5 Dis ussion
The introdu ed redu tion from solving parity and mean payo games to linear
programming opens up the well developed lass of linear programming te hniques
to the analysis of these lasses of ! -games. It also links their omplexity to the
omplexity of linear programming in the unit ost model.
As the unit ost omplexity of linear programming is not known, there is
no immediate pra ti al bene t atta hed to this redu tion, but the drawn onne tions between linear programmes and nite games of in nite durations link
two intriguing open problems. The potential bene t for the two areas are quite
di erent in nature: The linear programming ommunity gains a natural and important lass of problems that would bene t from a polynomial time algorithm
11

for linear programming, while the game solving ommunity will automati ally
pro t from future developments of polynomial time algorithms.

Referen es
1. Smale, S.: On the average number of steps of the simplex method of linear programming. Mathemati al Programming 27 (1983) 241{262
2. Klee, F., Minty, G.J.: How good is the simplex algorithm? Inequalities III (1972)
159{175
3. Kha hian, L.G.: A polynomial algorithm in linear programming. Doklady Akademii
Nauk SSSR 244 (1979) 1093{1096
4. Karmarkar, N.: A new polynomial-time algorithm for linear programming. In:
Pro eedings of STOC '84. ACM Press (1984) 302{311
5. Gartner, B., Henk, M., Ziegler, G.M.: Randomized simplex algorithms on KleeMinty ubes. Combinatori a 18 (1994) 502{510
6. Spielman, D.A., Teng, S.H.: Smoothed analysis of algorithms: Why the simplex
algorithm usually takes polynomial time. Journal of the ACM 51 (2004) 385{463
7. Kelner, J.A., Spielman, D.A.: A randomized polynomial-time simplex algorithm
for linear programming. In: Pro eedings of STOC '06. ACM Press (2006) 51{60
8. Smale, S.: Mathemati al problems for the next entury. The Mathemati al Inteligen er 20 (1998) 7{15
9. Kozen, D.: Results on the propositional - al ulus. Theoreti al Computer S ien e
27 (1983) 333{354
10. Emerson, E.A., Jutla, C.S., Sistla, A.P.: On model- he king for fragments of al ulus. In: Pro eedings of CAV '93. Volume 2725 of Le ture Notes in Computer
S ien e, Springer-Verlag (1993) 385{396
11. Wilke, T.: Alternating tree automata, parity games, and modal - al ulus. Bulletin
of the Belgian Mathemati al So iety 8 (2001)
12. de Alfaro, L., Henzinger, T.A., Majumdar, R.: From veri ation to ontrol: Dynami programs for omega-regular obje tives. In: Pro eedings of LICS '01. IEEE
Computer So iety Press (2001) 279{290
13. Alur, R., Henzinger, T.A., Kupferman, O.: Alternating-time temporal logi . Journal of the ACM 49 (2002) 672{713
14. Vardi, M.Y.: Reasoning about the past with two-way automata. In: Pro eedings of
ICALP '98. Volume 1443 of Le ture Notes in Computer S ien e, Springer-Verlag
(1998) 628{641
15. S hewe, S., Finkbeiner, B.: Satis ability and nite model property for the
alternating-time - al ulus. In: Pro eedings of CSL '06. Volume 4207 of Le ture
Notes in Computer S ien e, Springer-Verlag (2006) 591{605
16. Piterman, N.: From nondeterministi Bu hi and Streett automata to deterministi
parity automata. Journal of Logi al Methods in Computer S ien e 3 (2007)
17. S hewe, S., Finkbeiner, B.: Synthesis of asyn hronous systems. In: Pro eedings of
LOPSTR '06. Volume 4407 of Le ture Notes in Computer S ien e, Springer-Verlag
(2006) 127{142
18. Emerson, E.A., Lei, C.: EÆ ient model he king in fragments of the propositional
- al ulus. In: Pro eedings of LICS '86. IEEE Computer So iety Press (1986)
267{278
19. Emerson, E.A., Jutla, C.S.: Tree automata, - al ulus and determina y. In: Proeedings of FOCS '91. IEEE Computer So iety Press (1991) 368{377

12

20. M Naughton, R.: In nite games played on nite graphs. Annals of Pure and
Applied Logi 65 (1993) 149{184
21. Browne, A., Clarke, E.M., Jha, S., Long, D.E., Marrero, W.: An improved algorithm for the evaluation of xpoint expressions. Theoreti al Computer S ien e 178
(1997) 237{255
22. Jurdzinski, M.: De iding the winner in parity games is in UP o-UP. Information
Pro essing Letters 68 (1998) 119{124
23. Zielonka, W.: In nite games on nitely oloured graphs with appli ations to automata on in nite trees. Theoreti al Computer S ien e 200 (1998) 135{183
24. Jurdzinski, M.: Small progress measures for solving parity games. In: Pro eedings
of STACS '00. Volume 1770 of Le ture Notes in Computer S ien e, Springer-Verlag
(2000) 290{301
25. Ludwig, W.: A subexponential randomized algorithm for the simple sto hasti
game problem. Information and Computation 117 (1995) 151{155
26. Puri, A.: Theory of hybrid systems and dis rete event systems. PhD thesis, Computer S ien e Department, University of California, Berkeley (1995)
27. Voge, J., Jurdzinski, M.: A dis rete strategy improvement algorithm for solving
parity games. In: Pro eedings of CAV '00. Volume 1855 of Le ture Notes in Computer S ien e, Springer-Verlag (2000) 202{215
28. Bjorklund, H., Vorobyov, S.: A ombinatorial strongly subexponential strategy
improvement algorithm for mean payo games. Dis rete Applied Mathemati s
155 (2007) 210{229
29. S hewe, S.: An optimal strategy improvement algorithm for solving parity and payo games. In: Pro eedings of CSL '08. Volume 5213 of Le ture Notes in Computer
S ien e, Springer-Verlag (2008) 368{383
30. Obdrzalek, J.: Fast - al ulus model he king when tree-width is bounded. In:
Pro eedings of CAV '03. Volume 2725 of Le ture Notes in Computer S ien e,
Springer-Verlag (2003) 80{92
31. Berwanger, D., Dawar, A., Hunter, P., Kreutzer, S.: Dag-width and parity games.
In: Pro eedings of STACS '06. Volume 3884 of Le ture Notes in Computer S ien e,
Springer-Verlag (2006) 524{436
32. S hewe, S.: Solving parity games in big steps. In: Pro eedings of FSTTCS '07.
Volume 4805 of Le ture Notes in Computer S ien e, Springer-Verlag (2007) 449{
460
33. Jurdzinski, M., Paterson, M., Zwi k, U.: A deterministi subexponential algorithm
for solving parity games. SIAM Journal of Computing 38 (2008) 1519{1532
34. Zwi k, U., Paterson, M.S.: The omplexity of mean payo games on graphs. Theoreti al Computer S ien e 158 (1996) 343{359
35. Ehrenfeu ht, A., My ielski, J.: Positional strategies for mean payo games. International Journal of Game Theory 2 (1979) 109{113
36. Gurvi h, V.A., Karzanov, A.V., Kha hivan, L.G.: Cy li games and an algorithm to
nd minimax y le means in dire ted graphs. USSR Computational Mathemati s
and Mathemati al Physi s 28 (1988) 85{91
37. Friedmann, O.: A super-polynomial lower bound for the parity game strategy
improvement algorithm as we know it. In: Pro eedings of LICS 2009
38. Megiddo, N., Chandrasekaran, R.: On the "-perturbation method for avoiding
degenera y. Operations Resear h Letters 8 (1989) 305{308

\

13

