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Abstract. This paper introduces a multi-modal logic of Quantified
Coalition Logic of Knowledge, Belief and Certainty (QCLKBC) to estab-
lish a logical framework that can model novel properties concerning men-
tal attitudes and strategic power in a system, such as “agent i must be
involved in order to convince agent j of the fact ϕ”. Furthermore, this
paper presents an axiomatic system of QCLKBC with the completeness
proof, and shows the satisfiability problem for QCLKBC is PSPACE-
complete.
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1 Introduction

Inspired by the fundamental framework of Coalition Logic (CL) [1], a lot of
logical formalisms have been proposed to model strategic abilities of multi-agent
systems such as [2–5]. However, the incorporation of CL with the logics for some
rational and mental notions of agents such as knowledge, belief and certainty
(KBC) [6] has not been explored yet.

In this paper, we introduce a multi-modal logic of Quantified Coalition Logic
of Knowledge, Belief and Certainty (QCLKBC) to enable the fusion of KBC and
strategic modalities, resulting in a unified multi-modal logic to address those
concerns. With QCLKBC, we can reason about how cooperations among agents
can interact with their mental attitudes of KBC in game-like multi-agent sys-
tems. Therefore, QCLKBC equips us with the utility to formalize some novel
and interesting properties which are hard or even impossible for any existing
logical framework, such as “agent i can help j to make certain of ϕ”.
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The significance of the paper is summarized as follows. Firstly, we enrich
Quantified Coalition Logic (QCL) [3] by incorporating the strategic and KBC
settings together. Secondly, we present an axiomatic system for QCLKBC with
the completeness proof. To the best of our knowledge, there is no completeness
result for variants of CL incorporated with KBC operators yet, and this paper
is addressing this deficit. Thirdly, the complexity of satisfiability for QCLKBC
is shown to be PSPACE-complete.

The rest of the paper is organized as follows. Next section will give a brief
review of Coalition Logic (CL), Quantified Coalition Logic (QCL) and a KBC
model over which our logic is based. Then we present the syntax and semantics
of Quantified Coalition Logic of Knowledge, Belief and Certainty (QCLKBC),
followed by the introduction of an axiomatic system, along with the completeness
proof. Furthermore, the study of the complexity of satisfiability problem is in
Sect. 5. Finally, we discuss the related work in Sect. 6 and conclude the paper in
the last section.

2 Preliminaries

2.1 Coalition Logic

Syntax. Given a set Θ of atomic propositions, and a finite set Ag of agents. A
coalition is a set G ⊆ Ag of agents. The formulas of Coalition Logic (CL) [1] are
defined as follows:

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | [G]ϕ

where p ∈ Θ, G ⊆ Ag and [G]ϕ means G has a joint strategy to enforce ϕ no
matter what the other agents do.

The semantics of CL is based on the concept of an effectivity function ξ that
is defined as

ξ : 2Ag × S → 22
S

An effectivity function is called truly playable [7] iff it satisfies the following
T1–T6 properties. The term truly playability carries the fact that an effectivity
function is truly playable iff it is an effectivity function of a strategic game. To be
more specific, for every truly playable effectivity function, there exists a strategic
game that assigns to coalitions exactly the same power as ξ, and vice versa [8].

T1 (Outcome monotonicity): ∀s ∈ S, ∀G ⊆ Ag, ∀X ⊆ Y ⊆ S: X ∈
ξ(G, s) ⇒ Y ∈ ξ(G, s)

T2 (Ag-maximality): ∀s ∈ S, ∀X ⊆ S: X /∈ ξ(∅, s) ⇒ X ∈ ξ(Ag, s)
T3 (Liveness): ∀s ∈ S, ∀G ⊆ Ag: ∅ /∈ ξ(G, s)
T4 (Safety): ∀s ∈ S, ∀G ⊆ Ag: S ∈ ξ(G, s)
T5 (Superadditivity): ∀s ∈ S, ∀G1, G2 ⊆ Ag, G1 ∩ G2 = ∅, ∀X,Y ⊆ S:

X ∈ ξ(G1, s) and Y ∈ ξ(G2, s) ⇒ X ∩ Y ∈ ξ(G1 ∪ G2, s)
T6 (Determinacy): If X ∈ ξ(Ag, s), then there exists a w ∈ X such that

{w} ∈ ξ(Ag, s)

An effectivity function that only satisfies T1–T5 is called playable. Actually,
they can be equivalent on finite domains [7].
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Semantics. CL formulas are interpreted over the coalition model which is a tuple

M = ⟨S, ξ,π⟩

where

– S is a non-empty set of states;
– ξ is a truly playable effectivity function;
– π is a valuation function, which assigns each state s ∈ S a set π(s) ⊆ Θ.

A CL formula is interpreted in a state s in a coalition model M as follows:

– M, s |=CL p iff p ∈ π(s);
– M, s |=CL ¬ϕ iff M, s ̸|=CL ϕ;
– M, s |=CL (ϕ1 ∧ ϕ2) iff M, s |=CL ϕ1 and M, s |=CL ϕ2;
– M, s |=CL [G]ϕ iff ∃T ∈ ξ(G, s), such that for ∀t ∈ T , we have M, t |=CL ϕ.

2.2 Quantified Coalition Logic

Ågotnes, van der Hoek and Wooldridge introduce Quantified Coalition Logic
(QCL), by modifying the existing cooperation modalities of CL in order to enable
quantifications over coalitions [3]. In QCL, the basic cooperation constructs are
⟨P ⟩ϕ and [P ]ϕ, where P is a predicate over coalitions, and the two sentences state
that there exists a coalition C satisfying property P such that C can achieve ϕ
and all coalitions satisfying property P can achieve ϕ, respectively. The key
element P is named as coalition predicates, and QCL defines a language for
coalition predicates, with respect to which QCL will then be parameterised.

Coalition Predicates. Syntactically, QCL introduces two atomic predicates
subseteq and supseteq, which is given by the following grammar:

P ::= subseteq(C) | supseteq(C) | ¬P | P ∧ P

where C ⊆ Ag is a set of agents. The circumstances under which a concrete coali-
tion C0 satisfies a coalition predicate P , are specified by a satisfaction relation
“|=cp”, defined by the following four rules:

1. C0 |=cp subseteq(C) iff C0 ⊆ C;
2. C0 |=cp supseteq(C) iff C0 ⊇ C;
3. C0 |=cp ¬P iff not C0 |=cp P ;
4. C0 |=cp P1 ∧ P2 iff C0 |=cp P1 and C0 |=cp P2.

Quantified Coalition Logic. Given a set Θ of atomic propositions, and a finite
setAg of agents, the formulas of Quantified Coalition Logic (QCL) are defined as:

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | ⟨P ⟩ϕ | [P ]ϕ

where p ∈ Θ. Like its predecessor CL, QCL formulas are also interpreted over
the coalition model which is a tuple M = ⟨S, ξ,π⟩. The satisfaction relation for
the new operators is as follows.
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– M, s |=QCL ⟨P ⟩ϕ iff ∃C ⊆ Ag : C |=cp P and ∃S ∈ ξ(C, s) such that for
∀s′ ∈ S, we have M, s′ |=QCL ϕ;

– M, s |=QCL [P ]ϕ iff ∀C ⊆ Ag : C |=cp P implies ∃S ∈ ξ(C, s) such that for
∀s′ ∈ S, we have M, s′ |=QCL ϕ.

Expressive Power. QCL is known to be equivalent in expressive power to
Coalition Logic (CL) [3] in the following sense:

⟨P ⟩ϕ ↔
!

{C|C|=cpP}

⟨eq(C)⟩ϕ [P ]ϕ ↔
"

{C|C|=cpP}

⟨eq(C)⟩ϕ

where ⟨eq(C)⟩ϕ is equivalent to [C]ϕ in CL. However, the significance of QCL
is that it is exponentially more succinct than CL, while being computationally
no worse.

2.3 A Model of Knowledge, Belief and Certainty

Following [9], [6] has presented a general formalism to represent and reason
about the knowledge, belief and certainty of an agent, whose core idea is to equip
agents with sensors that can be potentially inaccurate. And this can enable us to
distinguish what is visible in the environment to individual agents, what these
agents actually perceive (see), and what the agents actually know about the
environment.

To be more specific, given n agents of the set {1, 2, . . . , n}, we assume that
every agent has a sensor that may be defective which thus can not perceive the
environment correctly.

For every agent i, the environment state se can be defined as a pair (sivis, siinv)
of a visible part sivis and an invisible part siinv. The agent i’s internal state siint is
a pair (siper, Si

pls), where siper is the agent’s perception of sivis, and Si
pls is a set

of plausible invisible parts of se that agent i thinks possible. Therefore, every
agent i can be associated with a 4-tuple (sivis, siinv, siper, Si

pls), and we denote
sivis, s

i
inv, s

i
per and Si

pls by vis(i, s), inv(i, s), per(i, s) and pls(i, s), respectively.
A global state s of the system is then defined as

s = ((s1vis, s
1
inv, s

1
per, S

1
pls), . . . , (s

n
vis, s

n
inv, s

n
per, S

n
pls))

The set of all global states of the system is named as S.
Now we define three kinds of binary relations Ki, Bi and Ci for every agent

i based on the model given above. Let s and t be two global states from S.
For every agent i, if vis(i, s) = vis(i, t), then we define s ∼i

K t, which implies
that s and t are indistinguishable to agent i from the view point of knowledge.
Furthermore Ki = {(s, t) | s ∼i

K t}.
For every agent i, if vis(i, t) = per(i, s) and inv(i, t) ∈ pls(i, s), then we

define s ∼i
B t, which means that s and t are indistinguishable to agent i from

the view point of belief. Furthermore Bi = {(s, t) | s ∼i
B t}.
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For every agent i, if vis(i, t) = per(i, s), then we define s ∼i
C t, which delivers

the message that s and t are indistinguishable to agent i from the view point of
certainty. Furthermore Ci = {(s, t) | s ∼i

C t}.
Then we can assign semantics to the modalities as usual. Intuitively, an agent

knows ϕ means not only ϕ is true, but also the agent would be able to perceive
ϕ if its sensor apparatus is good enough. The agent is certain of ϕ implies that
ϕ holds at those states with the agent totally perceiving the visible parts of the
environment, whereas the agent believes ϕ delivers the message that ϕ holds at
those states with the visible part equaling to the agent’s current perception and
with the invisible part plausible from the agent’s point of view.

Proposition 1. The relation Ki is an equivalent relation, and Ri
B(s) ⊆ Ri

C(s)
with Ri

B(s) = {t|(s, t) ∈ Bi} and Ri
C(s) = {t|(s, t) ∈ Ci}.

3 Quantified Coalition Logic of Knowledge, Belief,
and Certainty

3.1 Syntax

Given a set Θ of atomic propositions and a finite set Ag = {1, . . . , n} agents, the
formulas of our Quantified Coalition Logic of Knowledge, Belief and Certainty
(QCLKBC) are defined as:

φ ::= p | ¬φ | φ ∧ φ | ⟨P ⟩φ | [P ]φ | Kiφ | Biφ | Ciφ

where p ∈ Θ, i ∈ Ag, and P is the coalition predicate defined in Sect. 2.2.
With QCLKBC, we can formalize the subtle interplay between KBC and

strategic modalities, and thus can model some novel and interesting properties
that are hard or even impossible to be modeled by any other existing logical
languages, such as “agent i is an indispensable member in any coalition that is
able to make agent j believe ϕ”: [supset({i})]Bjϕ ∧ [¬supset({i})]¬Bjϕ.

3.2 Semantics

As for the semantics, we define a QCLKBC coalition model as a tuple

M = ⟨S, ξ,π,K,B,C⟩

– S is a non-empty set of states; and for every s ∈ S, it is represented as
s = ((s1vis, s1inv, s1per, S1

pls), . . . , (s
n
vis, s

n
inv, s

n
per, S

n
pls));

– ξ is a truly playable effectivity function;
– π is a valuation function, which assigns each state s ∈ S a set π(s) ⊆ Θ;
– K = {K1, . . . ,Kn} with each Ki ⊆ S × S being an equivalent relation;
– B = {B1, . . . , Bn} with each Bi ⊆ S × S;
– C = {C1, . . . , Cn} with each Ci ⊆ S × S and Ri

B(s) ⊆ Ri
C(s) for every s ∈ S;
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Given a QCLKBC coalition model M = ⟨S, ξ,π,K,B,C⟩, the semantics of
QCLKBC is defined as follows:

– (M, s) |= p iff p ∈ π(s);
– (M, s) |= ¬φ iff (M, s) ̸|= φ;
– (M, s) |= φ1 ∧ φ2 iff (M, s) |= φ1 and (M, s) |= φ2;
– (M, s) |= ⟨P ⟩φ iff ∃G ⊆ Ag such that G |=cp P and φM ∈ ξ(G, s) where

φM = {s | (M, s) |= φ};
– (M, s) |= [P ]φ iff ∀G ⊆ Ag such that G |=cp P implies φM ∈ ξ(G, s);
– (M, s) |= Kiφ iff (M, s′) |= φ for those s′ such that (s, s′) ∈ Ki;
– (M, s) |= Biφ iff (M, s′) |= φ for those s′ such that (s, s′) ∈ Bi;
– (M, s) |= Ciφ iff (M, s′) |= φ for those s′ such that (s, s′) ∈ Ci.

From [6], we can have |= Ciϕ → Biϕ; |= Ciϕ → CiKiϕ and |= ¬Ciϕ → Ci¬Kiϕ.

4 The Proof System

4.1 The Axiomatic System for QCLKBC

The axiomatic system of QCLKBC consists of the following axioms and inference
rules, where K1–K7 are axioms for KBC modalities from [6], and Q1–Q2 for
translating all QCLKBC formulas with coalition predicates into the equivalent
ones where the only coalition predicate is eq().

Axioms:
Prop All axioms for propositional calculus
K1 (Xiϕ ∧ Xi(ϕ → ψ)) → Xi(ψ), i = 1, 2, ..., n for Xi ∈ {Ki, Bi, Ci}
K2 Kiϕ → ϕ, i = 1, 2, ..., n
K3 Kiϕ → KiKiϕ, i = 1, 2, ..., n
K4 ¬Kiϕ → Ki¬Kiϕ, i = 1, 2, ..., n
K5 Ciϕ → CiKiϕ, i = 1, 2, ..., n
K6 ¬Ciϕ → Ci¬Kiϕ, i = 1, 2, ..., n
K7 Ciϕ → Biϕ, i = 1, 2, ..., n
Q1 ⟨P ⟩ϕ ↔

#
{G|G|=cpP}⟨eq(G)⟩ϕ

Q2 [P ]ϕ ↔
$

{G|G|=cpP}⟨eq(G)⟩ϕ
G1 ¬⟨eq(G)⟩ ⊥
G2 ⟨eq(G)⟩⊤
G3 ¬⟨eq(∅)⟩¬ϕ → ⟨eq(Ag)⟩ϕ
G4 ⟨eq(G)⟩(ϕ ∧ ψ) → ⟨eq(G)⟩ψ
G5 ⟨eq(G1)⟩ϕ ∧ ⟨eq(G2)⟩ψ → ⟨eq(G1 ∪ G2)⟩(ϕ ∧ ψ), if G1 ∩ G2 = ∅

Inference Rules:
R1 If ⊢ ϕ and ⊢ ϕ → ψ, then ⊢ ψ
R2 If ⊢ ϕ, then ⊢ Kiϕ ∧ Ciϕ
R3 If ⊢ ϕ ↔ ψ, then ⊢ ⟨eq(G)⟩ϕ ↔ ⟨eq(G)⟩ψ

where G ⊆ Ag is coalition while Ag = {1, 2, . . . , n} is a finite set of agents.

Lemma 1 (Soundness). For any QCLKBC-formula φ, ⊢ φ ⇒|= φ.
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4.2 Completeness Proof

Definition 1. Let Γ be a finite set of formulas. Γ is closed under single nega-
tions iff for any ϕ ∈ Γ ,

%
φ ∈ Γ, if ϕ is of the form ¬φ;
¬ϕ ∈ Γ, otherwise.

Definition 2 (Closure). The closure of a formula ϕ, denoted by cl(ϕ), is the
set Γ of all subformulas of ϕ and is closed under single negations.

Definition 3. Given a formula ϕ, we define an extended set ecl(ϕ) to be the
smallest set such that

1. cl(ϕ) ⊆ ecl(ϕ);
2. if Ciψ ∈ ecl(ϕ), then Biψ ∈ ecl(ϕ);
3. if ¬⟨eq(Ag)⟩ψ ∈ ecl(ϕ), then ⟨eq(∅)⟩¬ψ ∈ ecl(ϕ);
4. if ⟨eq(G1)⟩ψ1 ∈ ecl(ϕ), ⊢ ψ1 → ψ2 and ψ2 ∈ ecl(ϕ), then ⟨eq(G1)⟩ψ2 ∈

ecl(ϕ).

The construction of ecl(ϕ) is similar to Fischer-Ladner closure [10], which can
prove the completeness of modal logics by constructing finite models.

Definition 4 (Canonical Model). Given a consistent QCLKBC formula ϕ,
the canonical QCLKBC coalition model is M c

ϕ = ⟨S, ξ,π,K,B,C⟩ where

– S = {s | s is a maximal consistent set from ecl(ϕ)};
– ξ:

W ∈ ξ(G, s) iff
%
{t | φ ∈ t} ⊆ W and ⟨eq(G)⟩φ ∈ s, if G ̸= Ag;
W /∈ ξ(∅, s), if G = Ag.

– π : p ∈ π(s) iff p ∈ s for all s ∈ S;
– K = {K1, . . . ,Kn}, B = {B1, . . . , Bn} and C = {C1, . . . , Cn} are defined as

1. (s, t) ∈ Ki iff {ϕ | Kiϕ ∈ s} = {φ | Kiφ ∈ t} for all i ∈ {1, . . . , n};
2. (s, t) ∈ Bi iff {ϕ | Biϕ ∈ s} ⊆ t for all i ∈ {1, . . . , n};
3. (s, t) ∈ Ci iff {ϕ | Ciϕ ∈ s} ⊆ t for all i ∈ {1, . . . , n}.

Lemma 2 (Truth Lemma). Any QCLKBC-consistent formula ϕ is satisfied
in the canonical QCLKBC coalition model M c

ϕ.

Proof. The construction of the canonical model is to make sure that a formula
belongs to a state iff it is true there. Since ϕ ∈ ecl(ϕ), we can prove by structural
induction on an arbitrary γ ∈ ecl(ϕ) that (M c, s) |= γ iff γ ∈ s.



358 Q. Chen et al.

5 Computational Complexity

In this section, we show the satisfiability problem for QCLKBC is PSPACE-
complete.

Definition 5. Given a QCLKBC formula ϕ, we define TL(ϕ) to be the smallest
set such that

– TL(ϕ) contains all subformulas of ϕ and is closed under single negations;
– if ⟨eq(Ag)⟩ψ ∈ TL(ϕ), then ⟨eq(∅)⟩¬ψ ∈ TL(ϕ);
– if ⟨eq(∅)⟩ψ ∈ TL(ϕ), then ⟨eq(Ag)⟩¬ψ ∈ TL(ϕ).

Definition 6. A QCLKBC tableau for a formula ϕ is a tuple T = (S,L,K,B, C),
where S is a set of states,K = {K1, . . . ,Kn}, B = {B1, . . . ,Bn}, C = {C1, . . . , Cn}
with binary relationsKi, Bi and Ci on S for each i, and L is a labelling function that
associates with each states s ∈ S a set L(s) ∈ TL(ϕ) of formulas such that

T1 ϕ ∈ L(s0) for some s0 ∈ S;
PT L(s) is a propositional tableau that is consistent and satisfies

(a) if ¬¬ψ ∈ L(s), then ψ ∈ L(s);
(b) if ψ1 ∧ ψ2 ∈ L(s), then both ψ1 and ψ2 are in L(s);
(c) if ¬(ψ1 ∧ ψ2) ∈ L(s), then either ¬ψ1 ∈ L(s) or ¬ψ2 ∈ L(s);
(d) for every ¬ψ ∈ TL(ϕ), either ¬ψ ∈ L(s) or ψ ∈ L(s);

KT1 Kiψ ∈ L(s) and (s, t) ∈ Ki, then ψ ∈ L(t); and the same holds for
modalities Bi and Ci;

KT2 ¬Kiψ ∈ L(s) then there is a t with (s, t) ∈ Ki and ¬ψ ∈ L(t); and the
same holds for modalities Bi and Ci;

KT3 (a) if Kiψ ∈ L(s), then ψ ∈ L(s);
(b) if (s, t) ∈ Ki, then Kiψ ∈ L(s) iff Kiψ ∈ L(t).

KT4 (a) If Ciψ ∈ L(s) and (s, t) ∈ Ci, then Kiψ ∈ L(t);
(b) if ¬Ciψ ∈ L(s) and (s, t) ∈ Ci, then ¬Kiψ ∈ L(t).

KT5 if Ciψ ∈ L(s), then Biψ ∈ L(s).
QT1 if ⟨P ⟩ψ ∈ L(s), then ⟨eq(G)⟩ψ ∈ L(s) for some G ∈ {Gi | Gi |=cp P};
QT2 if ¬⟨P ⟩ψ ∈ L(s), then ¬⟨eq(G)⟩ψ ∈ L(s) for all G ∈ {Gi | Gi |=cp P};
QT3 if [P ]ψ ∈ L(s), then ⟨eq(G)⟩ψ ∈ L(s) for all G ∈ {Gi | Gi |=cp P};
QT4 if ¬[P ]ψ ∈ L(s), then ¬⟨eq(G)⟩ψ ∈ L(s) for some G ∈ {Gi | Gi |=cp P};
CT1 ⟨eq(Ag)⟩ψ ∈ L(s) iff ¬⟨eq(∅)⟩¬ψ ∈ L(s);
CT2 if ⟨eq(G1)⟩ψ1,. . . ,⟨eq(Gk)⟩ψk ∈ L(s) where Gi are pairwise disjoint, then

there is an s′ ∈ S such that ψ1,. . . ,ψk ∈ L(s′);
CT3 if ⟨eq(G1)⟩ψ1,. . . ,⟨eq(Gk)⟩ψk,¬⟨eq(G)⟩ψ ∈ L(s) where Gi are non-

empty, pairwise disjoint and
&

i Gi ⊆ G, then there is an s′ ∈ S such
that ψ1,. . . ,ψk, ¬ψ ∈ L(s′).

Intuitively, KT1–KT4 are imposing the semantical conditions on a tableau
for modal operators Ki, Bi and Ci respectively, QT1–QT4 are for coalition
predicates, and CT1–CT3 are ensuring satisfiability of coalitional operators for
a specific coalition.
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Theorem 1. A QCLKBC formula ϕ is satisfiable iff there is a QCLKBC tableau
T = {S,L,K,B, C} for ϕ.

Proof. By structural indcution.

Hence we can immediately get a decision procedure to construct a QCLKBC
tableau for a satisfiable formula ϕ that runs in polynomial space.

Theorem 2. The satisfiability of QCLKBC is in PSPACE-Complete.

6 Related Work

Many different variants have been proposed and studied based on CL [2–5].
However, they do not take into account the multiple rational mental attitudes
of agents such as knowledge, belief and certainty [6] so as to enhance the expres-
sivity. Therefore, our language of QCLKBC can arguably model more general
and realistic game-like scenarios. Furthermore, complete axiomatization of these
logics is technically harder to obtain. There exist only a few notable works such
as completeness proof for CL [1], Higher-Order Coalition Logic (HCL) [4] and
more recently, completeness proof for epistemic coalition logic [2]. And this paper
has successfully addressed this issue for QCLKBC, a new multi-modal logic with
coalitional and mental settings.

7 Conclusion

In this paper, we introduce a multi-modal logic of Quantified Coalition Logic
of Knowledge, Belief and Certainty (QCLKBC) to equip CL with the power
to address strategic and mental concerns in a unified language. Moreover, we
provide a complete axiomatic system for the logic, and show that the complexity
of satisfiability problem are PSPACE-complete.

Our research can be furthered by considering other epistemic concepts such
as the awareness [11] and defining the effectivity function over a path instead of
a state in order to model extensive games [12].
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3. Ågotnes, T., van der Hoek, W., Wooldridge, M.: Quantified coalition logic. Syn-
these 165(2), 269–294 (2008)

4. Boella, G., Gabbay, D.M., Genovese, V., van der Torre, L.: Higher-order coalition
logic. In: Proceedings of the ECAI 2010–19th European Conference on Artificial
Intelligence, Lisbon, Portugal, 16–20 August 2010, pp. 555–560 (2010)



360 Q. Chen et al.
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